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Abstract

Bershadsky, Cecotti, Ooguri and Vafa constructed a real valued invariant for
Calabi—Yau manifolds, which is now called the BCOV torsion. Based on it, a
metric-independent invariant, called BCOV invariant, was constructed by Fang—Lu-
Yoshikawa and Eriksson—Freixas i Montplet—-Mourougane. The BCOV invariant is
conjecturally related to the Gromov—Witten theory via mirror symmetry. Based upon
previous work of the second author, we prove the conjecture that birational Calabi—
Yau manifolds have the same BCOV invariant. We also extend the construction of the
BCOV invariant to Calabi—Yau varieties with Kawamata log terminal singularities,
and prove its birational invariance for Calabi—Yau varieties with canonical singular-
ities. We provide an interpretation of our construction using the theory of motivic
integration.
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0 Introduction
0.1 Background: mirror symmetry

BCOV torsion, introduced by Bershadsky, Cecotti, Ooguri, and Vafa in the outstanding
papers [8, 9], is a real valued invariant for Calabi—Yau manifolds equipped with Ricci-
flat metrics [59]. More precisely, let X be a Calabi—Yau manifold, i.e., a compact
Kihler manifold with trivial canonical bundle, and let @ be a Ricci-flat Kdhler metric,
the BCOV torsion of (X, w) is the weighted product

dim X 1y
Tocov(X. o) = [ 7, "7, ©0.1)
p=1

where 7, is the analytic torsion, introduced by Ray—Singer [52], of the p-th exterior
power of the holomorphic cotangent bundle A?(T*X) equipped with the induced
metric.

The motivation of Bershadsky—Cecotti-Ooguri—Vafa [8, 9] comes from string the-
ory and has impact on mirror symmetry, which predicts that for a family of Calabi—Yau
manifolds, there is another family of Calabi—Yau manifolds with maximal degenera-
tion, called the mirror family, such that the symplectic geometry (e.g. Gromov—Witten
invariants) of the first family, called the A-model, is “equivalent” to the complex geom-
etry (e.g. variation of Hodge structures) of the mirror family, called the B-model.
Candelas—de la Ossa—Green—Parkes [18] conjectured a precise relation between the
potential (J-function) of the genus zero Gromov—Witten invariants of quintic three-
folds (A-model) and the potential (/-function) of the Yukawa coupling for the quintic
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mirror family (B-model). Such a relation is expected to hold in general for mirror
Calabi—Yau families (see [50]) and gives surprising predictions in enumerative geom-
etry. This genus zero mirror symmetry conjecture was proved by Givental [38, 39] and
Lian-Liu-Yau [46] for a large class of examples including the original case of quintic
threefolds. Bershadsky—Cecotti—-Ooguri—Vafa [8, 9] computed certain invariants on
the B-model that conjecturally correspond to higher genus Gromov—Witten invari-
ants. This allows them to put forth conjectural formulas for all genus Gromov—Witten
invariants of quintic threefolds. The genus one part of this conjecture was proved
by Zinger [63, 64] in the broader setting of Calabi—Yau hypersurfaces in projective
spaces. A lot of progress has been made recently on the study of Gromov—Witten
invariants of genus > 2 (see [20-25, 40, 41] and references therein). Despite the
recent increasing interest on A-model invariants in genus > 2, the research on B-
model invariants is currently focused on the genus one theory and the particular case
of Bershadsky—Cecotti-Ooguri—Vafa’s B-model invariant corresponding to the genus
one Gromov—Witten invariant is the aforementioned BCOV torsion (0.1).

The central object in this paper is the following normalization of the BCOV torsion,
called the BCOV invariant. Let X be an n-dimensional Calabi—Yau manifold equipped
with a Ricci-flat metric of Kihler form w, its BCOV invariant [31, 34] is defined! by

n 1k t M
7(X) := Tgcov (X, w) (1_[ covol; > (Hk(X’Z)’“’>( ’ k) ((ZN)_n/ %) i
k=1 .
0.2)

where x (X) is the topological Euler characteristic of X, and covol; > (H k(x, Z)) is
the covolume of the lattice Im (H k(x,7) - H*X, R)) with respect to the L2-metric
induced by w. The virtue of the BCOV invariant is that it depends only on the com-
plex structure, but not on the Kéhler metric. Fang—Lu—Yoshikawa [34] constructed the
BCOV invariant for strict Calabi—Yau threefolds and studied its asymptotic behavior
along degenerations. Their work confirmed the conjectural formula of Bershadsky—
Cecotti—Ooguri—Vafa [8, 9] for the BCOV invariant near the large complex structure
limit of the quintic mirror family (see [34, Conjecture 1.2 (B)]). Eriksson—Freixas
i Montplet-Mourougane [31] generalized the construction as well as the asymp-
totic study of the BCOV invariant to Calabi—Yau manifolds of arbitrary dimension.
They proved in [32] a higher-dimensional generalization of the conjectured formula
mentioned above, and showed the compatibility with Zinger’s result on the A-model
[63, 64], thus completing the genus one mirror symmetry conjecture of Bershadsky—
Cecotti-Ooguri—Vafa [8, 9] in this case.

Throughout this paper, for an n-dimensional Calabi—Yau manifold X, we will use
the following “normalized logarithmic BCOV invariant™:

2n
r00) = log T + 2 F S ke — e (%), 03)
k=0

! Here we use the definition of [31], which differs from the one in [34] by an explicit power of 27 .

) Birkhauser



25 Page4of41 L.Fu,Y.Zhang

where bi(X) is the k-th Betti number of X. This normalization comes from
[61, (0.13)].

0.2 Birational invariance conjecture

As two birationally isomorphic Calabi—Yau varieties share the same mirror, their
BCOV invariants should coincide. This leads to the following conjecture.

Conjecture 0.1 For birational Calabi—Yau manifolds X and X', we have t(X) =
T(X).

In view of (0.3), Conjecture 0.1 is equivalent to say that 7(X) = 7(X’), since
birational Calabi—Yau manifolds have the same Betti numbers, by Batyrev [5].

Conjecture 0.1 was proposed in dimension 3 by Yoshikawa [60, Conjecture 2.1], and
in arbitrary dimension by Eriksson—Freixas i Montplet—-Mourougane [31, Conjecture
B]. Fang—Lu—Yoshikawa [34, Conjecture 4.17] stated a weaker form of this conjecture.

Since the BCOV invariant can be thought as a “secondary” analogue of variation
of Hodge structures associated with deformations of Calabi—Yau manifolds, Conjec-
ture 0.1 is a “secondary’ analogue of the theorem of Batyrev [5] and Kontsevich [45]
that birational Calabi—Yau manifolds have the same Hodge numbers.

Several results were obtained towards Conjecture 0.1:

e Maillot and Rossler [49, Theorem 1.1] showed that for two smooth projective
Calabi—Yau threefolds X, X' defined over a subfield K of C such that X¢ and X
are birational, then for any fixed finite set 7 of complex embeddings of K, there
existn € Nog and @ € K*, such that

1
(X)) — 1(Xy) = —log o ()| foranyo €T, 0.4)
n

where X, := X ®k » C. Maillot and Rossler also proved the same result under
the strictly more general hypothesis that X¢ and X are derived equivalent.”

e The second author [62, Corollary 0.5] proved Conjecture 0.1 for Atiyah flops of
(—1, —1)-curves in Calabi—Yau threefolds.

0.3 Main results

In this paper, we confirm Conjecture 0.1.

Theorem A Let X and X' be projective Calabi—Yau manifolds. If X and X' are bira-
tionally isomorphic, then T(X) = t(X').

The BCOV invariants can be extended to projective manifolds with torsion canoni-
cal bundle (or equivalently, with vanishing first Chern class by [7]), see [61]. Theorem

2 j.e., their bounded derived categories of coherent sheaves are equivalent as C-linear triangulated cate-

gories. Note that the derived equivalence of birational Calabi—Yau threefolds was proved by Bridgeland [15,
Theorem 1.1] and there are derived equivalent Calabi—Yau threefolds that are not birationally equivalent
[14,27, 56].
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A still holds in this more general case. In fact, we can prove the birational invariance
in a much broader setting involving singular varieties.

We call anormal projective complex variety X a Calabi—Yau variety with canonical
(resp. KLT) singularities, if ithas canonical (resp. Kawamata log terminal) singularities
(cf. [44] or Definition 6.1) and Kx ~q 0, where ~ is the linear equivalence relation
for Q-Cartier divisors. We will propose a natural definition of the BCOV invariant
for Calabi—Yau varieties with KLT singularities (see Definition 6.9), which we still
denote by t. It coincides with the usual one in the smooth case. Theorem A admits
the following extension:

Theorem B Let X and X' be Calabi—Yau varieties with canonical singularities. If X
and X' are birationally isomorphic, then T(X) = 7(X').

A resolution of singularities f: X — X is called crepant if the relative canonical
divisor Ky x is trivial. By Theorem B, the BCOV invariant of a canonical Calabi—Yau
variety equals to the BCOV invariant of any crepant resolution. Note that neither the
existence nor the uniqueness of crepant resolution is guaranteed. Bridgeland-King—
Reid [16] proved its existence in dimension 3 for Gorenstein quotient singularities.

It is worth mentioning that in the recent work [28], Dai and Yoshikawa constructed
examples showing that certain analytically defined BCOV invariants for orbifolds
is not a birational invariant already in dimension 2. The orbifold surfaces in their
examples have singular points worse than canonical (i.e. du Val) singularities, hence
compatible with our Theorem B. Nevertheless, quotient singularities are KLT and it
is highly interesting to compare our extended definition and the analytic definition for
Calabi—Yau orbifolds; see Remark 6.10.

The curvature formula is of fundamental importance in the theory of BCOV invari-
ants. We refer the readers to [34, Theorem 4.9], [31, Proposition 5.10] and [61, Theorem
0.4] for the precise formulation in the smooth case. We have the following curvature
formula for the BCOV invariant of locally trivial deformation families (in the sense
of Flenner—Kosarew [35], cf. Definition 6.11) of KLT Calabi—Yau varieties.

Theorem C Let S be a complex manifold. Let w: X — S be a flat family of normal
projective KLT Calabi—Yau varieties. Let Xy = 7~ (s) for s € S. Assume that 7 is
locally trivial. Then the following function is C*°,

T(X/S): S —- R
0.5)
s t(Xy) .
Moreover, we have the following identity of (1, 1)-forms on S,
a9 x(X)
—1(X/S) = - = 0.6
i T(X/S) = wHdg, A/ 3 @WP.A/S: (0.6

where x (X) is the stringy Euler characteristic of X (cf. Definition 6.8), wudg, x;s is the
Hodge form of the family X/ S (cf. Definition 6.14) and wwp, x/s is the Weil-Petersson
form of the family X/ S (cf. Definition 6.16).
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It is still in active research to lay a rigorous foundation of a mathematical theory of
B-model invariants in genus > 2. Once such a theory is built, its birational invariance
will be of great importance. We hope that our results on genus one can serve as the
first step towards the big picture.

0.4 Overview of proof

To highlight the key ideas, we only explain the proof of Theorem A here. The proof
contains three main ingredients.

a) BCOV invariant for pairs The BCOV invariant for Calabi—Yau manifolds was
extended by the second author [61] to all pairs (X, y) with X a compact Kihler
manifold and y a meromorphic canonical form on X such that div(y) is of simple
normal crossing support and without component of multiplicity —1.

We denote div(y) = D = m|Dy + ---+mD; and Dy = mje] Dj for J €
{1,...,1}. By convention, Dy = X and Hje(/) m_j—”:_’l = 1. The BCOV invariant of
(X, y) is defined by

X, = > (]I

JC{1,...01} \JjeJ

ecov (D, w) 4 correction terms,  (0.7)
m; +1

where w is a Kihler form on X, tgcov(Dy, w) is the (logarithmic) BCOV torsion of
(D J» w’ D]) (see Definition 1.3), and the correction terms are given by Bott—Chern
forms, making (X, y) independent of w (see Definition 3.2).

b) Blow-up formula The second author [61] worked out the precise behavior of the
extended BCOV invariant (0.7) under a blow-up (see Theorem 3.6). The formula of
the second author expresses the change of the BCOV invariant under a blow-up in
terms of the BCOV invariant of projective spaces endowed with some canonical form,
together with certain topological data. The work of the second author is based on the
technique of deformation to the normal cone of Baum—Fulton—-MacPherson [6, §1.5],
and on series of work of Bismut and his collaborators on the Quillen metric [10-13].

c) Birational BCOV  To confirm Conjecture 0.1, by the weak factorization theorem of
Abramovich, Karu, Matsuki and Wlodarczyk [1, 57], it suffices to normalize the BCOV
invariant (X, y) in (0.7) in such a way that the normalized BCOV invariant does not
change under blow-ups. The normalization in this paper is a linear combination of the

0.5 BCOV invariants and motivic integration
It might seem mysterious that the weighted sum in (0.7) happens to be the right

object to study, which eventually allows us to prove the birational invariance of the
BCOV invariant. One conceptual progress made in this paper is an explanation of the

W Birkhauser
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construction of t(X, y) (see (0.7)) using Kontsevich’s motivic integration [45]. It is
worth mentioning that the technique of motivic integration already appeared in a less
refined form in the paper of Maillot—Rdssler [49] mentioned above.

Let (X, y) be as in a). We temporarily assume that X is projective and D = div(y)
is effective. Let Z(X,Zp; L™") be the motivic Igusa zeta function (see Sect. 4.1)
associated with (X, D), evaluated at L~ Its Hodge realization can be computed as
follows:

1—L™
. . —1 J|— °
H*(Z(X.Ip;L™h) = E LY | |—Lm,+1 — H*(Dy), (0.8
Jc{1,...1} jel

where L on the right hand side is understood as the operator of tensoring with the
Lefschetz Hodge structure Z(—1). The following observation is crucial,

HY(zX.Ip: LYo = Y. (1 | D), (0.9)

sty \es ™ +1

where the coefficients are exactly the same as in (0.7). Using (0.9), we will show in
Sect. 4 that the BCOV invariant (X, y) is essentially the Quillen metric on

X (det H*(Z(X, Ip; L—‘)))H)kk. (0.10)
k

By the change of variables formula in motivic integration (cf. Theorem 4.2), the
virtual Hodge structure H '(Z (X,ZIp; ]L_l)) in (0.8) is a birational invariant. Hence
the virtual determinant line in (0.10) is also a birational invariant, in the sense that
there is a canonical isomorphism between the complex lines (0.10) associated with
two birational varieties equipped with effective simple normal crossing divisors. This
partially explains the reason why (X, y) is almost a birational invariant.

This paper is organized as follows.

In Sect. 1, we give a reminder on the Quillen metric and the BCOV torsion. A
discussion on simple normal crossing divisors is also included.

In Sect. 2, we develop some basic properties of the so-called localizable and log-
type invariants, which will appear repeatedly throughout the paper.

In Sect. 3, we recall the construction of 7(X, y) and collect several fundamental
properties of the BCOV invariant.

In Sect. 4, we explain the construction of 7 (X, y) using motivic integration.

In Sect. 5, we construct a birational BCOV invariant.

In Sect. 6, we extend the BCOV invariant to the singular cases and prove Theorem
C.

In Sect. 7, we prove Theorems A and B.

Convention: When we write a divisor D = le=1 m ;D ;, weimplicitly assume that the
D ;’s are distinct prime divisors. For a complex manifold X and a complex submanifold
Y, we denote by Bly X the blow-up of X along Y.

) Birkhauser
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1 Preliminaries
1.1 Quillen metric and topological torsion

Let X be a compact Kéhler manifold of dimension n. For any holomorphic vector
bundle E over X, its determinant line of cohomology [43] is

ME) = det H*(X, E) := Q) (det (X, E)) ™" (1.1)
g=0

For any Kihler metric on X and any Hermitian metric on E, one can define the so-
called Quillen metric [51] on the determinant line A(E), see [13, Definition 1.10].
For p =0,...,n,set

n q

P B
hop(X) = A (/\(T*X)) -® (det Hp*q(X))( v (1.2)

4=0

The determinant lines A, (X), with their Quillen metrics, will be the basic building
blocs in the construction of the BCOV invariant. Before doing that, let us first introduce
a natural invariant that will appear later, called topological torsion, and recall its

vanishing.
Set
2n (=1t
n(X) = det Hip (X) == X) (det Hc’fR(X)) . (1.3)
k=0
By the Hodge decomposition
HR (X) = @ HP4(X), forany 0 < k <n, (1.4)
p+q=k
we have
- (=17
n(X) =X (AP(X)) . (1.5)

p=0

We fix a square root of i. This choice will be irrelevant. We identify the de Rham
cohomology Hcll‘R(X ) with the singular cohomology Hécing (X, C) as follows,

Hig (X) — Hgjpo (X, C)

[a] — [a|—> (2m’)_k/2fa] ,

(1.6)

W Birkhauser
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where « is a closed k-form and a is a k-chain in X. The identification (1.6) endows
Hé‘R(X ) with an integral structure. Let €x be a generator of the induced integral
structure on 1(X). More precisely, for k =0, ..., 2n, let

Ok,1s - Ok by € Hing (X, it (1.7)

be a Z-basis of the quotient of Hé‘ing(X , Z)) modulo its subgroup of torsion elements.

Then oy 1, . .., 0% p, form a basis of H, (X). Set
2n "
X = ®(0k71 AR ka,bk)(* " ene, (1.8)
k=0

which is well-defined up to +1.
Let w be a Kihler form on X, which induces a Hermitian metric on A? (T*X) for
any p. Let ” . H be the Quillen metric on A , (X) associated with w. Let || . H (%)

via (1.5). Proceeding in the same way

)\")(X>sw

be the metric on 7(X) induced by | - ”AP(X),w

as in the proof of [62, Theorem 2.1], we can show that || . || 0(X) is independent of w.
Definition 1.1 We define the topological torsion of X as
Tiop(X) = log ||6X ”n(X)' (1.9)

The identification (1.6) allows us to have the following vanishing result.

Proposition 1.2 ([61, Proposition 1.24]) For any compact Kdhler manifold X, we have
Trop(X) = 0. (1.10)
1.2 BCOV torsion

Keep the same setting of Sect. 1.1. Following [9, §5.8], we consider the weighted
product of determinant lines A, (X) defined in (1.2).

= & (detH”’q(X))(il)Pﬂp - ® (AP(X))“DPP. (111)
0<p,g=<n p=1
Set
2n (71)kk
rr(X) = Q) (det H§R(X)) . (1.12)
k=1

By the Hodge decomposition (1.4), we have
AR (X) = A(X) ® A(X). (1.13)

) Birkhauser
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The identity (1.13) appeared in Kato [42, last identity in §1.3] and was first applied to
this setting in [31].

Let H . HMX))w be the metric on A(X) induced by H . HA,,(X),w via (1.11). Let H .
HAdR(X),w be the metric on Agr(X) induced by H . ||A(X)’w via (1.13). Let ox be the

integral generator of Agr (X) defined as follows, using the Z-basis of HS.ing(X , L) in
(L.7),

2n

ox = ® (Uk,l Ao A Uk’bk)(_l)kk. (1.14)
k=1

Definition 1.3 We define the BCOV torsion of (X, w) as
gcov(X, @) =log [ox[; . ) .o (1.15)

In the case where X is a Calabi—Yau manifold equipped with a Ricci-flat metric w,
this invariant tgcov (X, @) is precisely the logarithm of the product of the first two
factors on the right hand side of (0.2).

1.3 Divisor with simple normal crossing support

For I € {1,...,n},set
Cj={@.....a0eC": =0 forierfcc. (1.16)
Let X be a complex manifold of dimension n. Let Y7,...,Y; € X be closed

complex submanifolds.

Definition 1.4 We say that Y1, ..., Y] transversally intersect if for any x € X, there
exists a holomorphic local chart C" > U % X such that
— 0e€ U and ¢(0) = x;
— foreachk = 1,...,1, either o' (Yx) = ¥, or o ' (¥}) = U N (C?k for certain
I, C {1,...,n}.
Remark 1.5 The definition of transversal intersection above is more general than the

usual one. Let Y, Z C X be connected complex submanifold which transversally
intersect in the sense of Definition 1.4. If Y C X is of codimension 1, then

— either Y and Z transversally intersect in the usual sense,

—orZCY.
We denote
1
D= m;Dj (1.17)
j=1
where m; € Z\{0} and D1, ..., D; € X are mutually distinct prime divisors.

W Birkhauser
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Definition 1.6 A divisor D on X is said with simple normal crossing support if

Dy, ..., D; are smooth and transversally intersect.

Now let D be a divisor on X with simple normal crossing support. Let L be the
holomorphic line bundle Ox (D). Denote by .# (X, L) the space of meromorphic
sections of L. Let y € .# (X, L) such that div(y) = D. Let L; be the normal line

bundle of D; — X.

Definition 1.7 We define Resp,(y) € .#(D;,L ® L;mf) as the image of y €

M (X, L) via the canonical isomorphism

L(—mij)|Dj ~ L|D/_ ®L;m/
LetC" DU Y% X be alocal chart as in Definition 1.4. Assume that

Vlpw) = sela" - 2)s

where 0 <r <nands € Ho(go(U), L) is nowhere vanishing. For j =1, ...

have
mj,l m]'+1

Resp; ()| gy = 501" 224 Gy (dz ™),

where dz; is viewed as a conormal vector of {z; = 0} € C".
Note that

div(Resp, () Zm] D1 N Dj)

The following identity holds in . (D1 NDyLLR®LT™ ® L;’”Z),

Resp,np, (Resp, (¥)) = Resp,np, (Resp, () .

In other words, the order of taking Res.(-) does not matter.

2 Localizable invariants

2.1 Definitions and examples

(1.18)

(1.21)

(1.22)

Definition 2.1 Let Kih be the category of compact Kihler manifolds. Let ¢ : Kdh —
R be a function that depends only on the isomorphism classes of compact Kihler

manifolds.

) Birkhauser
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e ¢ is called a localizable invariant if for any X, X’ € Kih, and closed complex
submanifolds ¥ € X, Y’ € X’ such that ¥ ~ Y and Ny,x ~ Ny',x’, we have

$(BlyX) — (X) = $(BlyX') — p(X"). @1

e ¢ is called of log-rype? if for any X € Kih and V a holomorphic vector bundle of
rank r over X, we have

P(P(V)) = x (CP™ 1) (X) + x (X)p(CP1). (2.2)

e ¢ iscalled additive if forany X € Kadhand Y C X aclosed complex submanifold,
we have

¢(BlyX) — ¢(X) = ¢(P(Ny/x)) — p(¥). (2.3)

An additive invariant is clearly localizable. A linear combination of localizable (resp.
log-type, additive) invariants is again localizable (resp. of log-type, additive).

Let us give several examples of such invariants that will play important roles later.

Example 2.2 Let X be a compact Kihler manifold.

e For any k € N, the k-th Betti number b; (X) is an additive invariant. Let

2dim X

P(X)= ) (Ot 24)

k=0

be the Poincaré polynomial. For any ¢+ € R, P,(X) is an additive invariant. In
particular, the topological Euler characteristic

x(X) = P_1(X) 2.5

is additive.
e The invariant

d
x'(X) = d—Pz(X) = dim(X) x (X) (2.6)
t t=—1

is of log-type and additive. To show that x’(X) is of log-type (i.e., identity (2.2)),
we take the derivative of the identity P,(P(V)) = P,(X)P,(CP"™1).
e The invariant

d? d?
" _ 1 2 —
X (X)) = FPe) P (X) — dim(X)“ x (X) Pt(X)_dtz log P:(X) —

2.7)

3 ; ; d@(V) _ ¢(X) | ¢(CPhH
The terminology refers to the fact that if x (X) # 0, then TPV = x(X) + L(CPT)’
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is of log-type and localizable (but not additive). To show that x” (X) is of log-type
(i.e., identity (2.2)), we take the second derivative of the logarithm of the identity
P(B(V)) = P(X)P(CP" ).

2.2 Localizable invariant for pairs

Let d be a non-zero integer.

Definition 2.3 For a compact Kéhler manifold X and a divisor
!
D= "m;D; (2.8)
j=1

on X, we say that (X, D) satisfies condition (x4) if D is of simple normal crossing
support and m ; # —d for all j.

We will always use the following notation. For J € {1, ..., [}, set
w) =[] —=L. p;=(D; 2.9)
timi+d :
jeJ jeJ

By convention, wg =1land Dy = X.

Definition 2.4 Let ¢ be a localizable invariant. Let d € Z\{0}. For (X, D) satisfying
the condition (x4), we define

¢a(X.D)= Y wi¢(D)). (2.10)

JC{1,...0)

If there is a meromorphic section y of a holomorphic line bundle over X such that
div(y) = D, we define ¢4(X, y) = ¢4(X, D).

Let[& : ---: &,] € CP" be homogenous coordinates. For j =0, ..., n, we denote
H; ={§; =0} € CP". Formy, ..., m, € Z, we denote
n
Dig...m, = Y _mjHj. @2.11)

Recall that y is the topological Euler characteristic. Replacing ¢ by yx in Definition
2.4, we get xq(-, -).

Lemma 2.5 Ford € Z\{0} and my, ..., m, € Z\{—d}, we have
n -1 n
Xd((CP”, Dmo,--umn) = (H(mj +d)) ar Z(mj +d). (2.12)
Jj=0 Jj=0
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,,,,,

divisor.

Proof Let wj be as in (2.9). By Definition 2.4, we have

Xd(CP" Dyg.m,) = Y wiln+1—|J). (2.13)
J<{0,...,n}
Set
n m;
— _ J _ J n+1—|J]|
£t = ]_[ (z . +d) = Y wh . (2.14)
j=0 E J<{0,...,n}

By (2.13) and (2.14), we have

: oy, W4 —y
Xd((CP . Dy . mn) = f(1), 0 =3 logf(t))tzl - ;) d

(2.15)

From (2.14) and (2.15), we obtain (2.12). This completes the proof.

Let Y be a compact Kihler manifold and V be a holomorphic vector bundle of
rank r over Y. Set X = P(V). Let w : X — Y be the canonical projection. Let D
be a divisor on X. We assume that there exist a divisor Dy on Y, non-zero integers
mi, ..., ms, and holomorphic sub-bundles Vi, ..., Vi C V of rank r — 1, such that

N
D =nm"Dy+ Y mP(V)). (2.16)
j=1
We further assume that Vy, ..., Vi C V transversally intersect. In particular, s < r. We

will use the convention my1 = --- =m, =0.For y € Y, we denote Z, = n_l(y).
Set

Dz, =Y my(P(V;) N Zy). (2.17)
j=1

Then (Zy, Dz,) is isomorphic to (CP"~", Dy, ., ) for any y € Y. In the sequel,
we omit the index y in (Zy, Dzy). Such a pair (X, D) will be called a fibration over
(Y, Dy) with fiber (Z, Dz).

Lemma 2.6 Assume that D satisfies the condition (x4) in Definition 2.3. We have
xa(X, D) = xa(Y, Dy)xa(Z, Dz). (2.18)
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Proof 1t is a straightforward computation from Definition 2.4 by using the fact that
x () is an additive invariant and is multiplicative with respect to products of varieties.

Proposition 2.7 Let ¢ be a log-type localizable invariant and d € Z\{0}. Assume that
D is a d-canonical divisor and satisfies the condition (xg). We have

¢a(X, D) = xa(Y, Dy)¢a(Z, Dz). (2.19)
Proof By Definitions 2.1 and 2.4, we have
¢a(X, D) = xa(Y, Dy)$pa(Z, Dz) + ¢a(Y, Dy)xa(Z, Dz). (2.20)
Since (X, D) is d-canonical, so is (Z, Dz). By Lemma 2.5, we have
xd(Z, Dz) = 0. (2.21)

From (2.20) and (2.21), we obtain (2.19). This completes the proof.

Forr € N\{0} and m, ..., mg € Z with s <r, let ((CP’, Dy, mx) be such that

.....

N
Diy,omy = ) mjHj. 2.22)
j=1

For r € N\{0} and m, ..., my; € Z with s < r, consider a pair (CP", Dg.,,....m,)

with
N
Damy...my = —(my + -+ mg+rd+d)Hy+ Y mjH,. (2.23)
j=1

We remark that Dy, .. m, is a d-canonical divisor.
Let X be a compact Kédhler manifold. Let

l
D= "m;D; (2.24)
j=1

be a divisor on X with simple normal crossing support. Let Y € X be a connected
complex submanifold of codimension r intersecting D, ..., D; transversally (see
Definition 1.4) and

YCDj forj=1,....,s; Y¢Dj forj=s+1,....,1 (2.25)

In particular, s < r. Set

1
Dy= Y m;(D;NY). (2.26)
j=s+1
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Let f : X’ — X be the blow-up along Y. Let D be the strict transformation of D. Let
E = f~1(Y) C X be the exceptional divisor. Set

D' =D+m,E, wherem, = —1)d+mj+---+m;. (2.27)
Note that if D is a d-canonical divisor, then so is D’. Indeed,

dKx' = f*Kx +d(r — DE
1
= f* ijDj +d(r—1)E
j=1
K l
=Y miDj+E)+ > mjDj+d(r—1)E
j=1 j=s+1
=5+meE.

Proposition 2.8 Let ¢ be a log-type localizable invariant and d € 7Z\{0}. Assume that
D is a d-canonical divisor and satisfies the condition (xg) in Definition 2.3. We have

xa(X', D) — xa(X,D) =0,
¢a(X', D') — $a(X, D)

(2.28)

Proof Denote by 1 the trivial line bundle. Set W = P(Ny);x @1).Letmr : W — Y
be the canonical projection. Let ¢ : ¥ < W be the inclusion by the zero section of
Ny,x.Let g : W — W be the blow-up along ¢(Y). Set

Dy = JT*(Dy) — (m, + 2d)P(Ny/x) + ijP(Ny/Dj (&) ]l) (2.29)
j=1

Let 5W be the strict transformation of Dy . We still use E to denote the exceptional
divisorof g : W — W. Set Dy = Dy + m.E. By Definition 2.4 and (2.1), we have

xa(X', D') — xa(X, D) = xa(W', Dy') — xa(W, Dw) ,

AN , (2.30)
(X', D') — ¢pa(X, D) = ¢a(W', Dy') — ¢pa(W, Dwy) .

Note that (W, D) is a fibration over (Y, Dy) with fiber ((CP’, Dd;ml,...,m_;) (in the
sense explained before Lemma 2.6), by Lemmas 2.5, 2.6 and Proposition 2.7, we have

xd(W, Dw) = xa(Y, DY)Xd((CPrv Dd;ml,...,ms) =0,

) (2.31)
a(W, Dw) = xa(Y, Dy)$a(CP", Da:m,....m,) -
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We denote Dg = 5W| £ Note that W’ is a fibration over Y with fiber BloCP”, and

BloCP” is a fibration over CP"~! with fiber CP!, we can show that (W', Dy) is
fibration over (E, Dg) with fiber ((CPI, Dd;me). By Lemma 2.5, 2.6 and Proposition
2.7, we have

xa(W', Dw) = xa(E, DE)xa(CP', Dgn,) = 0,

, 1 (2.32)
¢a(W', Dy) = xa(E, Dg)¢a(CP', Dg.p,) -

Note that (E, Dp) is fibration over (Y, Dy) with fiber ((CP’_I, Dy,
2.6, we have

ms ) by Lemma

,,,,,

xa(E, Dg) = xa(Y, Dy)xa(CP" ™', Dy, m,). (2.33)

From (2.30)—(2.33), we obtain (2.28). This completes the proof.

3 BCOV invariants for pairs

In this section, we recall the construction of BCOV invariants, as well as their proper-
ties, such as their behavior under projective bundles and blow-ups. See [61] for more
details. Moreover, in Sect. 3.2, we compute the BCOV invariants for projective spaces
in dimension 1 and 2.

3.1 BCOV invariants

Let X be a compact Kihler manifold. Let Ky be the canonical bundle of X. Let
d € Z\{0}. Let y € .# (X, Kf() be an invertible element (in the commutative ring
Drier # (X, K §)). In other words, y is non-zero on any connected component of X.
We denote

l
diV(y):D:ijDj, (3.1)
j=1
where m; € Z\{0} and D1, ..., D; € X are mutually distinct prime divisors.

Definition 3.1 We call (X, y) a d-Calabi-Yau pair if (X, div(y)) satisfies the condi-
tion (x4) in Definition 2.3. In particular, if X is Calabi—Yau and y € HO(X, Kx) is
nowhere vanishing, then (X, y) is a 1-Calabi—Yau pair.

Now we assume that (X, y) is a d-Calabi—Yau pair.
Let Dy be as in (2.9). Forany j € J € {1,...,1}, let L; ; be the normal line
bundle of D; < Dj\;j;. For J C {1, ...,l}, set

d —Mmj _ d —mj—d
Ki=Kxlp, ® QL =Kp, @ QL5 " (3.2)
Jjel jeJ
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which is a holomorphic line bundle over Dy . In particular, we have Ky = K 31(.
Recall that Res. () was defined in Definition 1.7. By (1.22), there exist

e M (Ds. K)) 33
(wenwrkp) (33)
such that
yo =v. vi=Resp,(yngy forjed |l ... 10} (3.4)
Let w be a Kéhler form on X. Let | . | Kp be the metric on Kp, induced by w.
Iz
Let | . |L”’w be the metric on L ; induced by w. Let ] . ’Kj,w be the metric on K
induced by | . ’KD],(U and | . |L,,_,-,w via (3.2).
Let gaT)D’ be the metric on T D, induced by w. Let ¢ (TDJ, ggD’) be k-th Chern

formof (T Dy, gl by )- Let n be the dimension of X. Let | J | be the number of elements

in J. Set

2/d
Kj,w®

1
aj(y, o) = E/ cn—1/(TDy, gL P7) 1og vy
Dy

(3.5)
We consider the short exact sequence of holomorphic vector bundles over Dy,

0— TDy; — TDy\yj DJ—)LJJ—)O. 3.6)
Let gg D1 be the metric on T D J\{j} induced by w. Let

N TDj\
c(TDJ,TDJ\{j}|D,’gw J\m|DJ) G7

be the same Bott—Chern form as in [62, §1.1]. Set
1 ~ TDp\(j)
by j(w) = T /D, c(TDJ, TDj\ij |D, 8w |D,)' (3.8)

Let wj be as in (2.9). For ease of notations, we denote tgcov(Dy,w) =
TBCOV(DJ,w|DJ).

The second author [61, Definition 3.2] defined the following extended BCOV invari-
ant.

Definition 3.2 The BCOV invariant of a d-Calabi—Yau pair (X, y) is defined by

mj—i-d

wX,y)= Y wj (TBcov(DJ, w)—a;(y,0) =Y

JC(l,...l} jeJ

bj,j(a))>.
3.9)

It is shown in [61, Theorem 3.1] that 74(X, y) is independent of .
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3.2 Projective spaces of dimension 1 and 2

We identify CP" with C" U CP" . Let (z1,...,2,) € C" be the affine coordinates.
For positive integers m, ..., my, let Y, . .m, € ///((CP”, K(ép,,) be such that

,,,,,

o =2 (dzy A Adzy) (3.10)

ymlsmamn

Then (CP", yp,
We denote

my) 18 a d-Calabi—Yau pair.

.....

7(CP") = 74(CP", y.....0)- (3.11)

By [61, Proposition 3.3], 7 (CP") is well-defined, i.e., independent of d.

Theorem 3.3 For any m € N, we have
7 (CP', y,) = z(CP"). (3.12)

In other words, t4 ((CPI, ym) is independent of m.

Proof Let w = 1/z. We have

(=

wEsy (dw)?. (3.13)

ym = 2"(d2)? =

We have div(y,,) = m{0}— (m+2d){oo}. Recall that Res. (-) was defined in Definition
1.7. We have

Res(o} (ym) = (d2)" T, Resoo) (ym) = (— D (dw) ™" 4. (3.14)

Let w be a Kihler form on CP!. We will use the notations in (3.9). Since D; = pt
for |J| = 1and Dy = ¥ for |J| > 1, we have

by j(w) =0 forany Jand j € J, tRcov(Dy,w) =0 for|J]>1. (3.15)
Let g7CP' (resp. g7"CP') be the metric on TCP! (resp. T*CP') induced by w. Let

|dz| (resp. ]dw!) be the norm of dz (resp. dw) with respect to gT*Cpl. By (3.9) and
(3.13)—(3.15), We have

td((CPl, ym)
1
= pcov(CP', ) — _/ er(TCP!, g™") ((log |dz|* + % 1og [2]*)
12 Cp! d
m 2 m+2d 2
+ Elog |dz|0 —Tz log |dw|C>o ,

(3.16)
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where the second term corresponds to ag(y, @) and the last two terms correspond to
aj(y,w) with |[J| = 1.
In the sequel, we take the Fubini—Study metric on CP!, whose Kihler form is

o= SRNE 3.17)
(1+1z?)
We have
e(TCP g"™) = =, Jazf* = (14 121" (3.18)

By (3.17) and (3.18), we have
log |dz|} = log |dw|%, =0, / ei(TCP g™ log |z = 0. (3.19)
Cp

By (3.16) and (3.19), we obtain (3.12). This completes the proof.

Theorem 3.4 For any m|, my € N, we have

3 my my my + my + 3d
rd((CPz, yml,mz) = r((CPz) + (f —

- - CPhH.
2 mitd m+d m1+m2+2d>r( )

(3.20)

Proof Let [y : &1 : &] be homogenous coordinates on CP2. Let H; € CP? (resp.
H, C CP?, Hy, C CP?) be defined by & = 0 (resp. & = 0, & = 0). Set

21 =E&/&, 22=§8/&, wo==E&/5, wi=E&/&, th=%&/&., =&/
(3.21)

Then (z1, z2) (resp. (wop, wy), (fo, f2)) are affine coordinates on CP?\Hyo (resp.
CP?\ H,, CP?\ H;). We have

my_m d
Ymy,my = 21 lzzz(dzl A dZZ)

mj m2
w d t d (3.22)
_ 1 _ 2
T mtmat3d (dwo A dwl) — mitmat3d (dtz A dto) :
0 0

We remark that div(yi,,m,) = m1Hy +maHy, — (m1 + ma + 3d) Heo.
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Recall that Res.(-) was defined in Definition 1.7. We have

Resg, (Yimy,my) = Z2m2 (dzl)mler(dZZ)d )
Res, (Vimy,my) = 2} (dzz)m2+d(dz1)d ,

Res i, (Vimy.ma) = ™ (dwo) " "2 (dwy)?

(3.23)
d d
ResHlﬁHz(ReSHl (le,mz)) = (dzl)ml+ (dZZ)m2+ )
—my—mo—2d d
Res 0, (ReSH, (Vmymp)) = (dwo) ™™ 7272 (dwy )™ ™,
—my—mo—2d d
ReS 0. (ReS e Vimym)) = (dig) '™ (dtz)szr .
We fix a Fubini-Study metric on CP?, whose Kihler form is as follows:
i(dz1 Adz1 +dza Adza — Z122d21 AdZ2 — 2122d71 A dz
o= ( 1 1 2 2 — 2122471 2 — 21220271 2) (3.24)

(1+l212 + |22 2)°
We will use the notations in (3.9). With the Kéhler form (3.24), we have
ajVm,my» @) =by j(w) =0 for|J|=2, by j(w)=0 for|J|=1.(3.25)

By (3.9), (3.24), (3.25) and the fact that tgcov (pt) = 0, we have

Td ((szv Ym, ‘mz)
11 :
= tacov (CP?, “’)_Eﬁfcpﬂ(ml’z’gmp log |2} (dz1 A d) |
— m
my+d
11 2
[ et o @) e
H\
- m:?_g,('fBCOV(HZ’CU)
11

2
- e g g i 0 0
Hy
my +my + 3d
— m (TBCOV(Hoo» a))

2
_ %é/ cl(THoo,gTHw)log‘wq’“(dwo)‘ml""z‘”(dwl)d) ) . (3.26)
Heo

<TBC0V(H1, )
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By (3.11), (3.16), (3.19) and (3.26), we have

Td (szv VYmy ,mz)

= chov((CPZ, a)) _ i / C2(TCP2, gTCPZ) log |dzl A dzz|2
12 sz

11 2 2 2
— EE_/ 2cz(TCPZ,gT(CP )(mllog{zl} +m210g|zz| )
_ _ Lml +d TH, 2)
+d< (CPYH 7 /;1] cl(THl,g )log!dzl}
_ p! _LmZ"‘d/ TH, 2)
+d< (CP) 7 " c1(T Hz, g" ™) log |dz,|
_my+my+3d 1 my+my+2d T Hy, 2
7m1+m2+2d( CPH+ o /chl(THoo,g )10g|dw0|>~
(3.27)
Similarly to (3.19), we have
2 _TCP? 2 2 _TCP? 2
/ 2(TCP?, g" ") log |z =/ 2(TCP%, g" ) log 2| =
Cp? Cp2
(3.28)
On the other hand, by (3.24), we have
/ cl(THl,gTH‘)10g|dzl|2:/ cl(THz,gTH2)10g|dz2|2
= - (3.29)

:f ci(THe, & THOO)log|dw0|
H

From (3.27)—(3.29), we obtain (3.20). This completes the proof.

3.3 Projective bundle

Let Y be a compact Kéhler manifold. Let N be a holomorphic vector bundle of rank
r over Y. Set

X=P(N®1I). (3.30)

Let NV 'be the total space of N. We have X = N'UP(N).
Lets € {0, ..., r}.Let (L j)j: s be holomorphic line bundles over Y. We assume
that there is a surjective map

N—L & - -®L;. (3.3
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Let N* be the dual of N. Taking the dual of (3.31), we get

Li'e--oL;'— N*. (3.32)
Letmy, ..., mg be positive integers. Let d € N\{0}. Let
yy € MY, K§ @ ([detNH!@LT™ @@ L;™) (3.33)

be an invertible element. We assume that

— div(yy) is of simple normal crossing support;
— div(yy) does not possess components of multiplicity —d.

We denote m = my + --- + my. Let S” N* be the m-th symmetric tensor power of
N*. By (3.32) and (3.33), we have

vy € 4 (Y,Ki ® (det N9)? @ S"N*). (3.34)
Letm : X =P(N @ 1) — Y be the canonical projection. We have
KX|N=n*(Ky®detN*). (3.35)
We may view a section of $ N* as a function on V. By (3.34) and (3.35), yy may be
viewed as an element of .7 (N, K%). Let yx € .# (X, K%) be such that yx |y=rr
Forj=1,...,s,set

Nj=Ker(N—>Lj), X;=P(N;j®1)CX, Xoo=P(N)<X. (3.36)

We have
s
div(yx) = 7*div(yy) — m +rd + d)Xoo + Y _m;X;. (3.37)
j=1
Hence (X, yx) is a d-Calabi—Yau pair.
Let Z be the fiber of 7 : X — Y. Let U C Y be a small open subset. We

fix an identification 7 ~1(U) = U x Z such that there exist yy € .#(U, K{) and
vz € M(Z, K%) satisfying

Vx| 210y = Privw) @ pri(vz). (3.38)

Then (Z, yz) is a d-Calabi—Yau pair.
The following theorem was proved by the second author [61, Theorem 3.6]

Theorem 3.5 The following identity holds,
(X, vx) = xa(Y.yy)wa(Z. vz). (3.39)
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3.4 Blow-up

Let (X, y) be a d-Calabi—Yau pair. We denote

I
div(y) =D = m;D;. (3.40)
j=1
Let Y C X be a connected complex submanifold intersecting Dy, ..., D; transver-
sally (see Definition 1.4). Assume that for j € {1, ..., [} satisfying Y C D;, we have

mj > 0. Let r be the codimension of ¥ € X. Let s be the number of D; containing
Y. We have s < r. Without loss of generality, we assume that

YCDj forj=1,....,s; Y¢Dj forj=s+1,....,1 (3.41)

Let f : X’ — X be the blow-up along Y. Let D’/. C X’ be the strict transformation
of D; € X.Set E = f~1(Y). We denote D’ = div(f*y). We denote

mo=mj+---+ms+rd—d. (3.42)

We have

1
D' =moE+ Y m;D}. (3.43)
j=1

Hence (X', f*y) is a d-Calabi-Yau pair.
Set

1 1
Dy = Z mj(D;NY), Dg= Z mj(D); N E), (3.44)
j=s+1 j=s+1

which are divisors with simple normal crossing support.

Now we introduce a pair involving projective spaces, which is a slightly different
way of denoting the one defined in Equation (3.10). More precisely: we identify
CP” with C" U CP"~!. Let (z1,...,z-) € C" be the coordinates. Let Vrmi,ooms €
M (CP", K(“ép,‘) be such that

yr,m],...,mx

N
o=z A ndz) T2 (3.45)
j=1

m,) 1s a d-Calabi-Yau pair. Note that y, ,,, .. m, 1S precisely

.....

s

The following blow-up formula was proved by the second author [61, Theorem
0.5].
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Theorem 3.6 The following identity holds,

(X', f*y) — (X, y)

(3.46)
= %a(E, D)t (CP, y1,my) — xa (Y, DY)Ta(CP", Yy .my) -

Remark 3.7 Keep the notation as is in Theorem 3.6. Let g : BlyCP” — CP” be the
blow-up along 0 € C" € CP". Since BlyCP” is a CP'-bundle over CP"~!, apply
Theorem 3.5, with N = L = O¢pr-1(—1),

Td (Blo(CPr, g*yml ..... ms) = Xd (CPr_lv Di,...., mA-)Td ((CPI ) Vmo)~ (3.47)

Note that x;(E, Dg) = xqa(Y, Dy)Xd(CP”], Dm1,».‘.,ms)’ we could reinterpret The-
orem 3.6 as follows,

(X', f*yx) — (X, rx) (3.48)

4 Motivic integration and BCOV invariants

In this section, we use the theory of motivic integration to explain our key construction,
namely, the BCOV invariant for pairs t(X, ). We stress the fact that this section is
purely heuristic and logically independent of the rest of the paper.

4.1 Motivic integration

We consider an n-dimensional smooth complex algebraic variety X and an effective
divisor with simple normal crossing support D = le:l m;D; on X. Denote by
Lo(X) the space of formal arcs in X, that is, the projective limit of jet schemes
LX) =X ((C[t]/(t”“)) (see [29, §1]). Let

ordp : Loo(X) —> N U {+00} “4.1)

be the function sending a formal arc to its intersection number with the divisor D.

Let Varc be the category of complex algebraic varieties. The Grothendieck group of
complex algebraic varieties, denoted by Ko (Varc), is the free abelian group generated
by the isomorphism classes of objects in Varc, modulo the scissor relation:

[X]=[Y]+ [X\Y] forany X and any closed subvariety ¥ C X. “4.2)
Ko(Varc) is endowed with a natural ring structure given by the fiber product.

Let L be the class of the affine line. We denote M = Ko(Varc)[L™'], the localiza-
tion of Ko(Varc) with respect to the multiplicative system {]Lk } reny- For any integer

i,let FIM C M be the subgroup generated by elements of the form L™ [¥] with
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m — dim(Y) > i. Then F* is a filtration on M. Let M be the completion of M with
respect to F'*. The motivic Igusa zeta function® is by definition

Z(X,D:T) := / T4y e M[[T]], (4.3)
Loo(X)

where p is the motivic measure constructed by Kontsevich [45] and Denef—Loeser
[29, Definition-Proposition 3.2].
The following theorem gives a formula for Z(X, D; T'), see [19, Theorem 3.3.4].

Theorem 4.1 The following identity holds,

=T
Z(X,D;T) = Z L‘J' " Hm (D], (4.4)
Jcil,.., jed

where Dy = m/e] D with the convention that Dy = X.

Let d be a positive integer. We define

9]

Fy(X, D) := Z(X, D; L™V = Z ord,! (m))L™™ e MILYY). (4.5)

By (4.4), we have

1— ]Lmj/d

FaX.Dy= Y LV [] |—1+m«/d [Dy]. (4.6)
Je L tamid g
(1,...0} jeJ

An equivalent form of (4.6) when d = 1 is in Craw [26, Theorem 1.1].

Now we state the formula of change of variables, due to Kontsevich [45] and Denef—
Loeser [30, Theorem 1.16]), in the following form taken from Craw [26, Theorem 2.19]
(whend = 1).

Theorem 4.2 Let X be a projective complex manifold. Let f : X' — X be the blow-up
along a smooth center. Let K x,x be the relative canonical divisor. Let d be a positive
integer. Let D be an effective divisor on X such that both D and f*(D)+dKx:x are
of simple normal crossing support. We have

Fi(X,D) = Fy(X', f*D+dKx x). 4.7)

4 1tis usually denoted by Z (X, Zp; T'), where Zp = Ox (—D) is the ideal sheaf of D.
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4.2 From motivic integration to BCOV invariant

Let X be a smooth projective complex variety. Let y be a d-canonical form on X
such that D = div(y) satisfies the condition (x4) in Definition 2.4. Hence (X, y) isa
d-Calabi—Yau pair in the sense of Definition 3.1.

Recall that the Hodge realization is the ring homomorphism

XHdg : Ko(Varc) — Ko(HS) (4.8)

that sends the class of a smooth projective variety X to the class of its cohomology
H*(X, Z) endowed with Hodge structure. It is easy to see that xuqg(L) = Z(—1) is
the Lefschetz Hodge structure, which we will denote by L in the sequel. Therefore,
for a Hodge structure H® and s € Z, L* H® is the Tate twist H®(—s), namely,

s prk k=2 s P-4 pP—s8.q—s
L'HE = B>, L HEY = HE : 4.9)

For a polynomial f(x) =ag+ ajx + -+ + apx™ € Z[x], we denote

m

FH =Y (L H)™. (4.10)
s=0
By (4.6), we have
5 [J1-5 - Lm'//d .
xiag (Fa(X, D)LY ) = "L 2<1‘[ m)H (Dy).  (4.11)
J jeJ

Mimicking (1.3) and (1.12), for a Hodge structure H*®, we define

n(H") = Q) (det H")(_Dk . (D =Q) (det H")(_l)kk. (4.12)
k

k

We are interested in applying Agr to (4.11). First we remark that

2
N(LHY) = n(H*), raw(LH®) = (0(H") @i(HY).  (@13)

Therefore, for any polynomial f, we have

(1

rar(r@at) = (nr) " o (). (414)

Let wj be as in (2.9). For
n 1— xmj/d
=M= T — 4.15
fx) =x ll€J| METprE (4.15)

) Birkhauser



25  Page 28 of 41 L.Fu,Y.Zhang

we have

J

ra(F %) = (1) " & (ra(arm) ™. (@.16)

By (4.11) and (4.16), we have
AdR <XHdg (Fd(X, D)L%> )
w! —mw?
-® ((AdR (1)) (n(r* )" ‘1) .

Observe that the BCOV invariant 77 (X, D) (cf. Definition 3.2) is essentially the Quillen

J
w
metric on ) ()LdR (H *(D j))) ¢ On the other hand, by Definition 1.1, the Quillen

metric on n(H *(D j)) gives rise to Tyop (D), which vanishes by (1.10). Therefore, our
BCOV invariant is essentially the Quillen metric on the determinant line (4.17).

4.17)

5 Birational BCOV invariants

Definition 5.1 For any d-Calabi—Yau pair (X, y), its birational BCOV invariant is

1
7" (X, v) = (X, y) = 5TCPHX(X, ¥)
(5.1)

3 ,
+ (- 37 1 3@ K (X, 7)

where x (X, y) and x(X,y) are as in Definition 2.4, applied to the invariants x’
and x” in Example 2.2.
For a Calabi-Yau manifold X and a d-canonical form y on X such that
Ix |y7|l/d = 2m)4im X we have
bir _ 1 1N\ .7 1 2 3 1 /"
; (X,y)=1(X) - EI(CP (X)) 4+ - ET(CP )+ ZI(CP ) ) x T (X).
(5.2)

Lemma5.2 Let (X, yx), (Y, yy) and (Z, yz) be as in Theorem 3.5 (see (3.30)—(3.38)
in Sect. 3.3). Then

o (X vx) = xa (Y. vv)ef" (2. vz)- (5.3)
Proof Since x' and x” are log-type localizable invariants (Examples 2.2), Proposition

2.7yields (X, yx) = xa(Y, yy)x;(Z, yz)and xJ (X, yx) = xa (Y, yy)xj(Z. yz).
Combining them with Theorem 3.5 allows us to conclude.
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Lemma5.3 Let (X,yx), (Y,Dy), f : X' — X and my,...,ms; € 7Z, be as in
Theorem 3.6. We have

blr(X/ f )/X) _ ‘L'(I;lr(X, )/X)
= (. Dy)(Xd((CP”], Do) IO (TP Yin) — T8 (TP, Y, . )) .

Proof Similarly to the proof of Lemma 5.2, we use Theorem 3.6, Remark 3.7 and
Proposition 2.8.

Theorem 5.4 For anymy, ..., m, € N, we have
T (CP", Yimy,..my) = 0. (5.5)
Proof We have (see Example 2.2)

x(CPHY =2, x/(CPY)=2, x"(CP") =0,

5.6
x(CP?) =3, x'(CP>) =6, x"(CP*> =2. -0

By Definition 2.4 and (5.6), for any m1, m> € N, we have

X (CPY v ) =0, X7 (CP? Yimymy) =2 x4(CP', ymy) =2,

+mo +3d (5.7
/ (sz’ _ 6—2( mi nmy mi ) .
Xd( yml'mz) m1+d+m2+d my +my +2d

By Theorem 3.3, Theorem 3.4, Definition 5.1 and (5.7), we have t(?ir ((CPI, Vi 1) =

27 (CP?, Y, .m,) = 0. Hence (5.5) holds for n < 2. We proceed by induction. Let
r > 2 be an integer. Assume that

r}l’ir(CP", Y mn) =0 forn<r. (5.8)

.....

Let i : CP! < CP’'*! be the extension of C 3 z > (z,0,...,0) € C*!. Let
f : BlgpiCP"T! — CP"*! be the blow-up along i (CP!). Then BlgpiCP ! is a
CP?-bundle over CP"~!. By Lemma 5.2 and (5.8), we have

T (Blept CP ™ f* Y myy) = 0. (5.9)
By Lemma 5.3 and (5.8), we have
2 (Blept CP ™, Yy mar) = T8 (CP M ) = 0. (5.10)
From (5.9) and (5.10), we obtain

T (CP", Yony,.my) =0 forn <r+1. (5.11)

,,,,,
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This completes the proof by induction.

Theorem 5.5 Let (X, yx) and f : X' — X be as in Theorem 3.6. Then
" (X', fryx) = 10" (X, vx)- (5.12)

Proof This is a direct consequence of Lemma 5.3 and Theorem 5.4. O

6 Extension to the singular cases

We extend the theory of BCOV invariants to Calabi—Yau varieties with mild singular-
ities. In this section, X is a normal projective complex variety of dimension 7.

6.1 Definitions and basic properties

Recall that a variety X is called Q-Gorenstein if the canonical divisor K x is Q-Cartier,
i.e., there exists a positive integer d such that d K x is a Cartier divisor. The minimal
value of such d is called the index of X.

Definition 6.1 (Canonical and KLT singularities [44, Definition 2.34]) Let X be a
Q-Gorenstein normal variety and let f: X’ — X be a log-resolution, i.e., f is a
resolution of singularities and the support of the exceptional divisor E = Ulj=1 Ejis
simple normal crossing. Write the equality of Q-divisors

l
KX’/XZZajEja (61)
j=1

where Ky x is the relative canonical divisor K x' — 5 f*(dKy) for any positive integer
d divisible by the index of X, where K x- is such that f, Kx = Kx. We say that X has
canonical singularities if a; > 0 for all j. Similarly, X is said to have Kawamata log
terminal (KLT) singularities if a; > —1 for all j. The coefficients a; € Q are called
discrepancy numbers. The definitions are independent of the log-resolution f.

Definition 6.2 A canonical (resp. KLT) Calabi—Yau variety is a (Q-Gorenstein nor-
mal projective complex variety X with canonical (resp. KLT) singularities such that
Kx ~q 0, where ~q is the linear equivalence relation for Q-divisors.

Let us record the following basic result.

Proposition 6.3 (Integrability of volume form [53, Thm. 2.1], [36, Prop. 1.17]) Let
X be an n-dimensional variety with KLT singularities. Let d be a positive integer
divisible by the index of X. Then for any y € H(X, Ox(dKx)), the integral

/X lyy | (6.2)
reg
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converges, where Xyeg is the regular part of X and |y7|1/ © s the unique positive

volume form on X whose d-th power equals to i"zy AY.

We extend the birational BCOV invariant studied in Sect. 5 to varieties with KLT
singularities, equipped with a pluricanonical form or a pluricanonical effective divisor.

Definition 6.4 Let X be an n-dimensional variety with KLT singularities. Letd € N+
divisible by the index of X. Let D € |[dKx]|. Let f: X — X bea resolution of
singularities such that D UE is of simple normal crossing support, where D is the
strict transform of D and E is the exceptional divisor. Forany y € H 0(X ,Ox(dKYx))
such that D = div(y), we define

r('fir(X, y) = r[?ir(X/, *y). (6.3)
Here the right hand side is defined in Definition 5.1. Note that X having KLT singu-

larities implies that (X', f*y) is indeed a d-Calabi—Yau pair (i.e. Condition (x4) is
verified). We also define

X, D n _
(X, D) o= (X, ) + 2P ((Zn) / IWIW>~ (64
reg

Note that the integral on the right hand side converges by Proposition 6.3.

In the next two lemmas, we show that r}j’ir (X , y) and r"l’ir (X , D) are well-defined.
Lemma 6.5 The quantity rb“ (X, y) is independent of the resolution f.

Proof As any two resolutions are dominated by a third one, it suffices to show that for
a further blow-up g: X” — X’ satisfying the same properties, we have

(X ) = (X g (). 6.5)
But this follows from Theorem 5.5.

Lemma 6.6 For any z € C*, the following identity holds,

X,D
(X, 27) = (X, ) - 202 P 10g P, (6.6)

Consequently, T hir (X , D) is independent of y.
Proof This follows directly from [61, Proposition 3.4].

In the sequel, we use the same notation as in Sect. 4.1.
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Definition 6.7 Let X be a variety with KLT singularities. In the situation of Definition
6.1, the Gorenstein volume of X is by definition

1—1L% —
Gor . § : —n
122 (X) = L‘Jl 1_[ m [Ej] S M (67)

JCil,...0) jeJ

In other words, for any d € N.q divisible by the index of X, 19" (X) is equal to
Fy(X',dKxx) defined in (4.6). By Theorem 4.2, the definition is independent of
the choice of d and the log-resolution X’. Note that when X is smooth, wBor(X) =
L7[X].

Let P; : Ko(Varc) — Z[1] be the ring homomorphism sending a smooth projective
variety to its Poincaré polynomial, which extends to a ring homomorphism P; : M —
ZI[[t, 117 (cf. [19, §3.4.7]).

Definition 6.8 Let X be an n-dimensional variety with KLT singularities. The stringy
Poincaré polynomial of X is defined as

Pi(X) := P, (L" 15" (X)). (6.8)

Following Batyrev [4], we define the stringy Betti numbers of X as the coefficients
of P;(X). The quantities x (X), x'(X) and x”(X) are defined by the same formulas
(2.5)—(2.7) with Betti numbers replaced by stringy Betti numbers. If X admits a crepant
resolution Y, the stringy invariants of X equal to the corresponding invariants of Y.

Definition 6.9 Let X be an n-dimensional KLT Calabi—Yau variety (Definition 6.2).
We define the (stringy) BCOV invariant of X as

T(X) == 1" (X, ¥) + %‘L’(CPI)X/(X) + (%I(CPZ) — %r((CP‘))X”(X), 6.9)

where d € N is divisible by the index of X and such that [dKx| # ¢, T5"(X, 9)
is defined in (6.4) (it is independent of d by [61, Proposition 3.3]), x'(X) and x"(X)
are the stringy invariants introduced in Definition 6.8. By (5.2), we recover the BCOV
invariant when X is smooth.

Remark 6.10 Quotient singularities form one of the most important instances of KLT
singularities, see [44, Proposition 5.20]. In particular, (complex effective) orbifolds, or
equivalently, V-manifolds in the sense of Satake [54, 55], are KLT. A compact Kéhler
orbifold X is called Calabi—Yau if ¢;(X) = 0 € H?(X,R). On one hand, thanks
to the orbifold version of the Beauville-Bogomolov decomposition theorem, due to
Campana [17] and Fujiki [37], Calabi—Yau orbifolds have torsion canonical divisor.
Therefore Calabi—Yau orbifolds are special cases of KLT Calabi—Yau varieties in the
sense of Definition 6.2, hence their BCOV invariants can be defined as in Definition
6.9. On the other hand, the Quillen metric can be extended to orbifolds (see Ma [47,
§2]) and enjoys similar properties as in the smooth case (see Ma [47, 48]). Hence the
definition of BCOV invariant (see Definition 3.2) can be directly extended to Calabi—
Yau orbifolds. We plan to compare the two definitions in the future.
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6.2 Curvature formula

We extend the curvature formula [61, Theorem 0.4] to locally trivial families (in the
sense of Flenner—Kosarew [35, Page 627]) of KLT Calabi—Yau varieties.

Definition 6.11 Let S be acomplex manifold and X'acomplex space. Letw : X — Sbe
a flat and proper morphism, viewed as a family of complex spaces (X = (t)) res
The family r is called locally trivial if for any ¢t € S and any x € X, there are analytic
open neighborhoods A C S of # and U C 7~'(A) C X of x such that we have a
A-isomorphism (U N X;) x A ~U.

Locally trivial families admit (strong) simultaneous resolution.

Lemma 6.12 (Simultaneous resolution [3, Lemma 4.9 and Remark 4.10]) Let 7 :
X — S be a locally trivial family. Then there is a proper bimeromorphic S-morphism
Y — &, which is a composition of blow-ups along locally trivial centers which are
smooth over S and disjoint from the smooth locus of 7, such that the composed map
7'+ Y — Sisa submersion and for any t € S, the map Y; == (7))~ '(t) = X, isa
log resolution.

In the sequel, a Hodge structure (resp. variation of Hodge structures) is a finite direct
sum of pure polarizable Q-Hodge structures (resp. variations of pure polarizable Q-
Hodge structures), possibly of different weights. Following [33, Proposition 2.8], [31,
(5.6)] and [62, (0.6)], we make the following definition:

Definition 6.13 Let S be a complex manifold. Let (H, H, F*®) be a variation of Hodge
structures over S, where H is a local system, H = H® Og and F'® is a Hodge filtration
onH.Forany k € Z, denote by HF the weight-k part of the variation. For any p, g € Z,
denote H"9 := Gr?Hp +4, which we view as a holomorphic vector bundle over S.
The Hodge form of the variation is the following (1, 1)-form on S:

1 ),
o =5 ) (=DM (p —ger (P, g € ALL(S). (6.10)
p.q

Here gHM is a Hermitian metric on H”¢ such that ng’q (u,u) = qu'p (u, u). One
can show (cf. [62, Proposition 1.1]) that wy is independent of the Hermitian metrics
g""" . Clearly, w is additive with respect to short exact sequences of variations of
Hodge structures, hence it gives rise to a group homomorphism:

o : Ko(VHSg) — AV1(S), (6.11)

where VHSj is the category of variations of Hodge structures over S.

On the other hand, the Hodge realization can be performed in the relative setting:
given a complex variety S, there is a group homomorphism

XHdg,s : Ko(Varg) — Ko(MHMy)

(6.12)
(r: X = 8) = RmQy,
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where MHM is the category of mixed Hodge modules over S. However, note that if
we start with a smooth proper morphism 77 : X — S, then the image R 77,Q y lies in
Ko(VHSy), the subgroup generated by variations of Hodge structures over S.

Now let r : X — S be a locally trivial family of KLT Calabi—Yau varieties. The
Gorenstein volume in Definition 6.7 can be extended as follows. Take a simultaneous
resolution (see Lemma 6.12) f: X~ — & with simple normal crossing exceptional
divisor £ = Uljz1 &, whichislocally trivial over S. Forany 1 < j </, leta; € Q. _;
be the discrepancy number of the resolution f along &;. Then define the relative
Gorenstein volume

1 —1L4% —
poor xSy =y L ]_[m [£,/51 € MsILY?], (6.13)

JE{L,.L 0 jet

wheref/l?is the completion of Ko (Varg)[LL™ ! ] with respect to the dimension filtration.
Similarly to Theorem 4.2, £G°"(X/S) is independent of the resolution f.

Taking the Hodge realization and denoting L := Qg(—1) the Lefschetz variation
of Hodge structure over S, we get

_ 1 —L% o
XHdg, S (MGor(X/S)) = Z | 1_[ m H*(&;/S), (6.14)
J<{l,...0} jed

where H*®(£;/S) denotes the variation of Hodge structures Rm; .Qg, :=
) R¥ 7;.+Qg,, where ; : £; — S is the natural projection.

Definition 6.14 Let 7 : X — S be as above. Its (stringy) Hodge form, denoted by
WHdg, x/S- 18 the image of xHdg, s (/LG"‘(X/S)) via (6.11).

Lemma 6.15 Notation is as before. Taking a simultaneous resolution f: X — X as
above, the Hodge form can be computed as

—a
WHdg, X/S = Z l_[ P —i-jl WH(E;/S)- (6.15)
JCil,... 0 \jes 7

Proof 1t suffices to apply the homomorphism (6.11) to the right hand side of (6.14),
and use the fact that wye = wr,ge. O

Definition 6.16 Let 7 : X — S be as above and d an integer divisible by the index
of fibers. The Weil-Petersson form of m : X — S, denoted by wwp x/s, is defined
as follows: for any open subset U < S and any nowhere vanishing section y €
H(U, 7,0dK x/s)) viewed as holomorphic family (y;) we define

$)seU’

EE] _11/d
OWP,X/S | = _ﬁlogfx lv7| e (6.16)
reg
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1/d .
] whose convergence is guar-

where [y ]y7|1/d is the function s — [y lvs7s
anteed by Proposition 6.3. Thanks to the next lemma, the partial derivatives make
sense in (6.16).

1/d .
| / is smooth.

Lemma 6.17 The function S > s +> va e lvs¥s
Proof The question is local on S. We may assume that y € HO(S, T OdK xy5)), i.e.
a holomorphic family of d-canonical forms on the fibers. By Lemma 6.12, there is
a simultaneous log-resolution f: X’ — X with simple normal crossing exceptional
divisor £ = Ul,: 1 €, which is also locally trivial over S. Set ' = f*y, whichis a
family of meromorphic d-canonical forms on the fibers of X'/S. We obviously have

J

lys7s] 4 = /X vV, (6.17)

5, 18g

Let

(ak:(C’”QUkceS) , (ﬂk:CmXC"QVkC—)X)

6.18
1,..,p k=1,...,p ( )

be holomorphic local charts such that

— for each k, we have (r o f)(Br(Vk)) = o (Uy);

— foreach k, the map ak*I o o f o is given by the canonical projection C"* x C"* —
cm,

— for each k and each &;, either,Bk_l(Ej) =0 or,Bk_l(Ej) = {(zl, e T Wy e
wy) € Vi SC" xC" : wy = 0}, where g € {1, ..., n} depends on j, k.

Let

(e v — 10.11) (6.19)

=1,...p

be a partition of unity, i.e., each 7y is of compact support and ny + - -- + 1, = 1. We
denote 7 ¥ = Mk.s- It is sufficient to show that for each k, the function

—1/d
s> fX s (6.20)

is smooth. On the other hand, by the KLT condition, the order of poles of ' along
each £; is at most d — 1. Hence we have

d

wl ce Wy

where g is a holomorphic function of zy, ..., z;,, Wy, ..., w,. Then a straightfor-
ward computation shows that the integration (6.20) results in a smooth function in
lly vy Zm- O
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We are now ready to prove Theorem C, which we state again for convenience.

Theorem 6.18 Let w: X — S be a flat family of KLT Calabi-Yau varieties. Assume
that i is locally trivial. Then the function t(X/S) : § > t +— ©(X;) is smooth, where
T is the BCOV invariant in Definition 6.9. Moreover, we have

X (X)

, 6.22
3 OWP.A/S (6.22)

20 rwys) = -
2m.f( /S) = wHdg, A/

where x (X) is the stringy Euler characteristic of a fiber of w, wxys is the Hodge form
in Definition 6.14, and wwp x/s is the Weil-Petersson form in Definition 6.16.

Proof The smoothness of the function tx,s comes from the existence of simultaneous
resolutions.
Letd € N.¢ be such that |[dKx, | # ?. Notation being as before, we have

EE 53

—1(X/S (S,

5 TS = — (X/S, )
88 blr

=5 (XS, Zda,s /S) = —rd (XS, Zda,f; /S) .

(6.23)

Here the first and the third equalities come from the fact that ¢ b" — 14 consists of topo-
logical invariants, which are constant in locally trivial famlhes The second equality
comes from (6.3). By Definition 6.4, Definition 6.9 and [61, Theorem 0.4], we have

—rd (XS, Zda/é' /S)

—a; B
= Z Haj—i—jl wpe (5,/5)+ Zdal f |y/y,|l/d.

JC{l,.. 0y \jeJ

(6.24)
By Lemma 6.15, we have
—a;

Z l_[ —— | @H*(&;/S) = WHdg, /S - (6.25)

JC{l,...1y \jeJ aj+1

Using Definition 6.16, we can show that

39
/ ly'v/| Ra— / |V7|]/d = —WWP, X/S- (6.26)

2mi
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By the definition of the stringy Euler characteristic, we have

d(x’,ZdajEj) = x(X). (6.27)
Combining (6.23)—(6.27), we obtain (6.22).

7 Birational invariance

In this section, we prove our main result Theorem B. Although it clearly contains
Theorem A as the smooth case, we nevertheless choose to give first the proof in this
special case to highlight the main idea:

Proof of Theorem A Let X and X' be n-dimensional birationally isomorphic Calabi—
Yau manifolds. By the weak factorization theorem of Abramovich, Karu, Matsuki,
and Wiodarczyk [1, Theorem 0.3.1] (see also [57]), there is a sequence of blow-ups
and blow-downs along smooth centers:

X=Xg-X| - - X, - X, =X, (7.1)

such that for each 0 < i < r, the unique canonical divisor D; € |Kx, | is of simple
normal crossing support. Foreachi,lety; € H(X;, Ox,(D;)) = H(X;, Ox,(Kx,))
be such that f X; |)/Z~W’ = (27)". By Theorem 5.5 and [61, Proposition 3.4], we have

o (Xi, i) = 7" (Xig1. Vi) (7.2)

for all i. Hence

blr(X VO) _ ‘L'FH(X/, Vr)

Combining this with (5.2), we see that in order to prove T(X) = t(X’), it is enough to
show that x'(X) = x/(X’) and x"(X) = x”(X’). However, x'(-) and x”(-), defined
in (2.6) and (2.7) respectively, are certain linear combinations of Betti numbers, hence
are birational invariant for Calabi—Yau manifolds by Batyrev [5]. O

Now let us proceed to the proof in the general case.

Proof of Theorem B Recall that 119°(-) was defined in Definition 6.7. By a result of
Kontsevich [45] and Yasuda [58, Proposition 1.2], which extends a result of Batyrev
[5], we have 199" (X) = nO°(X’). Then, by Definition 6.8, we have

X'X) =x'"X), x"X) = x"(X". (7.3)

Let f: X — X and f X' — X' be log-resolutions. Let d € N. o be such that
dKx ~ 0and dKx ~ 0 as Cartier divisors. Note that the hypothesis that X and X’
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have canonical singularities implies that any smooth birational model of X and X’
admits a unique d-canonical divisor.

By Abramovich-Temkin [2, Theorem 1.2.1 and §1.6], there is a sequence of blow-
ups and blow-downs along smooth centers:

X=Xo-X -3 ->Xe - X, =X, (74)

such that for each 0 < i < r, the (unique) d-canonical divisor D; € |dK X,-|
is of simple normal crossing support. For each i, let y; € HO(X;, Ox, (D)) =
H°(X;, Ox,(dKx,)) be such that in |yl-ﬁ|l/d = (27)". By Theorem 5.5, we have

rclljir(Xi, )/z‘) = T:fir(XiH, J/i+1) 73

for all i. Let y € H(X,Ox(dKx)) and y' € H°(X', Ox/(dKx/)) be such that

I lv7]" = [ lv'¥']"* = @)™ By Definition 6.4 and [61, Proposition 3.4], we
have
I‘?ir(X, (Z)) = tgir(X, y) = rgir(Xo, y()) , 7.6)
() = (X ) = (X ) '
From Definition 6.9, (7.3), (7.5) and (7.6), we obtain 7(X) = 7(X’). O
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