SUPERSINGULAR TATE CONJECTURE FOR IRREDUCIBLE SYMPLECTIC
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ABSTRACT. We prove that for a supersingular irreducible symplectic variety admitting suitable
lifting to characteristic zero has Tate Chow motive if it is of deformation type K3[", OG6 (with
Artin invariant # 4), or OG10 (with Artin invariant # 12), and has supersingular abelian Chow
motive if it is of Kum™-type (with Artin invariant # 3). In particular, any product of those
irreducible symplectic varieties satisfies the supersingular Tate conjecture for the whole ¢-adic and

crystalline cohomology rings.
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1. INTRODUCTION

We study in this paper algebraic cycles of supersingular irreducible symplectic varieties, which

are higher-dimensional generalizations of supersingular K3 surfaces.

1.1. Supersingular K3 surfaces. K3 surfaces play a distinguished role in the study of algebraic
surfaces. In positive characteristic, they share some fundamental similarities to complex K3 sur-
faces, but also reveal interesting new features that have no analogue in characteristic zero. An
important such instance is the presence of supersingular K3 surfaces, first constructed by Tate [77].
Let us briefly recall the notion of supersingularity. As it is a geometric property, we fix in this
paper an algebraically closed field k of characteristic p > 0. Following Artin [4], a K3 surface S
defined over k is called supersingular if its formal Brauer group, which is a smooth 1-dimensional
formal group by [5], is of infinite height:

]/3;(5) ~ G,,

or equivalently, the F-isocrystal H2, (S/W (k))[1/p] is isoclinic of slope 1. On the other hand,
motivated by examples of unirational K3 surfaces, Shioda [73] introduced an a priori different

notion of supersingularity by requiring the maximality of the (geometric) Picard rank:
p(S) =22,

or equivalently, all classes in the second (¢-adic or crystalline) cohomology of S are algebraic.
It is easy to see that Shioda’s supersingularity implies Artin’s supersingularity. The converse is
precisely the supersingular Tate conjecture for K3 surfaces, proposed by Artin [4] and established
as the following theorem in a series of works by Artin [4], Maulik [57], Charles (p > 5) [16, 17],
Madapusi Pera (p > 3) [54], and Kim—Madapusi Pera (p = 2) [47].

Theorem 1.1 (Supersingular Tate conjecture). Let S be a K3 surface defined over an algebraically
closed field k of characteristic p > 0. Assume that S is Artin supersingular, then S is Shioda

supersingular, that is, the £-adic first Chern class map
c1: NS(S) ® Qp — HZ (S, Q)
is surjective for any £ # p, and the crystalline first Chern class map
c1: NS(8) @ W (k)[1/p] — Heo(S/W (k))[1/p]

18 surjective.

Thanks to Theorem 1.1, we will not distinguish the two notions of supersingularity for K3 surfaces
in the rest of the paper.

Remark 1.2. The Tate conjecture is more commonly formulated over a finitely generated base
field and claims that the image of the (¢-adic or crystalline) cycle class map is the subspace of

(¢-adic or crystalline) Tate classes. It is easy to deduce this more traditional formulation from
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Theorem 1.1. Moreover, combined with Lieblich-Maulik-Snowden [51], this implies that there are
only finitely many isomorphism classes of K3 surfaces over a finite field of characteristic p > 2.

For the purpose of this paper, the following stronger result on motives plays a more fundamental
role. It is the supersingular analogue of the celebrated Bloch conjecture (see Remark 1.5 below).
For p > 5, it is a consequence of Theorem 1.1 and Fakhruddin’s result [25]. See [31, Section 4.5,
Proof of Theorem 1.3] for the general case based on a result of Bragg-Lieblich [11].

Theorem 1.3. Let S be a supersingular K3 surface defined over an algebraically closed field k.
Then the rational Chow motive of S is of Tate type:

h(S) ~ Q@ Q-1 ®Q(-2)  in CHM(k)q.

Consequently, the Chow motive of a product of supersingular K3 surfaces is again of Tate type,

hence the f-adic and crystalline cycle class maps for such a product variety are isomorphisms.

1.2. Irreducible symplectic varieties. In complex geometry, or more generally when char(k) =
0, (smooth) irreducible symplectic varieties, also known as compact hyper-Kdhler manifolds, are the
natural higher-dimensional analogues of K3 surfaces. By the Beauville-Bogomolov decomposition
theorem [6], irreducible symplectic varieties form one type of building blocks for smooth projective
varieties with vanishing first Chern class. So far, all the irreducible symplectic varieties that have
been discovered are deformation equivalent to one of the following types: Hilbert schemes of points
on K3 surfaces, generalized Kummer varieties, O’Grady’s six and ten dimensional examples. We
call them the known deformation types.

When the base field k is algebraically closed of positive characteristic, an irreducible symplectic
variety is by definition a smooth projective k-variety X with trivial 7$*(X) such that HO(X, Q% /k)
is generated by a nowhere degenerate closed algebraic 2-form; see Definition 2.1. In particular, it
is of even dimension and has trivial canonical bundle.

Our goal is to extend Theorem 1.1 and Theorem 1.3 to higher-dimensions. More precisely, an
irreducible symplectic k-variety X is called supersingular® if ]/B\r(X ) Ga. Our previous work [31]
initiated a systematic study of supersingular irreducible symplectic varieties, where we compared

several notions of supersingularity and proposed the following conjecture:

Conjecture 1.4 (Fu-Li). Let X be an irreducible symplectic variety defined over an algebraically
closed field k of characteristic p > 0. If X is supersingular, then

o (Supersingular Tate conjecture) The (-adic and crystalline cycle class maps
CH"(X) ® Q¢ — HZ (X, Q)
CH"(X) ® W (k)[1/p] — HZ5 (X/W (K))[1/p]

are surjective.

Un Fu-Li [31], this is called 2nd_Artin-supersingular, to distinguish it from its counterparts for all degrees and from
the analogue of Shioda’s notion of supersingularity.
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o (Supersingular Bloch—Beilinson conjecture) The Chow motive of X belongs to the thick
tensor subcategory of CHM(k)q generated by supersingular abelian varieties. If moreover
all the odd Betti numbers of X wvanish, then the Chow motive of X 1is of Tuate type.

Note that by cohomological realization of motives, the supersingular Bloch—Beilinson conjecture

implies the supersingular Tate conjecture.

Remark 1.5 (Bloch-Beilinson). Some comments on the general context of the Bloch-Beilinson
conjecture are in order. The conjecture originates from Bloch’s conjecture for 0-cycles on surfaces
with vanishing geometric genus [9] and from Beilinson’s vision of mixed motives [7]. The overall
philosophy is to control algebraic cycles or motives (with rational equivalence) by cohomology. The
Bloch—Beilinson conjecture in the arithmetic setting states that for varieties defined over a number
field, the Abel-Jacobi map is injective on the rational Chow groups. Over finite fields (or their alge-
braic closure), Beilinson conjectured that rational equivalence and numerical equivalence coincide;
in particular, the rational ¢-adic cycle class maps are injective. Over complex numbers, as formu-
lated by Jannsen [42] and Murre [61, 62], the geometric Bloch—Beilinson conjecture predicts that
for smooth projective varieties, there exists a canonical finite exhaustive descending filtration F®
on the rational Chow groups such that the graded associated pieces depend only on the homological
motive of certain degree. In terms of filtration, the aforementioned conjectures says that F2 = 0
over number fields and F' = 0 over finite fields. Now for a smooth projective variety defined over
an algebraically closed field of characteristic p > 0, the condition of being supersingular amounts
to saying that the even cohomology groups consist of Tate classes and the odd cohomology groups
behave like the first cohomology of a supersingular abelian variety. The conjectural filtration then
should satisfy F2 = 0 (even F'! = 0 if there is no odd cohomology). This is the motivation for the
first and the third author to propose Conjecture 1.4 in [31].

Various pieces of evidence for Conjecture 1.4 are provided in our work [31] and [33], mostly
for moduli spaces of sheaves on supersingular K3 surfaces or abelian surfaces. The present paper
addresses supersingular irreducible symplectic varieties of known deformation types without an a
priori modular description.

A key technique in our study consists of lifting the symplectic variety to characteristic zero.
Inspired by the work of Yang [80], we introduce the following notion (see Section 2.2 for the
details):

Definition 1.6. Let X be an irreducible symplectic variety defined over an algebraically closed
field k of characteristic p > 0. We say that X is excellent, if there is a smooth projective lifting X’
of X to a finite extension DVR of W (k), such that the geometric generic fiber &% is an irreducible
symplectic variety with Hodge numbers equal to those of X, and such that X carries a lifting of a
primitive polarization on X.

In this situation, we say that X is of the deformation type of the geometric generic fiber A7.

Remark 1.7. Let X be a smooth projective variety defined over an algebraically closed field k of
characteristic p > 0 satisfying the condition of being excellent in Definition 1.6. If p > dim(X)
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and X satisfies a coprime-to-p condition 3.2, then X is automatically irreducible symplectic; see

Theorem 3.5. Also note that the condition of primitive polarization is necessary, see Remark 4.18.

Remark 1.8. Given an excellent irreducible symplectic variety X, its deformation type is not
a priori uniquely determined by X. However, when p > dim(X), it is intrinsically determined
by X for the known deformation types (KS[”]—type7 Kum”-type, OG6-type and OG10-type); see
Theorem 4.17.

Our main results are the following theorems establishing Conjecture 1.4 for excellent irreducible
symplectic varieties of all known deformation types, except in a few extremal cases of maximal

Artin invariants:

Theorem 1.9. Let X be an excellent irreducible symplectic variety defined over an algebraically
closed field k of characteristic p > dim(X). Assume that X is supersingular and we are in one of
the following cases:

(1) X is of K3[M-type;

(il) X i4s of Kum™-type with Artin invariant oo # 3;

(iii) X is of OG10-type with Artin invariant og # 12;

(iv) X is of OG6-type with Artin invariant oy # 4;
Then the Chow motive of X is of Tate type in Cases (i), (iii), (iv), and is of supersingular abelian
type in Case (ii).

Applying the realization functors, we deduce the following consequence of Theorem 1.9:

Theorem 1.10 (Supersingular Tate conjecture). Let Y be a product of supersingular irreducible

symplectic varieties as in Theorem 1.9, then all the {-adic and crystalline cycle class maps
CH*(Y) ® Q¢ — HE (Y, Q0),
CH*(Y) @ W (k)[1/p] — Hei(Y/W (K))[1/p)

cris

are surjective.

Our proof is based on choosing (twisted) modular lifting of these irreducible symplectic varieties.
This lifting result is worthy to be summarized as the following theorem:

Theorem 1.11. Let X be an excellent irreducible symplectic variety defined over an algebraically
closed field k of characteristic p > dim(X). Assume that X is supersingular and we are in one of
the following cases:

(1) X is of K3[-type or Kum™-type;

(ii) X is of OG10-type with Artin invariant og # 12;
Then X admits a (twisted) modular lifting.

Remark 1.12. For an OG10-type variety X with Artin invariant o9 = 12, it cannot admit a
(twisted) modular lifting. Indeed, suppose it admits a (twisted) modular lifting. The exceptional
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class on the generic fiber gives a class of norm —6 and divisibility 3. Taking specialization, this

contradicts to Proposition 5.17.

Remark 1.13. The three excluded maximal Artin invariant cases in Theorem 1.9 are due to
limitation of our techniques: For the Kum"-type with o9 = 3, we can only have a twisted modular
lifting. But we cannot control the motive in the twisted case. For the OG10-type with oy = 12,
we cannot have a (twisted) modular lifting, as explained in Remark 1.12. For the OG6-type with
oo = 4, we cannot choose a lifting that admits a Mongardi—-Rapagnetta—Sacca double cover. We

will treat the remaining cases in a subsequent paper.

1.3. Idea of the proof. Given an irreducible symplectic variety X, we construct an f-adic and
crystalline Beauville-Bogomolov form on its second cohomology, and show that the latter is equipped
with the structure of a K3-crystal. After studying the deformation property, we prove the super-
singular Tate conjecture for divisor classes in X, using a period map to an integral Spin Shimura
variety. Then we classify the supersingular Néron—Severi lattices and identify a small-rank satu-
rated sublattice that can be lifted with a polarization. By choosing a lifting together with suitable
line bundles, we can use a numerical birational criterion to realize the characteristic-zero fiber
as a moduli space of (twisted) sheaves on a K3 or abelian surface. We show that these K3 or
abelian surfaces have supersingular good reductions. In characteristic zero, the Chow motive of
the generic fiber is controlled by the motive of the underlying surface, and we obtain the main
theorem by specialization to characteristic p. This gives the conclusion for K 3"-type, Kum”-type,
and OG10-type. For the OG6-type, we replace the direct modular realization by the Mongardi—
Rapagnetta—Sacca double cover and control the Chow motive by the motive of the associated K3

surface and abelian fourfold.

1.4. Organization of the paper.

e Section 2 introduces irreducible symplectic varieties in positive characteristic, the known
deformation types, and Artin supersingularity.

e In Section 3 we construct the integral Beauville-Bogomolov forms and the associated K3
crystals.

e Section 4 studies lattice-polarized deformations, proves the supersingular Tate conjecture
for divisors, and establishes the lifting theorem.

e Section 5 classifies the Néron—Severi lattices in terms of the Artin invariant.

e Section 6 reviews Bridgeland moduli spaces, numerical birational criteria, and motivic re-
sults.

e In Section 7 we prove the main theorem for the K3[-type, the Kum™type, and the OG10-
type. Section 8 treats the OG6-type.

e The appendix studies the torsion of cohomology groups of irreducible symplectic varieties

of known deformation types.

1.5. History and AI disclosure. This project began around early 2024. The first case completed
was the K3["-type case, which originated as the undergraduate thesis problem of the second author.
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In early 2025, we completed the proof of the entire paper, mainly treating the cases where the
irreducible symplectic variety of known type is modular or twisted modular. After that, our main
focus shifted to the non-modular cases, which will appear in the next paper. The third author
presented this work at various workshops and conferences in 2024 and 2025 such as the Sino-
French conference on Algebraic Geometry in AMSS (Beijing) and the International conference on

Geometry, Algebra and Mathematical Physics in New Uzbekistan University, etc.

All mathematical proofs and ideas in this paper were developed without the use of
LLM. LLM was used only to check typos, correct the grammatical errors, locate

references of some widely known results, and generate the image on the left. The

authors assume full responsibility for all mathematical content.

Acknowledgment: The authors want to thank Ziquan Yang, Ruxuan Zhang, and Haitao Zou for

very helpful discussions.

Notation and conventions.

e For a perfect field k of characteristic p, we write W for the Witt ring of £ and K for the
fraction field of W, and o for the lifting of the Frobenius endomorphism z — zP on k.

e We write Z for the profinite completion of Z and 7P for its prime-to-p component. We write
Ay for Z ® Q and Afv for its prime-to-p component.

e Let R be an integral domain. By a lattice V over R, we mean a finite free R-module V'
together with a quadratic form ¢ on V. We also denote by ¢(-, -) the associated symmetric
bilinear form. For a vector v € V, we write v? for ¢(v).

2. IRREDUCIBLE SYMPLECTIC VARIETIES

In this section, we collect some basic notions about irreducible symplectic varieties. We fix a
field k£ throughout this section.

2.1. Irreducible symplectic varieties. In complex geometry, an irreducible symplectic mani-
fold is a simply connected compact Kihler manifold X such that H°(X, Q%) is generated by a
nowhere degenerate holomorphic 2-form, which is automatically closed. By Beauville-Bogomolov
theorem [6], abelian varieties, strict Calabi—Yau varieties and irreducible symplectic varieties form
the building blocks of compact Kéhler manifolds with vanishing first Chern class.

In positive characteristics, there is currently no universally accepted definition of irreducible
symplectic varieties. We use the following definition in this paper.

Definition 2.1. A smooth projective variety X over k is called irreducible symplectic if

(i) HY(X, Q% /k) is spanned by a nowhere degenerate closed 2-form;
(ii) 7$(Xp) is trivial.

We refer to [31, Section 3] for examples of irreducible symplectic varieties.
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2.2. Mazur—Ogus lifting. Let k be an algebraically closed field of characteristic p > 0. Following
[44] and [3], we say that a smooth projective k-variety X is Mazur—Ogus if the Hodge-to-de Rham
spectral sequence degenerates at Fq and all crystalline cohomology groups are torsion free.

We introduce the following notion of liftings:

Definition 2.2 (Mazur—Ogus lifting). Let X be a smooth projective k-variety. Let V' be a finite
extension DVR of W (k). A Mazur-Ogus lifting of X is a smooth projective family 7: X — Spec V'
with special fiber isomorphic to X, such that R/ W*Qg( v is a free V-module for all ¢, j € N.

Remark 2.3. The above condition on the freeness of the higher direct images is equivalent to the
equality of Hodge numbers between the generic fiber and the special fiber, and it is in turn also
equivalent to the condition that X is Mazur—Ogus. In fact, if X admits a Mazur—Ogus lifting, then
equality must hold everywhere in the following chain of inequalities:
dim By (X) < 37 K900 = 37 09 () = bi(Xy) = rk HE, (X/W) < dim Hlg ().
it+j=k itj=k
Then the Hodge-to-de Rham spectral sequence degenerates at F7 page and all crystalline cohomol-
ogy is torsion free. Conversely, if the latter condition is satisfied, then the upper-semicontinuity
inequality in the following
dimHER(X) = Y h9(X) > Y A () = be(Ay) = rk Hey(X/W) = dim Hi (X)
i+j=k i+j=k
is an equality, hence this lifting is a Mazur—Ogus lifting. Since being Mazur—Ogus is a condition
on X (not on the lifting), we see that if X admits a Mazur-Ogus lifting, then all liftings are
Mazur—Ogus.

Having a Mazur—Ogus lifting to an irreducible symplectic variety implies some good properties.
For instance, we will use the following result:

Proposition 2.4 ([80, Proposition 2.1.4]). Let k be an algebraically closed field of characteristic
p > 0 and let X be a smooth projective variety over k that admits a Mazur—Ogus lifting to an
wrreducible symplectic variety. Then we have:
(a) c10 : NS(X) ® Zy — HZ,(X,Ze(1)) is injective with torsion-free cokernel for every prime
number £ # p.
(b) c1eis : NS(X) @ Zp, — H2. (X/W)EF=P is injective with torsion-free cokernel.

cris

(¢) NS(X) = Pic(X) and NS(X) is torsion free.
In the definition of Mazur—Ogus lifting, if the lifting is over W itself instead of a finite extension
DVR, then this lifting will automatically carry a lifting of a primitive polarization by the following

lemma. This will be useful later when we provide examples of irreducible symplectic varieties of
known types.

Lemma 2.5. Let k be an algebraically closed field of characteristic p > 0 and W = W (k). Assume
that there is a smooth projective family m: Y — Spec W such that
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(i) The Hodge-to-de Rham spectral sequence degenerates at E1-page, and
(ii) Rjﬂ*(Qg)/W) is a free W-module for all i,j € N.

Then there is a primitive polarization on the special fiber Yy that can be extended to ).

Proof. Let L be a relatively ample line bundle on J/W. Its restriction Ly on )} is an ample line
bundle. £y is a multiple of some primitive ample line bundle H on ). By [67, Proposition 1.12],
H can be extended to ). &

We introduce the concept of excellent irreducible symplectic varieties, inspired by Yang [80].

Definition 2.6 (Excellence). Let X be an irreducible symplectic variety over k. We say that X is
an excellent irreducible symplectic variety if X admits a Mazur—Ogus lifting X — V with V is a
finite extension DVR of W (k), such that the geometric generic fiber X} is an irreducible symplectic
variety and X admits a polarization whose restriction to the special fiber is primitive.

Remark 2.7. In fact, under some mild conditions, we do not need to assume that X is an irre-
ducible symplectic variety in Definition 2.6 at first. We will see in Theorem 3.5 that any smooth
projective k-variety X with dim X < p satisfying the lifting condition in Definition 2.6 and Condi-

tion 3.2 is automatically an irreducible symplectic variety.
2.3. Deformation types.

2.3.1. Characteristic zero. We first assume that the base field k is of characteristic zero. By the
Lefschetz principle, it is harmless to assume that k& can be embedded into C. Fix a complex
irreducible symplectic manifold M. We say that X is of deformation type M if X¢ := X X3, C
is deformation equivalent to M for some embedding o: k <— C. Clearly, X can only have finitely
many deformation types. It is an interesting open question whether the deformation type is actually
independent of the embedding k < C. Note that all known deformation types, given as follows,
are independent of the embedding k < C by [32, Proposition 2.3].

Over the complex numbers, the following families are the only known deformation types of

irreducible symplectic manifolds [6, 65, 66]:

(1) K3 -type: deformation equivalent to the Hilbert scheme S of length-n subschemes on a
K3 surface S.

(2) Kum™-type: deformation equivalent to the generalized Kummer variety K, (A) associated
with an abelian surface A.

(3) OG6-type: deformation equivalent to O’Grady’s six-dimensional example, obtained as a
crepant resolution of the Albanese fiber of a moduli space of sheaves on an abelian surface.

(4) OG10-type: deformation equivalent to O’Grady’s ten-dimensional example, obtained as a
crepant resolution of a moduli space of sheaves on a K3 surface.

The next proposition shows that the deformation type of an irreducible symplectic variety is

invariant under deformation in characteristic zero, which is a generalization of [80, Proposition
2.3.2].
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Proposition 2.8. Let k be a field of characteristic zero and let S be a connected variety over k.
Suppose that there is a smooth projective family X over S. If some geometric fiber is of deformation

type M, then every geometric fiber is of deformation type M.

Proof. We first assume that k is algebraically closed. Let s be any k-point of S and let n be the
generic point of S. It suffices to show that & is of deformation type M if and only if A} is of
deformation type M. There is a natural embedding of residue fields k < k(77) and we can reduce
to the case when both of them have finite transcendental degree over Q. If X, is of deformation
type M under some embedding ¢ : k — C, we can extend ¢ to ¢ : k(77) — C. Since S ®, C is still
connected, we have Aj is also of deformation type M under the embedding z. Similarly, if A is
of deformation type M under some embedding x(77) — C, X is also of deformation type M under
the composition of embeddings k — (1) — C.

If k is not algebraically closed, we use the fact that Gal(k/k) acts transitively on the connected

components of S ®j, k to reduce to the algebraically closed case. &

2.3.2. Positive characteristic. In positive characteristic, the discussion of deformation type of irre-
ducible symplectic variety is more subtle. For technical reasons, we can only define the deformation

type for excellent irreducible symplectic varieties.

Definition 2.9. Let M be a deformation type of irreducible symplectic varieties in characteristic
zero. Let X be an excellent irreducible symplectic variety over an algebraically closed field k
of characteristic p > 0. We say that X is of deformation type M if the Mazur—Ogus lifting in
Definition 2.6 has geometric generic fiber of deformation type M.

When M is one of the known types, we say that X is of known type. In this case, X has a
unique deformation type if p > dim X thanks to Theorem 4.17 that we will establish later (all the
hypotheses are satisfied by the known deformation types).

We show in the following examples that excellent irreducible symplectic varieties of each known

deformation type exist. Results of torsion-freeness established in Appendix A are used.

Example 2.10 (K3[”]—type, [80, Proposition 5.1.3]). Suppose that p > 2n+1 and S is a K3 surface
over k. Let v be a primitive Mukai vector with v2 + 2 = 2n, and let H be a v-generic polarization.
Suppose that we are in the following cases: S is non-supersingular; or ¢i(v) is a multiple of H
and ¢ g (H) ¢ Fil?H2;(S/k). Then the moduli space of stable sheaves My (S, v) is an excellent
irreducible symplectic variety of K3[-type. In particular, the Hilbert scheme S is always an

excellent irreducible symplectic variety of K3 -type.

Example 2.11 (Kum"-type). Suppose that p > 2n 4+ 1 and A is an abelian surface over k. Let
K, (A) be the smooth symplectic variety in [31, Section 6]. By [68], A can be lifted to .A/W, then
K, (A) can be lifted to K, (A). By Theorem A.1, the cohomology H’ (K, (Aj5),Z,) is torsion free
for all . Thus by [30], ngiS(Kn(A)/W) is torsion free for all j < p — 1, and hence for all j > 0 by
the Poincaré duality. Together with Lemma 2.5, we have K,,(A) is excellent irreducible symplectic

variety of Kum”-type.
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Example 2.12 (OG6-type). Let k be an algebraically closed field of characteristic p > 7 and A
be an ordinary abelian surface over k. Let v = (2,0, —2) be a Mukai vector and H be a v-generic
polarization on A. Consider the singular moduli space My (A,v) of H-semistable sheaves on A
with Mukai vector v, and its crepant resolution My (A, v). Denote by K (A, v) the Albanese fiber.
By [33], K (A, v) can be lifted to W, and the generic fiber is an OG6-type variety in characteristic
zero. By Theorem A.4, K (A, v) is of OG6-type by the same argument as in Examples 2.10
and 2.11.

Example 2.13 (OG10-type). Let k be an algebraically closed field of characteristic p > 11 and
S ibe an ordinary K3 surface over k. Let v = (2,0, —2) be a Mukai vector and H be a v-generic
polarization on S. Consider the crepant resolution M (S, v) of the moduli space of H-semistable
sheaves with Mukai vector v on S, which can be lifted to W. By Theorem A.6, the same argument
as above shows that MH(S, v) is of OG10-type.

2.4. Supersingular irreducible symplectic varieties. We recall here the definition of super-
singular irreducible symplectic varieties defined in [31]. Artin and Mazur [5] showed that for a
smooth projective variety X with H!(X,Ox) = 0 the functor sending an Artin local k-algebra R
to

Brx (R) = ker(H%/(X xj R,Gm) — H%(X,Gy))
is pro-representable by a formal group, called the formal Brauer group of X. Its Lie algebra is
canonically isomorphic to H2(X,Ox). Recently, Grammatica [35] showed that the formal Brauer

group is formally smooth when H2 . (X/W) is torsion free.

cris

Definition 2.14. An irreducible symplectic variety X is called Artin-supersingular if the formal

Brauer group Br x 1is isomorphic to the formal additive group @a.

We assume that X is an excellent irreducible symplectic variety. The formal Brauer group Br X
is 1-dimensional because H?(X,Ox) ~ k. In this situation Artin-supersingularity is equivalent to
the statement that the Newton polygon of the F-crystal (H2 . (X/W (k)), p) is supersingular. This

equivalence is a variant of a result of Artin and Mazur and will be used later.

Proposition 2.15 ([31, Proposition 3.6]). Let X be an excellent irreducible symplectic variety.
Then Brx is formally smooth, and X is Artin-supersingular if and only if the crystalline cohomology

HZ. (X/W(k)) is a supersingular F-crystal (i.e. its Newton polygon is isoclinic of slope 1).

3. BEAUVILLE-BOGOMOLOV FORMS ON IRREDUCIBLE SYMPLECTIC VARIETIES

3.1. Beauville-Bogomolov form in characteristic zero. For a complex irreducible symplectic
manifold X of dimension 2n, the second cohomology group H?(X,Z) carries a primitive integral
quadratic form ¢y, called the Beauville-Bogomolov (BB) form, which satisfies the following prop-
erties (see [6], [39, Section 23]):

(1) gx is non-degenerate and has signature (3,b2(X) — 3).
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(2) There exists a positive rational number cx, called the Fujiki constant, such that for every
a1, € H2(X,Z)

2n

C
H o = n');n E : q(aa(l)a ch(g)) e q(aﬂ(%—l)’ a0(2”))'
i=1 T 0€6y,

(3) The Hodge decomposition H?(X,C) = H*?(X) @ HY(X) @ H*?(X) satisfies
(H*°(X) @ H**(X)) L H(X)

with respect to gx ® C.

The Beauville-Bogomolov form and the Fujiki constant are deformation invariants and their com-
putations for the known deformation types are summarized below in Table 1 (see for example

[69]):

Type | dim X | bo(X) | cx (H*(X,7Z), qx)

K3 | 2n 23 1 | UB@Ey(-1)%2 @ (—2(n—1))
Kum" | 2n 7 | n+l U @ (—2(n + 1)>

0G6 6 8 4 U3 o (—2)®2

OG10 | 10 24 1 UP @ Eg(—1)%2 @ Ag(—1)

TABLE 1. BB forms and Fujiki constants of the known types

Now let X be an irreducible symplectic variety defined over a field k of characteristic zero. Fix

an embedding ¢ : kK — C. Artin’s comparison isomorphism
H2(X x4, SpecC,Z(1)) ® Z = H%(Xf, Z(1))

allows us to transport the Beauville-Bogomolov form ¢x on the left-hand side to a Z-valued qua-
dratic form

¢ B2 (X5 2(1) — Z,
where k denotes the algebraic closure of k inside C. As shown in [8, Lemma 4.2.1], this Z-form is
independent of the embedding; it is called the adelic Beauville—-Bogomolov form of X. The Fujiki
constant cx is defined as the Fujiki constant of X xj , C, which also does not depend on . For

convenience, we introduce the following notation:

Notation 3.1. For an irreducible symplectic variety X in characteristic zero, we write disc(X) for
the discriminant of the integral Beauville-Bogomolov form on H?(X x,C, Z) for one/any ¢: k — C.
Note that disc(X) is independent of the choice of ¢, since it coincides with the discriminant of the

adelic Beauville-Bogomolov form.

3.2. Beauville-Bogomolov form in positive characteristic. Following Yang [80], we give a
construction of Beauville-Bogomolov forms on excellent irreducible symplectic varieties of defor-
mation type M that has both Fujiki constant and the discriminant coprime to p. Slightly more
generally, let X be a smooth projective k-variety satisfying the following:
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Condition 3.2. There is a Mazur-Ogus lifting X' /V of X over a finite extension DVR V' of W (k),
such that the geometric generic fiber A% is an irreducible symplectic variety, whose discriminant
disc(Xj) and Fujiki constant cy, both have trivial p-adic valuations.

Under this condition, we will have a good notion of Beauville-Bogomolov form of X:

e For each prime ¢ # p, the adelic Beauville-Bogomolov form on A, gives, via smooth and

proper base change, a non-degenerate symmetric bilinear form
qe - HE (X, Zo(1)) x HE (X, Ze(1)) — Zy.
e There also exists a bilinear form on the crystalline cohomology

Geris + Hayis (X/W () x Hayio(X/W (K)) — W (k)

cris
that gives H2, (X/W (k)) the structure of a K3 crystal (Definition 3.7). The construction

relies on the integral p-adic Hodge theory, and this is where the Condition 3.2 is used. We
will study this crystalline form in detail later.

The following elementary lemma, which characterizes the Fujiki relation, will be essential when
we transfer the Beauville-Bogomolov form to different cohomology theories.

Lemma 3.3. Let R be an integral domain with fraction field F such that 2n! is non-zero in R.
Let V be a free R-module of finite rank. Suppose w : VE?™ — R and q : V®? — R are symmetric
multi-linear maps satisfying

c
nl2n

Z q(ao(l)a ao‘(Q)) e q(ao(Qn—l)a aa(Qn))a

0'66211

(1) w(ag,...,q) =

where ¢ is a nonzero element in F'. Then for any § € V' such that q(§,&) # 0, one hasw(§, ..., & o) =
0 if and only if q(§,«) = 0. Moreover, q is completely determined by w and the value q(&,§).

Proof. This lemma can be proven after base change to F. So after replacing w by ¢~ !w, the lemma
follows from [80, Lemma 2.1.1] L)

We can now define the Beauville-Bogomolov form for excellent irreducible symplectic varieties

over fields of positive characteristic, under the non-degeneracy Condition 3.2.

Proposition 3.4 (cf. [80]). Let k be an algebraically closed field of characteristic p and X be a
smooth projective variety over k satisfying Condition 3.2 and dim X < p.

For every prime number £ # p, there is a unique pairing
qe : Hz (X, Zo(1))%2 — Z

such that qp satisfies the relation in Lemma 3.3 with w induced by the cup product.

There exists a perfect pairing

Qeris * ngis(X/W)@)Q — W(-2)
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such that qeyis satisfies the relation in Lemma 3.3 with w induced by the cup product.
Furthermore, for ¢ = qp or qeris, we have q(c1(¢),c1(C)) € Z for any ¢ € NS(X), and it is positive

whenever ( is ample.

Proof. The proof is exactly the same as that of [80, Proposition 2.1.5]. For the ¢-adic cohomology,
we simply apply the smooth proper base change theorem to recover Hgt(X , Zy) from Hegt(X,—], Zy).
For the crystalline cohomology, we use the integral p-adic Hodge theory to recover ngis(X /W)
from HZ, (X;,Zp). L)

By the crystalline-de Rham comparison isomorphism and the universal coefficient theorem, we
have Hi (X/k) = H., (X/W) ®w k. So the quadratic form geis gives a perfect quadratic form
gqr on H(%R(X /k). Tt is easy to see that gqr also satisfies the Fujiki relation in Lemma 3.3 and
Fil'H2R (X/k) = (Fil*H2R (X /k))* under gqg.

We can now prove the assertion mentioned in Remark 2.7.

Theorem 3.5. Let k be an algebraically closed field of characteristic p and X be a smooth projective
variety over k satisfying Condition 3.2 and dim X < p. Then X is an irreducible symplectic variety
in the sense of Definition 2.1.

Proof. We first show that the canonical bundle of X is trivial. By definition, we find a finite flat
extension V' of W and a smooth projective family & — Spec V' whose geometric generic fiber A7
is an irreducible symplectic variety. Then the canonical bundle of X}, is trivial. Choose a non-zero
section a of Ky,, which can be seen as a rational section of Ky y. It is straightforward to see
that the divisor div(«) supports in the special fiber X, then div(«) is a multiple of [X]. But X is
defined by the uniformizer of V, then div(a) is principal. This means that Ky is trivial, hence
so is Kx. We now verify the two conditions in Definition 2.1.

For (i), by the assumption on the Hodge numbers, H°(X, Q%) is generated by an element o and
H2(X,Ox) is generated by an element p. We only need to show that o is nowhere degenerate. Let
7 € H3z(X/k) be a lifting of p via the canonical surjective morphism H3g (X/k) — H?(X, Ox).
Since Fil' = (Fil®)*, we have qqr(c,7) # 0. Therefore, "1™ = cn! - qqr(o, 7)® # 0. Then o” is
a non-zero element in HY(X,Q%"). Since the canonical bundle Kx of X is trivial, any non-zero
section of Kx is nowhere vanishing. Hence ¢ is nowhere vanishing, i.e. ¢ is nowhere degenerate.

For (ii), we use the surjectivity of the specialization homomorphism for étale fundamental groups,

see [1]. )

Corollary 3.6 (cf. [80]). Let k be an algebraically closed field of characteristic p and X be a smooth
projective variety over k satisfying Condition 3.2 and dim X < p. Then the natural cup product
pairing
HY(X,Tx) x H(X, Q%) - H*(X,0x) ~ k
is perfect, and the map
H?(X,0x) — H*"(X,Ox)

n—1

defined by taking cup product with p s an isomorphism.
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Proof. The proof is the same as [80, Corollary 2.1.7]. &

3.3. The structure of K3 crystal. In the study of supersingular K3 surfaces, the second coho-

mology H2. (X/W) equipped with the Poincaré pairing plays an important role (see [4] and [70]

(
cris
for example). We will see that an analogous structure exists for irreducible symplectic varieties,
namely a K3 crystal in the sense of Ogus [67]. The K3 crystal structure is crucial in the study of

supersingular irreducible symplectic varieties.

Definition 3.7 (Ogus). A K3 crystal of rank n is a free W-module H of rank n together with a

o-linear injective map ¢ : H — H, and a symmetric bilinear form
(—,—):Hew H—>W

such that

(1) p*H C im(p),

(2) ¢ @w k has rank 1,

(3) (—,—) is perfect,

(4) (@), 0(y)) = p*o((z,y)).

Proposition 3.8. Let k be an algebraically closed field of characteristic p and X be a smooth
projective variety over k satisfying Condition 3.2 and dim X < p. Then (H2,(X/W), Geris, ¢) 15 a

K3 crystal. Here ¢ is the o-linear map induced by the absolute Frobenius morphism.

Proof. We verify the four conditions in Definition 3.7. Condition (3) is verified in Proposition 3.4.
Condition (4) follows from the compatibility between the Beauville-Bogomolov form and the cup
product.

For Conditions (1) and (2), denote H2. (X/W) by H and rank(H) = n for convenience. By

cris

Mazur-Nygaard—-Ogus [53, Theorem 3.8(2)], we have
H/p(H) = (W/pW)*" "2 @ (W/p*W).
Then (1) and (2) follow directly. &

4. DEFORMATION OF LATTICE-POLARIZED IRREDUCIBLE SYMPLECTIC VARIETIES

4.1. Local deformation theory. Our main goal in this section is to study the deformation prop-
erty of irreducible symplectic variety of certain good deformation type. The whole section follows
and adapts Yang’s work [80, Section 2|, with the modifications described below. We work in a
slightly more general setting. Langer and Zink [48, Section 3 and 4] gave a notion of K3-type vari-
ety and studied its deformation property. However, the condition that h?? = 0 when p+ ¢ = 3 is
not always true for irreducible symplectic varieties (for example, it fails for the generalized Kummer
deformation type). Instead, using the deformation theory of Calabi—Yau varieties developed in [14],

we are led to consider the following natural condition:

Condition 4.1. Let X be a smooth projective variety of dimension 2n over an algebraically closed

field k, either of characteristic zero or of characteristic p > 2n. We assume that
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(a) R0 = Ol = 0,20 = %2 = 1 Ab! > 1 and > prqer PP = by for any 0 < 7 < 4n. Here,
b, = dim HY, (X, Q) is the r-th Betti number,

(b) HY(X, Q%) is generated by a nowhere degenerate closed 2-form o,

(c) let p be a generator of H%(X, Ox). We require that the pairing

H'(X, Q%) x HY(X, QL) — &, (w1,w2) = / wiwa(op)" !
X
is a perfect pairing.

Remark 4.2. By Corollary 3.6, any smooth projective variety X with dim X < p satisfying
Condition 3.2 automatically satisfies Condition 4.1.

The hypotheses in Condition 4.1 ensure the following two important geometric properties. Both

of them are well-known in characteristic zero, so we focus on the case of positive characteristic.

Proposition 4.3. Let X be a smooth projective variety over an algebraically closed field k of
characteristic p satisfying Condition 4.1. The mized characteristic deformation functor Def(X) is

formally smooth.

Proof. The condition (b) implies that the section ¢” trivializes the canonical bundle. By the con-
pig=r P > hip(X/k) > b, is in fact an equality. Thus, the
Hodge-to-de Rham spectral sequence of X degenerates at the Fq-page and all crystalline coho-

dition (a), every inequality in

mology groups H. . (X/W) are torsion free. Thus, by [14, Theorem A], the mixed characteristic

cris

deformation functor Def(X) is formally smooth. )

Let X be a smooth projective variety over an algebraically closed field k of characteristic p
satisfying Condition 4.1. Thanks to Proposition 4.3 and the fact that HO(X, Tx) = 0, the functor
Def(X) is pro-representable by a formal scheme D := Spf % for Z = W{[z1,- - ,xp1.1]]. We denote
the universal family over D by 7 : X — D and its special fiber X ®@w & — D®w k by mp : Xy — Dy.
The same proof as that of [21, Proposition 1.5] shows that for any line bundle £ on X, Def(X, &)
is pro-representable by a formal subscheme of D¢ := Spf #Z/(f¢), where f¢ € Z is an element
depending on &.

Proposition 4.4. Let X be a smooth projective variety over an algebraically closed field k of

characteristic p satisfying Condition 4.1. Then

(a) The coherent sheaf HI (X, QZX/D) and Hjp (X/D) are free for any i,j,r. Moreover, for any
X-algebra R, the natural morphisms Hjg (X /D) ® R — Hjz (X p/R) and H (X, QZ&/D) ® R —
H) (X p, QZAR/R) are isomorphisms.

(b) Let Fx be the Frobenius structure, then there are Mazur-Ogus inequalities for H3, (X /D) :

Fil'H3 (X /D) C {o € H3p(X/D) : Fx(x) € pHip(X/D))
Fil’H3p (X,/Do) = In({e € H3R(X/D) : Fx(x) € p*Hig (X/D)} — Hig (Xo/Do)).

(c) HI

cris

(Xy) is a crystal of vector bundle over Dy.
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Proof. We first mention that once we have proved the freeness in (a), the other statements will follow
(X/W),
but this cannot give the freeness of Hjj (X /D) directly since the crystalline-de Rham comparison

in the same way as [80, Proposition 2.2.2(b)(c)]. What we have now is the freeness of HJ
theorem only works for PD-thickenings. Our strategy is to choose suitable PD-thickenings, and
then the freeness of Hj (X /D) can be detected over these PD-thickenings. This is inspired by the
proof of [14, lemma 7.11].

Consider the derived pushforward R, (Q.K /D). Since & is a Noetherian complete local ring,
R (Q% /D) is quasi-isomorphic to a bounded complex (.#*, d' : .F* — .Z'+1) that consists of finite
free Z-modules. A little linear algebra shows that we can assume d'(.%#%) C myp.Zt!, ie. the
differentials in .#*® ® k are all zero. We have

F* @k = Rm.( /p) @ k = Rma (1)

Thus, we have .#" ® k = Hji (X/k) is of rank b,(X). Then .#" is also free of rank b,(X).

We claim that the differentials in .%°® are all zero. To see this, suppose that d" # 0, then there
is a non-zero o € my which is one entry of the matrix representation of d". Write a in the form
a = up®g + h, where u is a unit, g is a homogeneous polynomial of degree s which is non-zero
modulo p, and h consists of terms of higher degree.

Let W,, be the quotient W/p™ and Wy, 4 be the truncated divided power polynomial ring
Wina = Wn(t)/(i(t) - i > d).

Note that W, can be viewed as W,, 1. Choose m > 0 such that p®s! is non-zero in W,,. Take
a,- - ,a, € k such that g(aj, - ,ap1,1) # 0 mod p. Define a map

p: B =Wz, apal] = Wiz = k[t]/ ()
x; — a;t.
Since Z is formally smooth, the map ¢ can be lifted to a map ¢ : Z — Wy, s+1. Then
Pa) = up®slg(an, -, apia)vs(t) # 0.
Here a; is a lifting of a; in W,,,. Consider
F* @5 Wins+1 = Rm(Q% p) @% Win,s41 = RW*(Q;(m,SH/Wm,SH)-

Here, X, s41 is the pullback of X to W, s+1. By the crystalline-de Rham comparison theorem,
Hig (Xm,s41/Win,s41) is free of rank b,(X), then the differentials in .#* @ W, ;41 are all zero. This
contradicts ¢(«) # 0. Thus, all the differentials in .#*® are zero, then H}jy (X /D) is free of rank
by(X). The similar argument shows that H’(X, Q% /D) is free of rank h¥/(X). )

Remark 4.5. The only condition in the definition of a K3-type variety that may fail for a smooth
projective variety satisfying Condition 4.1 is the vanishing of h?? = 0 when p + ¢ = 3. In [48],
this condition gives the smoothness of the deformation functor and the freeness of the relative de

Rham cohomology. However, in our case, we can still have these two properties by the above two
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propositions. Therefore, many propositions and proofs in [48, Section 3 and 4] apply to our setting

with only minor modifications, as we will see later.

The next proposition shows that there is a unique quadratic form on H3y (X /D), which is com-
patible with the Hodge filtration and the crystal structure on H2, (X,).

cris
Proposition 4.6. There is a perfect horizontal quadratic form g, on H2R (X/D) such that
Fil' B (X/D) = (FIPH3p (X /D))"

under Qg wnique up to multiplication by a unit. Moreover, if X satisfies the condition in Propo-
sition 3.4, then

(a) the evaluation of Qg 0T any W point on D agrees with the quadratic form qx constructed in
Proposition 3.4 via the crystalline-de Rham comparison isomorphism, after multiplication by a
suttable unit;

(b) [ satisfies the Fujiki relation in Lemma 3.3 with w being the cup product;

(c) If we let  : F]];;O/WH(Q:ris(XO) — H2..(X,) be the morphism given by the F-crystal structure and

q_., be the quadratic form on H2. (X,) induced by Qg then (H2.(X,), ®,q_ . Fil*H2, (X /D))

defines a K3 crystal in the sense of Nygaard-Ogus [64, Definition 5.1].

Proof. The proof of this proposition is the same as in [80, Proposition 2.2.3], so we just explain the

main idea here. The quadratic form is given in [48, Definition 23| and its property is given by

q
ZdR
[48, Lemma 25]. The remaining can be checked on a W-point, since this form is horizontal. )

The next two propositions, adapted from [80], give a complete description of the deformation

functor Def(X,&). Although the conditions are slightly different, the proof is exactly the same.

Proposition 4.7 ([80, Proposition 2.2.4];[48, Theorem 31)). Let R’ be an Artinian W -algebra and

R € Cris(R'/W). Let X' be a deformation of X over R'. Let Z(X', R) be the set of isotropic direct

summands of ngis(X,)R which lift Fil2H§R()~(’/R’).

(a) The map U from deformations of X' over R to Z()~(’, R) defined by sending X to FilQHgR()NC/R) C
H2,(X/R) = H2,(X")g is an isomorphism. N N

(b) Let & be a line bundle on X'. Then &' extends to X if and only if V(X) is orthogonal to

Cl,cris(fl)R-
The deformation property of Def(X, &) can be summarized as follows.

Proposition 4.8 ([80, Proposition 2.2.7]). Let X be a smooth projective variety over an alge-
braically closed field k of characteristic p satisfying Condition 4.1.

(a) If H2, (X/W) is not supersingular and & - - - &y, span a direct summand of Pic(X), the functor
Def(X, &1, ,&m) is smooth over W.
(b) For any primitive line bundle & € Pic(X), if c1(€) ¢ Fil?H2,(X/k), then Def(X, &) is smooth

over W.
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(c) If c1(§) € FilPH2, (X /k), then qx(£,€) has p-adic valuation 1. Moreover, Def(X, &) is isomor-
phic to
Spf W[z, - ,zpa]]/(z2+ - + xil,l + p).
(d) In any case, Def(X, &) is quasi-healthy regular.

In order to compare different choices of liftings, we need to put them into a common space. This
inspires the following definition.

Definition 4.9. Let P be a polynomial in Q[T], let N := P(1) — 1, and let Hilbp be the Hilbert
scheme over Spec Z,) which parametrizes closed subschemes of PN with Hilbert polynomial P. Let
Z be the universal family over Hilbp. Let Hilbjg be the possibly empty maximal locally closed sub-
scheme of Hilbp such that, for every geometric point s € Hilbj;, the fiber Z; is a smooth projective
variety of dimension 2n satisfying Condition 4.1, A% > 2, and H(Z,,0z,(1)) = 0 for all i > 0.
For every positive integer m, let HileIS’m denote the possibly empty open subscheme of Hilb; such
that, for every geometric point s — Hilb;’m, the line bundle Oz, (1) is the m-th power of a primitive

polarization on Z;.
The most important geometric property of HileIS’m we will need is the following:

Lemma 4.10. Let k be an algebraically closed field with characteristic p > 2n. Assume that p{ m.
The generic fiber of every connected component of both HileIS’m and Hilb;’;} s also connected.
Moreover, HileIS’Vn; is smooth over Def (X, mg).

Proof. This is essentially the proof of [80, Lemma 2.3.4]. We explain the main idea. By [76, ],
it suffices to prove that Hilb;’vr?/ is flat over W with reduced special fiber. For a k-point s on
Hilb;’g}, let X = Z; and £ be the primitive polarization on X with Oz_(1) = m&. By the universal
property, we have a natural morphism from the formal neighborhood of s to Def(X,¢), which is

smooth by the formal smoothness criterion. Then the lemma follows from Proposition 4.8. &

With the help of Hilb;;’m, we can show that the deformation type is stable under specialization
and generalization in characteristic p.

Proposition 4.11. Let S be a connected quasi-compact scheme over Fy, and (f : X — S,&) be
a primitively polarized smooth proper scheme. Assume that every geometric fiber of X satisfies
Condition 4.1 and h'"' > 2. For a geometric point s on S, we say that s satisfies property (*weak)
(resp. (*strong)) provided that for some (resp. any) mized characteristic discrete valuation ring R
with residue field k(s), the generic fiber of some (resp. any) deformation of Xy over R to which &g
extends is of M -type.

Then every geometric point s satisfies (*sirong) provided some s satisfies (*weak). In particular,

if one geometric fiber is of M -type, so is any other geometric fiber.

Proof. We sketch the proof, which is the same as [80, Lemma 2.3.5]. We may assume that S is
affine and connected. Then choose m > 0.p f m such that mg is very ample and H'(X;, m&,) =0
for all ¢ > 0 and all geometric points s of S. Let P be the Hilbert polynomial of m§,. We obtain
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a morphism S — Hilb;’a}, whose image lands in some connected component 1" of Hilblt’V"[}. We
can assume that S = T ® F,. Then any deformation of X to which &, extends is given by some
R-valued point of T lifting s. The conclusion follows from Lemma 4.10. &

4.2. Tate conjecture for divisors. Let X be an excellent irreducible symplectic variety over an
algebraically closed field k of characteristic p > dim X of deformation type M such that A% (X) >
2 and the discriminant disc(M) and the Fujiki constant cp; both have trivial p-adic valuation.
Suppose that X is supersingular. We prove the Tate conjecture for divisors for X in this section.
Our method is a direct generalization of Madapusi Pera [54] and Yang [80]. The proof is based on
Spin Shimura varieties and period morphisms,

We briefly recall Clifford algebras and spin groups, referring to [55, Section 1] for details. Let
R be an integral domain with 2 invertible and Rg is a field. Let L be an R-lattice of rank m
with a nondegenerate quadratic form. We denote by H = CI(L) the Clifford algebra, viewed as a
Cl(L)-bimodule. H has a natural Z/2Z-grading given by C1(L) = C1"(L) @ C1™(L). The natural
map

L — Cl(L) — End(H)
embeds L as a direct summand of End(H). We can equip End(Hg) with a symmetric pairing given
by (@, 8) = 27™tr(a o f), so that Lg embeds into End(Hg) isometrically. Let 7 € H®22) be
the orthogonal projection from End(Hg) onto Lg. The image of End(H) C End(Hg) under = is
exactly the dual LY C Lg.

Define the group CSpin(L) by

CSpin(L) = {v € CIT(L)* : vLv~! C L},

which has a structure of R-group scheme. The group CSpin(L) is equipped with two natural
representations: a spin representation sp : CSpin(L) — GL(H) given by the left multiplication
and an adjoint representation ad : CSpin(L) — SO(L) given by conjugation, fitting in the exact
sequence
1 — Gy, — CSpin(L) — SO(L) — 1.

Now, let L be an even quadratic lattice of signature (2,m — 2) over Z, and let 2 be the period

domain
{weP(L®C): (w,w) >0, (w,w) =0},

which parametrizes the Hodge structures of K3 type on L. Let G denote the algebraic group
CSpin(Lg) and G* denote the group SO(Lg). The pair (G,Q) (resp. (G*4,Q)) defines a Shimura
datum of Hodge type (resp. abelian type) with reflex field Q. We can equip H with a non-
degenerate symplectic form ¢ such that the spin representation sp : G — GL(Hg) factors through
GSp := GSp(Hg, ). Let S* be the associated Siegel half spaces. There is an inclusion of Shimura
data i : (G,9Q) — (GSp, S¥).

Choosing a small enough level structure K, we write Shk (L) for the Shimura variety Shg (G, Q).
The inclusion i endows Shk(L) with a family of abelian schemes, which we denote by a : & —
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Shk(L). Let K& denote the image of K in G*4(Af). We denote the Shimura variety Shyaa (G4, ()
by Shid(L).

The representation sp : CSpin(L) — GL(H) (resp. ad : CSpin(L) — SO(L)) endows Shk(L)c
with a Z-local system Hp (resp. Lp). Hp can be identified with the Betti cohomology Rlag*z.
Let Hy := Rlaét,*Ze and let Hggr be the first relative de Rham cohomology of «7. Over Shk(L)c,
we have canonical isomorphisms Hg ®Z; ~ Hy and Hyg ~ Hp ® O, where O denotes the structure
sheaf. The tensors stabilized by CSpin(L) naturally spread out as global sections of these sheaves.
More precisely, <7 is equipped with a Z/2Z-grading, a left Cl(L)-action, and global sections 75, 7y
and g of (Hp ® Q)®22) (H; ® Q,)®?? and H?P({M) respectively (cf. [55, Prop. 3.11]). We call
the triple of the Z/2Z-grading, left C1(L) action and various realizations of 7w the CSpin structure
on the universal abelian scheme /. Note that Lp equals the dual of wp(End(Hpg)). We denote
the dual of the images 7;(End(Hy)) and 7gqr(End(Hgr)) by L, and Lygg.

In our situation, we will always assume that Ly /L, is cyclic and p? t disc(L,). Then Shy(L)
has a canonical integral model .7k (L) over Z,y. The constructions &/ and L, can be extended to
“k (L), and we also have a crystalline construction Leyis over .7 (L) ®IF,. See [55, Section 7] for the
details. The integral model .#24(L) of Shi¢}(L) is constructed as an étale quotient of .# (L), and
the sheaves L, Lgr, Ly, Ly, Leris on various fibers of .k (L) descend to the corresponding fibers of
F24(L). We denote them by the same letters.

For any point s on .#k(L) whose residue field k(s) has characteristic p > 2, an endomorphism
f € End(4) is called a special endomorphism if the cohomological realization of fs lies in Ly
and Le,is 5. The space of special endomorphisms is denoted by LEnd(.%), equipped with a natural
quadratic form given by f — f o f € Z. We have the following proposition:

Proposition 4.12 ([80, Proposition 3.2.3]). Let k be an algebraically closed field of characteristic
p > 2. For any k-point s on the supersingular locus #¢°(L), we have

(a) LEnd(#%) ® R is negative definite.
(b) The natural maps LEnd(eZs) @ Zg — Ly s and LEnd () ® Z, — LEZL are isomorphisms.

cris,s

Choose a primitive polarization £ on X. By applying Artin’s approximation theorem to Def(X, ),
we obtain a family (X — S,€). Up to shrinking S, we may assume that S is connected, flat over
W, quasi-healthy and has connected generic fibers. By Proposition 4.11, every geometric fiber over
S ® I, is an irreducible symplectic variety of same deformation type. Moreover, we can assume
that the family (X — S, &) satisfies the following two properties:

e X is everywhere a universal deformation,
e there is a pointed lattice (A, A) such that for every geometric point s — S, (HZ, (X, ZP), c1(£,))
(A® 7p , A), where the left side is equipped with the Beauville Bogomolov form.

For the family (X — S, &), we denote by H? the second relative cohomology of the suitable fibers
of X — S and by P? its primitive part, where * means B, /, dR, cris or 7P. Set L = A\L. Asin [80,
3.3.4], let S be the double cover of S such that a morphism T — S corresponds to a morphism

12
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T — S together with an isometric trivialization
€7: det(Lg)T ~ det(P%’T).

Let S# be the finite étale cover of S such that a morphism T — S# corresponds to a morphism

T — S and an isometric trivialization

Ap: disc(LP) , ~ disc(P%p )

By the universal property of Shid(L) (See [80, Proposition 3.3.5] or [54, Proposition 4.3]), we
have a period morphism pc : 5(# — Shi(L)c and we have isometries ap : piLp(—1) — PZB@ and
agr,c : pelar(—1) = P(%R,(C. The same argument in [80, 3.3.6, 3.3.8] shows that pc first descends
to pk : gf; — Sh2d(L)k, and then extends to p : S# — S24(L).

We now prove the Tate conjecture for divisors.

Theorem 4.13 (Supersingular Tate conjecture for divisors). Let k be an algebraically closed field
of characteristic p and X be a supersingular excellent irreducible symplectic variety over k such
that dim X < p and h'(X) > 2. Suppose that X is of M-type such that the discriminant disc(M)
and the Fujiki constant cpr both have trivial p-adic valuation. Then the maps c¢1 : NS(X) ® Zy —
HZ (X, Z¢(1)) and ¢ : NS(X) ® Z,, — H2 . (X/W)F=P are isomorphisms for all £ # p.

cris

Proof. By Proposition 2.4, it is sufficient to prove this theorem rationally. Let ¢ be a point in S #(k)
with fiber X} = X and s be a point in .7k (L) lifting p(¢). By the same proof of [80, Theorem 3.3.9],

the period morphism p gives us two commutative diagrams:

LEnd(#) —— (&) LEnd (o) ——— (&)
LESh S P2 (/W) F=P L, —— P%(X, Z(1))

The bottom horizontal arrows are isomorphisms. Moreover, since X is supersingular, Proposi-
tion 4.12 gives that the left vertical morphisms are isomorphisms rationally. Thus the right vertical

arrows are surjective rationally, then the rational Tate conjecture holds. &

Remark 4.14 (Supersingular Torelli). As is kindly pointed out to us by Ziquan Yang, based on
the deformation theory developped in this section, one can establish a supersingular crystalline
Torelli theorem for irreducible symplectic varieties of the known deformation types, generalizing
his result [80, Theorem 4] for varieties of K3[-type. Roughly speaking, under suitable hypotheses
on the characteristic and the liftings, an isomorphism between the Néron—Severi lattices of two such
supersingular varieties is induced by an isomorphism of the varieties if it preserves an ample class
and extends compatibly to an isomorphism of their second crystalline cohomology groups and to
an appropriate étale parallel transport operator. The proof follows essentially the same strategy
as in loc. cit. Since the present paper focuses on the Tate conjecture and does not use this Torelli

theorem, we leave the readers to give the precise formulation and the proof by adapting [80].
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4.3. Lifting with line bundles. Let k& be an algebraically closed field of characteristic p and
X be an excellent irreducible symplectic variety over k such that dim X < p and AbM(X) > 2.
Suppose that X is of M-deformation type such that the discriminant disc(M) and the Fujiki
constant cps both have trivial p-adic valuations. Let m € N and ({p,- - ,(mn) be line bundles of
X generating a direct summand of Pic(X) and {y = £ being a polarization. We want to study
whether (X (o,---,(mn) can be lifted to a finite flat extension W’ of W. Some special cases are
already known.

e If X is non-supersingular, this is always true for any m by Proposition 4.8(a).

e If m = 0, we only need to lift one line bundle, then Proposition 4.8 also gives the lifting.

To deal with the supersingular case, our strategy is to deform (X, (o, - - , () to a non-supersingular
irreducible symplectic variety, then lift it. To ensure this, recall that we have obtained an algebraic
universal deformation family (X — S,&). We want to bound the dimension of the supersingular
locus S3° in Sp = S ® k.

Lemma 4.15. If X is supersingular with bay(X) > 4, then the dimension of the supersingular locus
Sg* is at most |%2] — 1. Here, | 2| =max{i € Z:i < 2}.
Proof. The proof is the same as that of [80, Lemma 4.1.2]. The only additional point is that the

Artin invariant o of a supersingular M-type satisfies 20¢ < by. Then we have the given bound. &

Now, we are able to discuss the lifting problem as follows. In [80, Proposition 4.1.3], the author
shows the result for K3["-type irreducible symplectic variety. But it is easy to see that the same
argument, works for general M-type.

Proposition 4.16. Let (X,{ = (o, -+ ,(n) be as above, where N = max{0, (bQ(QXW — 3}. Here,
[%1 =min{i € Z:i> [%]} Then there is a finite flat extension W' of W and a lifting X

of X to W' such that (o,--- ,(n) deforms to X.

Proof. We may assume that by(X) > 6 and X is supersingular, since other cases are already
known. This generalizes [17, Proposition 1.5], building on [52, Proposition A.1]. The proof adapts
arguments from [52, Appendix A] with technical refinements.

First, choose m > 0 which is prime to p such that m¢ is very ample and H* (X, m&) = 0 for all
i > 0. Let P be the Hilbert polynomial of m¢ and consider Hilb;’m. Denote this Hilbert scheme
by U with universal family JJ — U. Let s € U be a point with fiber )V, = X. Construct the
(N + 1)-fold fiber product of the relative Picard scheme:

P .= Ple/U Xy -+ Xy Ple/U

The tuple (£, (1, ..., (n) corresponds to t € P over s € U.
We then find a characteristic zero point of P that specializes to t. To see this, note that

dim Def(X;€,C1, ., ) > A — (N 4 1) = L%QJ.
Using this dimension estimate and the fact that the formal neighborhood of s in U is smooth over

Def (X, €), we can find a point s” € U(k[[z]]) extending s such that the geometric generic fiber Yy g5



24 LIE FU, XUANLIN HUANG, AND ZHIYUAN LI

is non-supersingular and carries lifts of all (;’s. We can lift (Vygg, (o, ,(n) to W (7)), then there
is a characteristic zero point on P that specialize to t.

By a standard argument involving systems of parameters, we find a W’ point sy on P extends
s, where W is a finite flat extension of W. Set X = Vls - The isomorphism Pic()?W//W’)(W’) =
Pic(X) by [10, p. 203] ensures that ({p,--- ,(n) extends to X. )

As a corollary, we can show the following theorem, which means that the deformation type is
independent of the choice of lifting, under some suitable conditions.

Theorem 4.17. Let k be an algebraically closed field of characteristic p > 0 and X an excellent
irreducible symplectic k-variety of deformation type M with dim X < p and ba(X) > 7. Suppose
that the discriminant disc(M) and the Fujiki constant cp; both have trivial p-adic valuation. Then
for any deformation X' of X over a finite extension V' of W such that a primitive polarization on

X extends to X', the geometric generic fiber of X' is of deformation type M.

Proof. Suppose we have two liftings X/V and X’/V’, and they carry an extension of primitive
polarization & and & respectively. Suppose that the generic fiber of X is of M-type. By Propo-
sition 4.16, we can always find a lifting X”/V" that carries both & and ¢'. By Proposition 4.11,
the generic fiber of X” is of M-type. By Proposition 4.11 again, the generic fiber of X’ is also of
M-type. )

Remark 4.18. Let us explain the reason why the primitivity of the polarization in Theorem 4.17
is necessary. To compare two different liftings, we need both of them lie in a same connected family.
This requires that the generic fiber of the local deformation family in Proposition 4.8 is connected.
This holds when £ is primitive by [80, Lemma 4.2.3]. However, when ¢ is not primitive, say £ = m(
with ¢ be primitive, we cannot obtain the connectedness in general. If p { m, then Def(X, m() =
Def(X, (), which causes no problem. But if p | m, the connectedness can really fail. Here is a
simple example. Consider an ordinary K3 surface S with a polarization £. Assume that £ = p( for
a primitive polarization ¢. Then by [20, 2.2.9], Def(X, &) = W{[z1.- - ,x20]]/(z19(x1)). Here, g(T)

_ (T+1)P-1
- T

is the polynomial g(7') . Clearly the generic fiber has two connected components.

4.4. Integral Beauville-Bogomolov form. In characteristic zero, the restriction of the primitive
integral Beauville-Bogomolov form on H?(X,Z) to NS(X) gives an integral quadratic form gqx
on NS(X), which may not be primitive. Motivated by this, we construct an analogous integral
quadratic form on NS(X) in characteristic p. Although the definition is intrinsic in characteristic
p, we still need to lift line bundles to characteristic zero to verify some important properties. This
is why we leave it to the end of this section.

Proposition 4.19. Let X be an excellent irreducible symplectic variety of deformation type M
over an algebraically closed field k of characteristic p > dim X = 2n. Assume that bay(X) > 7 and
the discriminant disc(M) and the Fujiki constant cpr both have trivial p-adic valuation. Then there

is a unique integral quadratic form qx on NS(X) such that
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(a) (Fugiki relation) For any L; € NS(X)

C
(Ll “Lo--- L2n) = Tjgn Z qX<Lo(1)7 LU(Q)) e QX(LU(2n71)7 La(2n))a
) 0€Gay,

(b) gx is compatible, via the first Chern class map, with the Beauville-Bogomolov form constructed
i Proposition 3.4,

(c) for any ample divisor L, qx (L) is positive.

Proof. We first consider a quadratic form ¢’ on NS(X) given by
¢ (L) = tdap—2(X) - L?,

where tda,—2(X) is the degree 2n — 2 part of the Todd class. This form may not satisfy (a) and
(b), so we adjust it by a constant as follows.

We only need to deal with primitive ample line bundles since they generate NS(X). For any
primitive ample L € NS(X), by Proposition 4.8, the pair (X, L) can be lifted to characteristic zero.
Thus, we have a smooth projective family (X, £) over a finite flat extension V' of W whose special
fiber is (X, L) and generic fiber (X, £,) is an irreducible symplectic variety in characteristic zero.
By [39, Corollary 23.17], there is a constant ¢’ € Q, such that

td2n72(Xn) : 537 =c- qx, (‘Cn)a

where gy, is the integral BB-form in characteristic zero. The constant ¢ depends only on the
coefficients of the Riemann-Roch polynomial, whose values are positive by [43]. By Theorem 4.17,
the constant ¢’ is independent of the choice of primitive ample line bundle and lifting.

Thus, if we define ¢gx = %q’ , ¢x will satisfy (a) and (c) because intersection number is preserved
in specialization. Condition (b) also follows because both sides satisfy the same Fujiki relation.
The uniqueness is guaranteed by (a) and (c). )

Proposition 4.20. The quadratic form (NS(X),qx) is a non-degenerate lattice with signature
(1,rank(NS(X)) — 1). Moreover, if X is of known deformation type, then qx is even.

Proof. In our case, we always have NS(X) = N!(X). Fix a primitive ample line bundle H, then
gx (H) is a positive integer. By Lemma 3.3, we have

H' :={L eNS(X):qx(L,H) =0} ={L € NS(X): L- H* ' =0}.

By [38, Proposition 2.9], we have for any L # 0 € H*, L? - H>»=2 < 0. Then ¢qx(L) < 0 by
Lemma 3.3. Therefore, ¢x has signature (1,rank(NS(X)) — 1). When X is of known type, the
evenness follows from the evenness of the Beauville-Bogomolov quadratic form for known types in
characteristic zero. &

Remark 4.21. The quadratic form (NS(X),¢x) is not deformation invariant, since the Artin

invariant varies in connected families, as we will see in later sections.
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5. CLASSIFICATION OF SUPERSINGULAR NERON—SEVERI LATTICES OF KNOWN TYPES

Let S be a supersingular K3 surface over an algebraically closed field of characteristic p > 0. By
Artin’s work [4], its Néron-Severi lattice NS(S) satisfies disc(NS(S)) = —p>*%) for some integer
1 < o(S) < 10, where o(S) is the Artin invariant. Moreover, the lattice NS(S) is determined
up to isometry by o(S). Such lattices are completely classified by Rudakov and Shafarevich [70]
and Shimada [72]. We generalize these results to supersingular irreducible symplectic varieties of
known deformation types. Through out this section, we assume that X is an excellent irreducible

symplectic variety of known type and dim X < p.

5.1. Artin invariants. To characterize NS(X) for supersingular irreducible symplectic varieties,
we study NS(X) ® Zy at each prime ¢:

e For ¢ # p: By the supersingular Tate conjecture for divisors established in Theorem 4.13,
we can identify NS(X)®Z, with HZ (X, Z). Then we lift it to characteristic zero and apply
the base change theorem of cohomology.

e For ¢ = p: We use crystalline cohomology. Again by Theorem 4.13,

(2) NS(X) ® Z, = B2, (X/W)F'=P = Ty

cris

where Ty (the p-eigenspace of Frobenius) is the Tate module. The bilinear form on Ty inherited

from H2, (X/W) endows it with the structure of a Z,-lattice. This lattice is completely classified

in [67, Section 3]:

Proposition 5.1. [67, Theorem 3.4] With notation as above:

(1) disc(Tn) = dp*®® where o9 > 1 (Artin invariant) and d € 2 is defined modulo squares.
(2) Tu decomposes as:

3) Tu =To(p) @ Ty
with Ty, T1 unimodular Z,-lattices of ranks 200 and by(X) — 200, and discriminants dy, d;

9 (-6

(8) The discriminant group is (Z/pZ)@%O.

satisfying:

We want to show that NS(X) is determined by the Artin invariant o for supersingular irreducible
symplectic variety of known type. This is a totally lattice-theoretic result, which can be geberallized

to the following proposition:
Proposition 5.2. Let L be an even indefinite lattice with rank(L) = n > 3. For any prime £, we
write Ly = L ® Zy. Suppose that

(1) There is an odd prime p such that p { disc(L) and the discriminant group of Ly is of the form
(Z/pZ)%O, where oy is a nonnegative integer;
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(2) For any prime q # p, l(Lg) < n — 2. Here, [(L,) is the least number of generators of the

discriminant group of Lg, as a finite Abelian group.

Then L is uniquely determined by its signature and discriminant form, up to isomorphisms.

Proof. We can first assume that 209 < n. If 200 = n, L = L'(p) for another lattice L’. Then we
can replace L by L'.

If 209 < n—2, then by Nikulin [63, Theorem 1.13.2], the lattice L is determined by its signature
and discriminant form.

If 209 = n—1, Nikulin’s conditions fail, but uniqueness still holds by a more explicit computation
of the genus. We rely on the useful note [60] of Miranda and Morrison to compute the genus g(L).
We start by introducing some basic notation. Let Iy = {£1} x Q}/(Q})?, Tg0 = {£1} x Z7 /(Z%)?
and X(Ly) = Im((det, spin) : O(Lq) — I'y). For a global description, define the adelic construction
Iy = {(dg,59) € [[Tq | (dg,54) € T'q0 for all but finite ¢} and I'y g = [[I'q,0. Then 3(L) = [[X(Lq)

q q q

is a subgroup of I'y. Now we compute 3(L).
By [60, Theorem 12.5, 12.7, 12.9, Chapter VII], we have

(4) S(L,) =T,
For prime ¢ { disc(L), by [60, Corollary 12.11, Chapter VII], we have
Y(Le) =Tep
For odd prime ¢ | disc(L), by [60, Theorem 12.5, 12.7, 12.9, Chapter VII], we have
Y(Ly) =T4 or I'yp,

depending on whether the conditions in [60, Theorem 12.7, Chapter VII| hold.
For prime 2 if 2 | disc(L), by [60, Theorem 12.6, 12.10, Chapter VII], we have

Z(Lg) D) F270.

Note that for any prime ¢, I'q o C 3(Lg4). Hence I'y o C 3(L). Then by [60, Lemma 4.1, Chapter
VIII], we have I'y = I'g-X(L). It follows from [60, Corollary 3.3, Chapter VIII] that L is determined

by its signature and discriminant form. &

Proposition 5.3. Let X be a supersingular irreducible symplectic variety of known deformation
type with Artin invariant og. Then NS(X) is uniquely determined by og up to isomorphism.

Proof. For ¢ # p, lift X to characteristic 0 to obtain Xy. Cohomology base change yields:

NS(X) ® Zy = H% (X, Zy) = H% (X0, Z¢) = H*(X0,Z) ® Zy,

which is known when X is of known deformation type, as summarized in Table 1. For ¢ = p,
we use Proposition 5.1. Clearly, the conditions in Proposition 5.2 are satisfied. Hence NS(X) is

determined by its signature and discriminant form, then by the Artin invariant og. &
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In the remainder of this section, we construct the Néron—Severi lattices of supersingular irre-
ducible symplectic varieties of known types. Before we start, we introduce some notation about

p-adic lattices for any prime p.

Notation 5.4. Let p be any prime number. There are p-adic lattices:

o K ép ) (p"*) is the one-dimensional p-adic lattice given by the matrix (6pF), where 6 € Z /(Z)?.

ok
e UP)(2F) and V(?)(2F) are two-dimensional 2-adic lattices given by matrices (0 ) and

2k 0
2k+1 2k
2k 2k+1 '
. qép) (p*), u® (2%), v(?)(2%) are discriminant forms of the above lattices.

In fact, the above lattices generate the semigroup of all p-adic lattices by [63, Proposition 1.8.1],

and are subject to the relations in [63, Proposition 1.8.2].

5.2. K3[-type. We begin by introducing some key lattices. For each 1 < o < 10, define Ap oo as
follows:
oo =1,
o9 =2,
poo = U@ (HP)®2 ¢ Eg

pao = Ulp) & (HP)® @ g

)

A
A
oo=3, A
A

00="5, Apoy=U®H?P @ Eg® Eg(p)
A
A
A
A

oo =4,

poo = U(p) & HP) @ Eg & Ex(p)
poo = U@ (HP)®3 g Eg(p)

voo = U(p) ® (HP)®2 @ Eg(p)
00 =9, poo = U@ HP) @ Eg(p)®?

50 =10, Apoy = U(p) ® HP) @ Eg(p)®?2

00:67
o0 =1,

og =8,

where H® is the rank 4 lattice with Gram matrix:

2 1 0 0
1 q;—l 0 v
0 0 HEE
0 y 2(["("]‘72)

for prime ¢ = 3 (mod 8) satisfying (%q) = —1,and vy € Z with 42 + p =0 (mod q).

Proposition 5.5. Let Z,) be the localization at (p). Then HP) @ Zepy=2)e$ e o <%p>,
Moreover, H?) & 7, = K{" (1) @ K (1) & K{" () © K (p), where () = - (51).
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Proof. Consider matrices

1
100 2 1 -1 0 o0
010 —% 0 1 0 0
P = 71 and Q =
001 0 0 0 1 0
000 1 0 0 -4 1

Let M be the Gram matrix of H®) given above, then a direct computation shows

200 0
q

QTPTMPQ:()QOO
0020
00 0 2

q

This gives the description of HP @ Zp)- Using this description, we can prove that HP @ Ly =
KP (1) e KP (1) e KV (p) & KP (p) directly by the relation [63, Proposition 1.8.2(a)]. &

The following lemma is useful in our later construction.

Lemma 5.6. For any § € IF), there exists y € H®) such that y* = 6 mod p.

Proof. Let L be a sublattice of H?) whose Gram matrix is with respect to the basis

g+l
2
{e1,e2}. We only need to prove the statement for L. It suffices to find integers m and n such that
2m? + 2mn + q;r—an = § mod p, then taking y = me; + neo completes the proof.
To see this, consider the quadratic extension F,(y/—¢) D F, and the norm morphism

Nm : Fy(v/=¢q)" = F,
U+ U/ —q — u? + qv2.
The morphism Nm is surjective, so there are u,v € [F, such that u? + qu? = 26. Take any integers
m and n such that 2m = v —v mod p and n = v mod p, then 2m? + 2mn + q;r—an = %(u2 +qv?) =
0 mod p. &

Now we begin to construct NS(X). By [70, 72], Ap 5,(—1) is isomorphic to NS(S) for a super-
singular K3 surface S with Artin invariant og.

Proposition 5.7. Let X be a supersingular K3" -type variety with Artin invariant 1 < oy < 10.
Then

NS(X) = Apoy(=1) ® (=2(n —1)).

Proof. By the discussion above, we only need to verify that Ap, (—1) @ (—2(n — 1)) and NS(X)
agree when completing at each prime number.
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For any odd prime £ # p, it is easy to see that
®21
Moo @2 = KW @ (K17(1) T = (U & By(-1)*?) 0 Z.
Then we have
NS(X) ® Zg = (Apoo(—1) & (=2(n — 1)) ©® Zy

For the prime 2, we have
Apoo(—1) @ Zy = UD ()P = (U @ Bg(—1)%?) ® Zo.

Then we have
NS(X) ®Za = (Apoy(—1) & (—2(n—1))) ® Zs
By Proposition 5.1, we have
NS(X) ® Zp = To(p) ® T1
where Tg, Ty are unimodular Z,-lattices with rank 20¢ and 23 — 209 and discriminant dy and d;
such that (%) = —(=1)70 and (%) = —(=L)o0 (22l

P P
By a direct computation using Proposition 5.5, we have

D K(P)

)@(20071) o

)@(217200)

Mpoo(=1) ©Z, = KP) () & (K" (p) e (k)

9

g
where p1q, € Z/(Z%)? satisfies (%) = — (‘71) *. This means that

NS(X) ® Zp = (Apoo (=1) © (=2(n = 1)) @ Zy,

completing the proof. &

Remark 5.8. The above construction shows that, when 1 < gy < 10, NS(X) can be seen as the
orthogonal complement of a vector of norm 2n —2 in the algebraic Mukai lattice H(S) = U@ NS(S)
(see [31, Section 4.2]), where S is a supersingular K3 surface with Artin invariant og. This is quite
similar to the characteristic 0 case. This strategy fails when o9 = 11, for there is no K3 surface
with Artin invariant 11. However, this suggests that NS(X') should come from the algebraic Mukai
lattice of a twisted K3 surface S with Artin invariant 10, as the following proposition explains.

Proposition 5.9. Let X be a supersingular K3 -type variety with Artin invariant oo = 11. Then
NS(X) is given as follows. Let M = U(p)®? @ HP)(=1) @ Eg(—p)®?, then there exists a primitive
vector v € M, unique up to O(M), such that v*> = 2n—2 and NS(X) = v+ C M. Moreover, NS(X)

contains U(p) as a direct summand.

Proof. We first show the existence of v. In fact, v can be taken in U(p) ® H?)(—1). By Lemma 5.6,
take y € H®)(—1) such that (%2) = (2”?%2), then there exist k,m € Z such that 2kp+m?y? = 2n—2.
Let e, f € U(p) be the standard basis, then v = e+kf+my € U(p) ®@H®P) (—1) satisfying v? = 2n—2
has the desired property. Since M is p-elementary, v has divisibility 1.

By [13, Theorem 5.15], there is only one orbit of vectors with norm 2n—2 and divisibility 1 in M.

So v is independent of the choice of v up to isomorphism. By [13, Lemma 5.2], the signature of v+
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is (1,22) and q,. = gns(x)- Then by the proof of Proposition 5.3, we have NS(X) = v*. Finally,
since v can be taken in U(p) @ H®)(—1), NS(X) certainly contains U(p) as a direct summand. &

5.3. Kum”-type. The Kum”-type case is analogous to the K3["-type case. We state the result.

Proposition 5.10. Let X be a supersingular Kum™-type variety with Artin invariant 1 < og < 2,
then

(a) 09 =1, NS(X) = U@ HP (1)@ (—2(n+1))

(b) 09 =2, NS(X) =U(p)  HP)(-1) & (—2(n + 1))

Proof. It suffices to check that the two lattices agree at each place, as we just did in the case of
K3[M-type. &

Proposition 5.11. Let X be a supersingular Kum™-type variety with Artin invariant og = 3, then
NS(X) is given as follows. Let N = U(p)®2 @ HP)(—1), then there is a primitive v € N, unique
up to O(N), such that v?> = 2n + 2 and NS(X) = v+ C N. Moreover, NS(X) contains a U(p) as

direct summand.
Proof. The proof is the same as that of Proposition 5.9. &

5.4. OG6 type. For varieties of OG6-type, the case when the Artin invariant is not maximal is
very similar to K3™-type.

Proposition 5.12. Let X be a supersingular OG6-type variety with Artin invariant 1 < og < 3,
then
(a) 0o =1, NS(X) = U HP) (1) @ (—2)%2
(b) 0o =2, NS(X) = U(p) @ HP)(-1) @ (-2)®?
U(p) e HP (-1) & (—2p)®%, (—) =1
(c) oo =3, NS(X) = » P
U @ Dg(—p), (?) =-1
where Dg s the positive definite root lattice.

Proof. Since o9 < 3, NS(X) is determined by its discriminant form. Therefore, once we know

the discriminant form of Dg and H®(—1), the discriminant forms of all the blocks above are

clear. A simple computation gives that Dg has discriminant form q§2)(2) @ q§2)(2) and H®)(—1) has
(p)

discriminant form ¢;,"’ (p) ® q(_pe) (p) ® qu )(1) ® q@ (1), where (f}) = (*71) Here we use the notation

in [63]. Then by checking discriminant form, we complete the proof. L]

The above description of NS(X) is complete, since we can write down the explicit matrix of
the lattice. However, when oy = 3, the above description lacks a geometric interpretation as we
explained in Remark 5.8 for KS[”]—type and it is not well suited for later applications. Therefore, we
give the following description. Although it has no explicit matrix description, it admits a geometric
interpretation similar to that in characteristic 0 (see [36, section 2] for a good introduction of

characteristic 0 case).
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Proposition 5.13. Let X be a supersingular OGG6-type variety with Artin invariant o9 = 3. Let
L="U(p)®? @ HP)(-1) and v € L be primitive and satisfy v> = 2. Then NS(X) = vl @ (-2).

Proof. The existence and uniqueness of v and v’ are proved as in Proposition 5.11, using [13].
Then the discriminant form of v @ (—2) is given by ¢ = q:(,)z)(2) <) q§2)(2) S qﬁ) (p)® q%p) (p)®3( [13,
Lemma 5.2]), where € = (_71) It is easy to see that ¢ is isomorphic to the discriminant form of

NS(X). Then NS(X) = vt @ (—2) since NS(X) is unique in its genus. L)
The case for OG6 with Artin invariant o9 = 4 is quite different.

Proposition 5.14. Let X be a supersingular OG6-type variety. Then the case oy = 4 occurs only
when (_71) = —1; in this case, NS(X) = U(p) ® Dg(—p).

Proof. Since o9 = 4, we have
(5) NS(X) ® Z, = pTy

Then p divides (x,y) for all z,y € NS(X).

So we can define a new bilinear form on NS(X) by (z,y) = %(x, y). Denote this lattice by N. N
is an even hyperbolic lattice with discriminant group Z/2Z @7 /27, which means N is 2-elementary.
Therefore, by [70], N is determined by its discriminant and whether it belongs to type I or Type
II. But in our setting with rank(N) = 8, the type I case doesn’t exist. So NN is determined by its
discriminant. Notice that U @ Dg(—1) is such a lattice, which must be isomorphic to N. So the
possible choice of NS(X') can only be U(p) @ Dg(—p).

However, when (_?1) =1, (U(p) ® D¢(—p)) ® Z2 has discriminant form q§2)(2) @ q§2)(2). But
NS(X) ® Zsy has discriminant form q§2)(2) &> q§2)(2). These two forms are different. Therefore, when

(%) =1, op cannot be 4. )

5.5. OG10 type. We will need a new lattice block, which is even negative definite with discrimi-

nant 3 and rank 6. We construct this lattice by a process called evenization. Let
(6) L= (-3)& (~1)%

be a lattice with standard basis {e;}. Let v = 3", e;; then

(7) Lo = {3z;e;|Xx; even} + {nv|n € Z}

is the lattice we want. Notice that {eg — e1,e; — ea,e2 — e3,e3 — eq,2e4, v} is a basis of Lg. Under

this basis, it has matrix

-4 1 0 0 0 -1
1 -2 1 0 0 O
o 1 -2 1 0 O
® o o 1 -2 2 0
o o o0 2 -4 -1
0
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Diagonalizing over Zs, we have
(9) Lo ®Zs = K(_31)(3) @ unimodular lattice
Now, we can construct the Néron Severi lattice of OG10.

Proposition 5.15. Let X be a supersingular OG10-type variety with Artin invariant 1 < g9 < 11,
then
(a) 1 <09 <10, NS(X) =Ap o0 (—1) & Ag(—1)
U(p) @ HP) (—1) @ Ag(—p) & Bs(—p)®?, (?) =1
) =

U@ Es(—p)® & Lo(p), <‘;’> S

(b) oo = 11, NS(X

Proof. This is basically the same argument as in the proof of Proposition 5.12. We know NS(X) is
determined by its discriminant form. So we only need to check whether the discriminant form of
our given lattice equals the discriminant form of NS(X'). This follows from the known discriminant
forms of the blocks. L)

Now, similar to Proposition 5.13, we will give another description of NS(X) when o9 = 11. For

geometric inspiration, see [26, section 3] for a good introduction of characteristic 0 case.

Proposition 5.16. Let X be a supersingular OG10-type variety with Artin invariant o9 = 11.
Then there exists a primitive v € NS(X) with norm -6 and divisibility 3. Moreover v+ C NS(X)
is isomorphic to L, given as follows. Let M = U(p)®? @ H®)(—1) @ Eg(—p)®2. There exists a
primitive w € M, unique up to O(M), such that w? = 2. Then L is given by w C M.

Proof. The existence and uniqueness of w follow as in the proof of Proposition 5.9, using [13]. And

the discriminant form of L is
=52 & " (p) & ¢ ()

Here (;) = (_71)

Let (—6) be a rank 1 lattice generated by z such that 22 = —6. We want to find a primitive
embedding = < NS(X) with orthogonal complement L. Since NS(X) and L are unique in their
respective genera, we can use [63, Proposition 1.5.1].

The discriminant form of (—6) is the group Z/6Z, generated by = with quadratic form ¢, () =
—% € Q/2Z. And the subgroup q:(,,z)(Z) of qr, is the group Z/2Z, generated by y with quadratic
form ¢(y) = —% € Q/27Z. Let D be a subgroup of Z/6Z generated by 3%. Define v : D — qr, by
sending 3% to §. Then qr(y(3%)) = qr(y) = —3 = —¢.(37) € Q/2Z. Let S, be the graph of v in
¢z @ qr. Actually, S, is generated by 3z + y. Then we have

5178, = ¢ 3) @ 4% (p) @ ¢ (0)?" = gug(x).

Therefore, by [63, Proposition 1.5.1], we have a primitive embedding z < NS(X) with orthogonal

complement L.
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Now, consider = as a primitive vector in NS(X). It remains to prove that = has divisibility 3.

Denote the divisibility of x by d and h = g. Define
7 NS(X) — (z)Y/(z)

(z,y)

g L
Let H = m(NS(X)) & +Z/Z = Z/hZ. We show that H = NS(X)/(z) & (z)*, which is equivalent to
kerm = (z) @ (x)*. In fact, if y € ker 7, then —6 | (z,y). Soy = —%x +y+ %x € (z) @ (z)1,
then ker 7w = (z) @ (z)*.

Therefore, h* = [NS(X) : () & {z)*]? = SUENdUnT) — 4 Thus, d = 3. &

y—= -

When o9 = 12, we have a result similar to Proposition 5.14.

Proposition 5.17. Let X be a supersingular OG10-type variety. Then the case o9 = 12 only
occurs when (_73) = —1. In this case, NS(X) = U(p) ® Es(—p)®% @ Lo(p).

Proof. As in the proof of Proposition 5.14, NS(X) is a 3-elementary lattice scaled by p. By [70], it
is determined by its discriminant. Thus NS(X) must be U(p) @ Es(—p)®2 @ Lo(p). As before, we

check the discriminant form to obtain (_73) cannot be 1. )

6. IRREDUCIBLE SYMPLECTIC VARIETIES FROM MODULI SPACES OF SHEAVES

In this section, we introduce examples of irreducible symplectic varieties of known deformation
types given by moduli spaces of Bridgeland stable objects. We then give numerical criterion to
determine when an irreducible symplectic variety arises from a Bridgeland moduli space. Through-
out this section, we will work over an algebraically closed field F' of characteristic zero. By the
Lefschetz principle, we may assume that F' can be embedded into C. For any smooth projective
variety X over F, we will write H(X,Z) and H'(X, Q) for H (X¢,Z) and H'(X¢, Q).

6.1. Twisted sheaves and the Mukai lattice. Let S be a projective K3 surface or abelian
surface defined over F. Let .¥ — S be a p,-gerbe over S. This corresponds to a pair (S, «) for
some a € H gt(S, tm), where the cohomology is taken with respect to the étale topology. For any
integer m, there is a Kummer exact sequence

1= fim — G 225 G — 1

and it induces a surjective map
(10) HZ, (S, i) — Br(S)[m].

We denote by [.] the image of v in Br(S)[m].
By Artin’s comparison theorem, since H3(S,Z) is torsion free, there is a B-field B € H?(S, Q)
such that [.] is the image of B, see [41]. We set

e = <1,B,B;> € H(S, Q)
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and there is an isometry with respect to the Mukai pairing

exp(B) : ﬁ(S,Q) — ﬁ(S, Q)
BQ
(r,c,s) — (r,c—i—rB,%—l—s—koB)

We now recall some basic definitions of Mukai lattice and its twisted version, which are funda-
mental for the study of moduli spaces of sheaves. We refer to [51, section 3] and [12, Section 2] for
a more comprehensive discussion.

The Mukai lattice of S is given by

2

H(S) = P H¥(S.2(i — 1)),

i=0
equipped with the natural Mukai pairing and the weight-2 integral Hodge structure. It has a natural
subgroup, called the extended Néron—Severi lattice, given by

N(S) = Z&NS(S) & Z.

We now turn to the twisted version of the above definitions. The twisted Mukai lattice of .¥ — S
is given by
H(.7) = ¢PH(S) c H(S) ® Q.

The twisted Néron—Severi lattice is given by
N(7) = ePN(S) c H(.Z).

Definition 6.1. An .¥-twisted sheaf F on . is an O -module compatible with the p,,-gerbe
structure (see [50, Def 2.1.2.4)).

With the notation as above, the Mukai vector of F is defined as
VP (F) = eP(chy (F) - V1d(S)) € N(2),
where ch o (F) is the twisted Chern character of F (see [51, 3.3.4]).

Definition 6.2. A vector v = (r,{,b) in N(¥) is called a Mukai vector. The vector v is called
primitive if e~Bv is primitive in N ().

Remark 6.3. Via the Artin comparison theorem, the above construction of B-field, Mukai lat-
tice, and Mukai vector can be generalized to ¢-adic cohomology groups together with their Galois
representations. We will use these in later sections directly without further specification.

6.2. Irreducible symplectic varieties via moduli space of (twisted) sheaves. Let S be a
K3 surface or abelian surface, and . — S be a u,-gerbe with Brauer class a. After fixing a Mukai

vector v € H (.) and a polarization H on S, we have the following coarse moduli spaces:

e The smooth but in general non-proper moduli space M3} (., v) of stable twisted sheaves
on .%.
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e The proper but in general singular moduli space My (., v) of semistable twisted sheaves
on .7.
When v is primitive and H is v-generic, My (., v) = M55 (., v) is a smooth projective moduli
space. These moduli spaces, or their Albanese fibers, turn out to be irreducible symplectic varieties
of K3"_type or Kum”-type by the work of Mukai and Yoshioka.

Theorem 6.4 ([81, 22]). Let (., H,v) be as above and v*> = 2n. Then My(#,v) is a smooth

projective symplectic variety of dimension 2n + 2. Moreover,

(a) If S is a K3 surface, then Mg (%, v) is an irreducible symplectic variety of K3t type. There
is a Hodge isometry

0:H(.¥) D> vt = HX( My (S, v),Z)
induced by the quasi-universal sheaf.

(b) If S is an abelian surface and 2n > 4, then the Albanese fiber Kgy(.,v) of My (7, v) is
an irreducible symplectic variety of generalized Kummer deformation type. There is a Hodge
1sometry

0:H(.?) D vt — HX(Ky (S, v),Z)

induced by the quasi-universal sheaf.

On the other hand, if v is not primitive, the moduli space My (-, v) is singular. In the special
case of v = (2,0, —2), O’Grady gives a crepant resolution ./WH(Y, v). And then Sorger and Lehn
generalized this construction to the case when v = 2vg with vy primitive and vg = 2. These
constructions give two new types of irreducible symplectic varieties as follows:

Theorem 6.5 ([65, 66, 49]). Using the above notations, Mpy (.7, v) is a smooth projective symplectic

variety. Moreover,

(a) When S is a K3 surface, MVH(Y,U) is an irreducible symplectic variety of OG10-type. The
class of the exceptional divisor c¢i1(E) has norm —6 and divisibility 3 in HQ(//\/IVH(ﬂ,v),Z),
whose orthogonal complement is identified with H*(My (%, v),Z). Moreover, there is a Hodge
1sometry:

0 : H2(My (S, v),Z) — vt c H(S)

(b) When S is an abelian surface, the Albanese fiber K (. ,v) of My (#,v) is an irreducible
symplectic variety of OG6-type. The class of the exceptional divisor c¢1(FE) is divisible by 2.
Write ¢, (E) = 26. Then 6 has norm —2 and divisibility 2 in H2(Kg (.7, v), Z), whose orthogonal
complement is identified with H*(Kg(.7,v),Z). Moreover, there is a Hodge isometry:

0:H(Kg(S,v),Z) — v+ c H(.S)

Notation 6.6. Given an irreducible symplectic variety X of known type, we will say that X is

(twisted) modular if it is birational to one of those in Theorems 6.4 and 6.5.

6.3. A numerical characterization. Given an irreducible symplectic variety of known type over

F, we want to give a numerical criterion to determine whether it is (twisted) modular. This question
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has been settled in recent years through the work of several authors. We summarize in the following

theorem.

Theorem 6.7. Let X be an irreducible symplectic variety over F of known type. Then there exist

twisted K3 or abelian surface .7, algebraic Mukai vector v and a v-generic polarization H,
(1) K3M-type: X ~py My (.7, v) if NS(X) contains a nonzero isotropic vector.
(2) Kumpy-type: X ~py K (7, v) if NS(X) contains a nonzero isotropic vector.
(3) OG10 type: X ~pix Mp(#,v) if NS(X) contains a nonzero isotropic vector whose image
in H2(X,Z) lies in o*. Here 0 € HY(X,Z) has square —6 and divisibility 3 in H*(X,Z).
(4) OG6 type: X ~piy IEH(Jﬂ,v) if NS(X) contains a nonzero isotropic vector whose image in
H2(X,Z) lies in o*. Here 0 € HY(X,Z) has square —2 and divisibility 2 in H*(X,Z).

Proof. Over C, the result is known by the work of: [2, 40] for K3[-type; [22, 58] for Kum"-type;
[26] for OG10-type; [36] and Lemma 6.8 for OG6-type. We take the K3["-type as an example
to show how to use a spreading out argument to obtain the result over F' and the other three
cases are similar. Over C, we know that there is a tuple (S’,." — S’,v', H') over C such that
X¢ ~pir My ('), The tuple (5, — S’,v', H') can be defined over a subfield L of C, which is
finitely generated over F'. Let U be an irreducible smooth variety over F' such that the generic point
7 has residue field L. Up to shrinking U, we can assume that the tuple (S’, .’ — S’,v', H') spreads
out to a tuple (§ , 7y , U, H ) over U. We construct the relative moduli space M FI(% v), whose
generic fiber is birational to the generic fiber Xy, of the trivial family X x pU. Thus, after shrinking
U if necessary, there exists an F-point u € U such that X is birational to the fiber M i, (%, V).

This proves the assertion. &

The next lemma finishes the proof of the previous theorem for the twisted OG6 moduli space
case. It might be well-known, but we could not find a suitable reference, as the available references

focus only on the untwisted case. So we give a proof here.

Lemma 6.8. Let X be an irreducible symplectic variety of OG6-type over C. Then there exist a
tunsted abelian surface S, an algebraic Mukai vector v and a v-generic polarization H such that X

1s birational to l%H(y,v) if and only if the following conditions hold:

(a) There is o € HY (X, Z) that has square —2 and divisibility 2 in H*(X,Z).
(b) The embedding o+ — Ag = UP* gives a Hodge structure on Ag such that Aé’l contains an

1sotropic vector.

Proof. The proof is similar to [36, Theorem 1.1] but we are working in the twisted case. See also
[22, Proposition 2.16] for a similar argument for the twisted modular Kum"-case. One direction
follows from Theorem 6.5, so we only need to prove the other direction. Since Aé’l contains an
isotropic vector, it must contain a copy of U(m) for some integer m. By an argument similar to

that in [40, Lemma 2.6] and Shioda’s Torelli theorem [74], there is an abelian surface S and a
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pi-gerbe ¥ — S such that there is a Hodge isometry
Ag — H(.S).

It is straightforward to see that ot is isometric to U3 & (—2), and the image of o+ in H(.%) has
orthogonal complement generated by w with w? = 2. We may assume w is positive by replacing w
by —w if necessary and let v = 2w. Take a v-generic polarization H on S, we can construct the
OG6 variety K (., v) and we have a Hodge isometry

H2(K (7, 0), Z) = H2(Kg (S, 0), Z) & Z(%E) Lol ez = B(X,2).

Then by the Torelli theorem for OG6-type irreducible symplectic variety, X is birational to K (7, v).
)

If we strengthen the conditions in Theorem 6.7 suitably, we can furthermore obtain that X is
birational to the untwisted moduli space, i.e. the gerbe ./ — S is trivial. But we will only need
this for the generalized Kummer type in the next section, so we only state and prove it in this case
while the other three cases are similar.

Corollary 6.9. Let X be an irreducible symplectic variety of Kum™-type over F. If there is a
primitive vector w € NS(X) such that w? = —(2n+2) and w spans a direct summand of the lattice

H2(X,Z), then X is birational to the generalized Kummer variety K,(A) for some abelian surface
A.

Proof. By the same spreading out argument as before, we only need to work over C. By the
assumption, we can write the lattice H?(X,Z) in the form U®3 @ (w). Then we can choose an
embedding

H*(X,Z) < Ag
by embedding the rank one summand (w) into one copy of U. The Hodge structure of Ag induced
by H?(X,Z) clearly satisfies that Aé’l contains a U. Then by [58, Remark 4.4], X is birational to
some K, (A). )

6.4. Motive of the (twisted) modular irreducible symplectic variety. So far, we have
already seen plenty of examples of irreducible symplectic varieties arising from the moduli spaces
of sheaves on a K3 surface or abelian surface. The geometry of the moduli spaces can be studied
through the relationship with the underlying surfaces. In particular, as we will see in this section,
the Chow motive of the (twisted) modular irreducible symplectic variety can be controlled by the
Chow motive of the underlying surface. For the Kum™-type and OG6-type, our argument below
only treats the untwisted case. To start, we need the result that the Chow motive of irreducible

symplectic varieties over C is birational invariant.

Theorem 6.10. [31, Theorem 3.13] Let X and Y be two birational irreducible symplectic varieties
over C, then there is an isomorphism h(X) = h(Y).

Theorem 6.11. Let X be as follows:
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(a) When S is a K3 surface and . — S is a pum-gerbe, X is the My (&, v) in Theorem 6.4 or the
My (L, v) in Theorem 6.5.

(b) When S is an abelian surface, X is the generalized Kummer variety K, (S) or the untwisted
K#(S,v) in Theorem 6.5.

Then the motive h(X) belongs to the pseudo-abelian tensor subcategory of motives generated by the

motive of S.

Proof. Over C, the result is well known by [15, Theorem 0.1}, [34, Theorem 1.5], [29, Theorem 1.3],
and [27, Theorem 1.1]. Over the field F, it follows easily from a similar spreading-out argument in
the proof of Theorem 6.7, together with the Lemma 6.12 below. &

The next lemma shows that the embedding of Chow motives is stable under specialization. For

the sake of later sections, we work in a more general case.

Lemma 6.12. Let R be a DVR and U = Spec R. Suppose that X and )Y are smooth proper
algebraic spaces over U such that their special fibers and generic fibers are all smooth projective
varieties. Let 1) be the generic point of U and u be its closed point. If, on the generic fiber, (X))
belongs to the pseudo-abelian tensor subcategory of motives generated by the motive of Yy, then, on
the fiber over u, h(X,) also belongs to the pseudo-abelian tensor subcategory of motives generated
by the motive of Y.

Proof. By [76, | and [23, Section 6], there is a structure of Chow ring for a smooth
proper algebraic space and the Gysin homomorphism and the specialization homomorphism are
well-defined, just like the usual theory for schemes.

On the generic fiber, we have an embedding
b(X,) = ED (k).
i=1

Let ¢ = max_(¢;) and let w be any point in U (w = n or ), then we have

HVa) () = bhVe) () @ L7h = (yif X (Priuy) ™1 [Ayei] X [Py X {6}]t_ti,t> -
Then

Do) = (H(y{ff X (Phiuw) ™)y 2 [Aye] X [Phyy X {e}]t_ti,t> :
i=1 i=1 i=1

For convenience, we denote » i [Ays:] x [Pi(w) x {e}]'"% by cy, which is a correspondence in

Corr?(Z,, Zy). Clearly, ¢y specializes to cy.

We construct a new space Z over U by

n

Z=[] " x @),

i=1
Now, since h(X,,) can be embedded into (Z,, ¢, t), there are morphisms a,, € Hom (h(X,,), (Z,, ¢, 1))
and 3, € Hom ((Z,, ¢;,t), h(X,)) such that 5, o a,;; = id. Applying specialization to o, and f,, we
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have correspondences «,, € Corr!(X,, Z,) and B, € Corr~*(Z,, X,). Since the specialization map
preserves the intersection product and is compatible with pullback and pushforward, o, and 3, are
morphisms between h(X,) and (2, ¢,,t). Moreover, they give an embedding

b(Xu) = (Zuscurt) = DD ().
i=1

Therefore, h(AX,) belongs to the pseudo-abelian tensor subcategory of motives generated by the

motive (). &

7. SUPERSINGULAR TATE CONJECTURE FOR K3["-TYPE, Kum™-TYPE, AND OG10-TYPE

In this section, we prove the Theorem 1.9 of this paper for K3["-type, Kum"-type, and OG10-
type. The proofs are similar, with some minor technical adjustments. However, the proof for the

OG6-type needs a new argument, so we leave it to the next section.

Assumption 7.1. Throughout this section, let X be a supersingular excellent irreducible sym-
plectic variety over k of the following types:

(i) K3M-type,

(ii) Kum"-type with Artin invariant og # 3,

(iii) OG10-type with Artin invariant og # 12.

7.1. Lifting to (twisted) modular irreducible symplectic variety. We first show that X
in Assumption 7.1 can be lifted to a (twisted) modular irreducible symplectic variety over a field
of characteristic zero by the numerical criterion in Theorem 6.7. This is based on the following

proposition.

Proposition 7.2. Let X be as in the case (i) (resp. case (iii)) of Assumption 7.1. Then there

exist the following data:

e a finite flat extension V of W and a smooth projective family X — SpecV whose special
fiber Xp = X,
e a K3 surface S over K and a ji,,-gerbe . — S,
such that the generic fiber X is birational to an irreducible symplectic variety Mp(,v) (resp.
MVH(V,U)) as in Theorem 6.4 (resp. Theorem 6.5). Moreover, we can arrange the underlying

surface S such that S carries a line bundle L of degree prime to p.

Proof. By the classification of the lattice NS(X) in Section 5, we can choose a suitable saturated
sublattice N C NS(X) and then lift it to characteristic zero. If X is of case (i), we can choose N

to contain:

e an ample line bundle,
e a sublattice U@ (v) or U(p) @ (v) with p { v?

by Proposition 5.7 and Proposition 5.9. If X is of case (iii), we can choose N to contain:

e an ample line bundle,
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e a 0 € NS(X) with square —6 and divisibility 3 in NS(X),

e a sublattice U@ (v) or U(p) @ (v) with p{v? which is orthogonal to o.
by Proposition 5.15 and Proposition 5.16. In each case, we can assume that rank(N) < 5. Thus,
by Proposition 4.16, we can find a finite flat extension V' of W and a smooth projective family
X — SpecV whose special fiber Ay = X, and the generic fiber Xz carries a lifting of N. If X is
of case (iii), by the Tate conjecture for divisors, Theorem 4.13 and the Artin comparison theorem,
we know that the image of o in H?(X,Z) also has divisibility 3. Now, by the numerical criterion
in Theorem 6.7, we obtain that X is birational to the (twisted) modular irreducible symplectic
variety we need.

What remains is to show that S carries a line bundle L of degree prime to p. Recall that S is
obtained by the period argument in [40, Lemma 2.6]. So in order to show that S carries a line
bundle of degree prime to p, we only need a more explicit period computation in Lemma 7.3 below.
This is why we need N to contain U@ v or U(p) @ v with ptv? . )

Lemma 7.3. Use the notation of [40, lemma 2.6]. Let x € Q be a period point. If the (1,1)-part
of the Hodge structure A defined by = contains a primitive sublattice isomorphic to U @ (v) or
U(p) @ (v) with ptv?, then x is the period point of a gerbe ¥ — S such that S carries a line bundle
L of degree prime to p.

Proof. We prove this lemma for the case when U(p) & (v) C ALl The case when U & (v) ¢ Ab!

is much easier. Let e, f be the standard basis of U(p). Since v?

is coprime to p, e has divisibility
1in v/%. Thus there exists w € v+ such that w? = 0 and (w,e) = 1. Then A admits a orthogonal
decomposition

A=U®A,
where U is generated by e,w and v € A. As in [40, Lemma 2.6], (A @ C)20 is generated by o + Ae
with 0 € A®C and A € C. By construction, o will be the period of S. Since v-o =v-(c+ Xe) =0,
we have v € HY1(S,Z) corresponds to the first Chern class of a line bundle with degree coprime to

. L)

Remark 7.4. This explains why we cannot handle all the OG10-type cases by this argument. As
shown in Proposition 5.17, if (?) = —1 and 09 = 12, there is no element in NS(X) with square

—6 and divisibility 3. Thus, the modular lifting argument does not apply to this case.
The case of generalized Kummer type is similar:

Proposition 7.5. Let X be as in the case (ii) of Assumption 7.1. There are the following data:
e g finite flat extension V. of W and a smooth projective family X — SpecV whose special
fiber Xy = X,
e an abelian surface S over K,
such that the generic fiber Xj; is birational to the generalized Kummer variety K,/(S).

Proof. By Proposition 5.10, we can always find a w € NS(X) such that w? = —(2n +2) and w
generates a direct summand of NS(X). Write w in the form w = ¢;(L; ® L§) with Ly and Lo
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ample. By Proposition 4.16, we can find a finite flat extension V of W and a smooth projective
family X — SpecV whose special fiber &y = X, and the generic fiber X'z carries a lifting of L
and Lo. In particular, w lifts to Xz, whose image in NS(X) is denoted by w.

By the Tate conjecture for divisors Theorem 4.13, we know NS(X) ® Z; = HZ, (X, Z¢) for any
¢ # p. Together with the Artin comparison theorem, the divisibility of w in H?(Xy,Z) is of the
form p¥(2n + 2) with k € Z. Furthermore, k = 0 because the absolute value of the determinant of
H%(Xk,Z) = 2n + 2 is prime to p.

Now, w € H%(Xg,Z) is of square —(2n + 2) and divisibility 2n + 2, so wt C H%(Xg,Z) is
unimodular of signature (3, 3), which is then isomorphic to U?. Thus, we can write H?(Xg,Z) in
the form U @ (w). Then we complete the proof by Corollary 6.9. &

Remark 7.6. In fact, any supersingular excellent irreducible symplectic variety admits a (twisted)
modular lifting, by the same methods as before. But we can only deal with the untwisted case for

the main theorem. This is why we exclude the twisted case in Proposition 7.5.

7.2. Good reduction of the underlying surface. So far, we have already lifted X to a (twisted)
modular irreducible symplectic variety on a K3 or abelian surface S over a field of characteristic
zero. In order to go back to positive characteristic, we need the underlying surface S to have good
reduction.

Let Op be a Henselian discrete valuation ring, with fraction field F' and residue field k. Let Y
be a smooth projective variety over F'. A smooth proper model of Y is a smooth proper algebraic

space
(11) Y — Spec Op

such that the generic fiber is Y and the special fiber is a smooth projective variety. If such model
exists, we say that Y has good reduction. Moreover, we say Y has potentially good reduction if
after base change to a finite extension F’, Yz has good reduction.

If Y has good reduction, it is easy to see that the Galois representation H, (Y7, Q) is unramified,
i.e., the inertia group I acts on it trivially. Note that in our case k is algebraically closed, so the
inertia group is the whole absolute Galois group Gr. Thus, the “unramified” in fact means the
Galois representation is trivial. Conversely, to deduce good reduction from unramifiedness for K3
surfaces or abelian surfaces, we have the following two theorems.

Theorem 7.7. Let F be a finite extension of K = Frac(W), and let S be a K3 surface over F'.
Assume that there is a line bundle L on S such that ged(L?,p) = 1 and the Galois representation
Hgt(sﬁ”@f) is unramified, equivalently trivial, for some prime £ # p. Then S has potentially good
reduction.

Proof. This is the theorem [12, Theorem 1.8], where the Hecke orbit conjecture is guaranteed by
[18, Remark 1.2.2]. )
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Theorem 7.8. Let F' be a finite extension of K = Frac(W), and let S be an abelian surface over F'.
If the Galois representation Hgt(Sp,Q@) is unramified, equivalently trivial, for some prime £ # p,
then S has potentially good reduction.

Proof. Let V. = HL (Sp, Q) together with the Galois action p : Gp — GL(V). We know that
HZ (Sp, Q) = /\2 V and the Galois action is given by /\2 p, which is trivial by the assumption.
Since /\2 p = id, p preserves every plane in V. Since dim V = 4, every line in V is the intersection
of two distinct planes in V. So p preserves every line in V. This means p(g) is a scalar for every
g € Gp. Again by A% p = id, we must have p(g) = +1. We will write

p(g) = x(g) - id,

where x is a character x : Gp — {£1}.

If x is trivial, then p is trivial. By [71], S has good reduction.

If x is nontrivial, then ker(x) is a normal subgroup of G of index 2. Let F’ be the quadratic
subextension of F'/F fixed by ker(x). The absolute Galois group G+ = ker(x) acts trivially on
Hét(sﬁ’@ﬁ)- Again, by [71], Spr has good reduction. &

For an irreducible symplectic variety, instead of considering the whole Galois representation on

H?(X,Qy), we can consider its transcendental part given as follows.

Definition 7.9. Let F' be a field of characteristic zero and X be an irreducible symplectic variety
over F. For any prime /¢, the algebraic part Hglg(X, Q¢(1)) is defined to be the image of NS(X ) ®
Q¢ in HZ (X7, Qp(1)), and the transcendental part HZ.(X,Q,(1)) is defined to be the orthogonal

complement of Hilg(X ,Q¢(1)) under the ¢-adic Beauville-Bogomolov form.

Both H2

a1g (X, Qe(1)) and H2.(X,Q¢(1)) are stable under the action of the absolute Galois group,

hence they are moreover Galois sub-representations.

Proposition 7.10. Let X and S be in either Proposition 7.2 or Proposition 7.5. Then for any
prime £, after replacing F' by a finite extension, there is a Galois equivariant isomorphism between
H2.(Xg, Q1)) and HZ.(S,Q(1)) induced by an algebraic cycle defined over F.

Proof. Consider the isometry 6 in Theorem 6.4 and Theorem 6.5 induced by the quasi-universal
sheaf. After replacing F' by a finite extension, we can assume that the Mukai vector and the quasi-
universal sheaf are both defined over F. Moreover, for the OG10-type case, we can replace F' by
a further finite extension to ensure that the class of the exceptional divisor is also defined over F'.

Then 0 gives the isomorphism between transcendental parts that we need. &

Proposition 7.11. Let S be the K3 or abelian surface in Proposition 7.2 or Proposition 7.5. Then

S has good reduction, after replacing F by a finite extension.

Proof. Let ¢ # p be any prime. We replace F' by a large enough finite extension. Then we can
assume that the Galois representations Hilg(Xf(, Q¢(1)) and Hglg(S, Q¢(1)) are trivial, and there is
a Galois equivariant isomorphism between HZ (X5, Q¢(1)) and H2 (S, Q(1)). Since X already has
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good reduction, the Galois representation H% (X%, Q(1)) is unramified. Thus, HZ (S, Q¢(1)) is also
unramified. The proof is finished by Theorem 7.7 and Theorem 7.8. &

7.3. Proof of the supersingular Tate conjecture. We can now prove the supersingular Tate
conjecture for X satisfying Assumption 7.1. We first summarize the situation.

We have found in Proposition 7.2 and Proposition 7.5 a finite flat extension V' of W with fraction
field F', such that X lifts to a family & — Spec V', whose geometric generic fiber X'z is birational to
a (twisted) modular irreducible symplectic variety over a K3 or abelian surface S. After replacing
V by a further finite flat extension (then replace F' by a finite extension), we have that S is defined
over F' and has good reduction by Proposition 7.11. Let & — SpecV be the algebraic space
corresponding to a good reduction of S with special fiber Sy over k being a K3 surface or Abelian

surface. We will show that the special fiber is a supersingular K3 or abelian surface.
Proposition 7.12. The surface Sy is supersingular.

Proof. We prove this for X in case (i) of Assumption 7.1, while the case (i) and (i) are similar. We

replace F' by a finite extension to make the Galois representation Hilg()( 7,Qp(1)) and Hilg(S ,Qp(1))

trivial. By Proposition 7.10, we obtain an isomorphism of p-adic representations:
HE (X7, Qp(1)) = HE(S, Qp(1))

By [37, Corollary 3.9], we have Deyis(H2, (X, Qp(1))) = HZ (X/K)(1) and Deyis(HZ (Si, Qp(1))) =
H2 . (So/K)(1). Since the former has all slopes zero, so does the latter. Therefore, Sy is supersin-
gular. &

Finally, we have completed all the preparatory work to prove the case (i), (ii), and (iii) of the
Theorem 1.9.

Theorem 7.13. If X is as in case (i) or (iii) in Assumption 7.1, then the Chow motive of X is of
Tate type; If X is as in case (ii) in Assumption 7.1, then the Chow motive of X is of supersingular
abelian type.

Proof. Keep the notation as above. By Theorem 6.11, we have an embedding of motives
b(Xg) = EDh(SE) (%)
i=1

Again, after replacing V' by a further finite flat extension, we can assume this embedding is defined

over F. So, by Lemma 6.12, we have an embedding of motives in special fiber:
h(X) — EPb(S5)(t)-
i=1

Note that Sy is a supersingular K3 surface in case (i) or (iii), and it is a supersingular abelian

surface in case (ii). Applying Theorem 1.3 completes the proof. &
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8. SUPERSINGULAR TATE CONJECTURE FOR OG6-TYPE

In this section, we prove Theorem 1.9 for a supersingular excellent irreducible symplectic variety
X of OG6-type such that the Artin invariant og # 4. Unlike the other types proved in the previous
section, it is hard to lift X to a (twisted) modular irreducible symplectic variety in characteristic
zero, because Proposition 4.16 only guarantees a lifting of X with two line bundles. Instead, we
use the fact that X admits a rational double cover by a K3Bl-type irreducible symplectic variety,
which was first constructed by Mongardi, Rapagnetta, and Sacca in [59], and later generalized by
Floccari and Fu in [28].

8.1. Singular OG6-variety and resolution. We first recall some basic definitions and properties

of singular OG6-varieties and their resolution over C. Our main reference is [28].

Definition 8.1. A singular OG6-variety is a compact Kéahler complex analytic space which is
a locally trivial deformation of O’Grady’s K4(2,0,—2). An OGG6-resolution is a compact hyper-
Kahler manifold isomorphic to the crepant resolution K of a singular OG6-variety K obtained by

blowing up its singular locus.

We can give a numerical criterion to determine whether a hyper-Kahler manifold X of OG6-type
is birational to an OG6-resolution:

Proposition 8.2. Let X be a hyper-Kdhler manifold of OG6-type. Then X is birational to an
OG6-resolution K if and only if HYY (X, 7Z) contains an element o with square —2 and divisibility
2 in H?(X,7Z).

Proof. If HY'}(X,Z) contains an element o with square —2 and divisibility 2, we can assume that

H*(X,Z) = U @ (—2) @ (o).

By the surjectivity of the period map, the Hodge structure on o+

can be realized as the Hodge
structure of a singular OG6-variety . By the Torelli theorem for hyper-Kéhler manifolds, the

resolution K is birational to X. The converse follows from [28, Remark 3.2]. )

The singular locus Y of a singular OG6-variety K is given by a quotient of an abelian fourfold
of Weil type, which is closely related to the Kuga—Satake construction:

Theorem 8.3. Let (K, h) be a polarized singular OG6-variety and let K be its resolution. There is
an abelian fourfold Bx such that:

(a) The singular locus ¥ of K is isomorphic to B/ + 1.
(b) The Kuga—Satake abelian variety KS(HQ(E,Q)prim) of K is isogenous to a self-product B of
By.

Proof. There is a Hodge isometry
HE (K, Q) = HE(K, Q).
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Thus, the Kuga—Satake abelian varieties of X and K share the same isogeny factors by the same
argument in [28, Remark 4.2]. The assertion follows from [28, Theorem 3.4]. L)

Now, we can turn to the double cover map. For a singular OG6-variety K, denote by ¥ the
singular locus of K and by € the singular locus of ¥.. Then ¥ = Bx/ + 1 as before and € consists
of 256 points of 3.

Theorem 8.4. [28, Theorem 4.1, Corollary 4.3] Let KC be a projective singular OG6-variety. There
is a projective variety Zx of K3B-type and a degree 2 generically finite morphism ¢ : Zx — K such
that ¢|y-1(c\x) is an étale double cover, A = ¢~ L(%) is isomorphic to BloX, and ¢|a is identified
with the blow-up map. Moreover, ¢ induces a Hodge isometry

¢s : HE(Zx, Q) — HE(K, Q) [2].

where the “[2]” means multiplied by 2. As a result, Zx is birational to a moduli space of stable

sheaves on a K3 surface Sk.

Therefore, for the resolution IE, we only obtain a rational double cover 5 N/ K. We need
to resolve this rational map to obtain a regular morphism. This was done in the second paragraph
of the proof of [28, Theorem 5.7]. We exhibit it in the following diagram.

Y =Bl Y
Y = Blp Z\Y
ZIC fffffffff > ,E

We use the following notation in the diagram:

e I' C A =Blp,[9(Bx/£1) is the union of 256 copies of P? arising as the exceptional divisor
of the blow up map A — Bx/ £ 1.

e A’ is the strict transform of A in Y, which is again isomorphic to Blg, [2)(Bi/ £ 1).

e 1 is a regular morphism extending ¢, which is in particular a degree 2 generically finite

morphism.

With the help of the above diagram, we can show that the Chow motive of K can be controlled
by the Chow motives of Bx and Sk.

Proposition 8.5. K is Chow-motivated by Sk and Bx. More specifically, there is an embedding
of Chow motives:

‘%@h (i) (t:) ® b(Bro)( @@@

=1
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Proof. Since 9 : Y 5 Kisa generically finite morphism of degree 2, the motive h(lz) is a direct
summand of §(Y). By the blow-up formula, we have

h(Y) =h(Y) @ h(A)(-1).
Similarly,
h(Y) =b(Zx) & b(I)(-1) & h(I')(-2).

Thus, we have an embedding of motives:
h(K) = h(Zx) © H(I)(~1) & H(I)(~2) @ h(A)(~1).

We can compute each term on the right. First, since Zx is birational to a moduli space of stable
sheaves on the K3 surface Sk, by [15] there is an embedding:

h(Zic) — D o(SE) (k).

i=1

Since I is the union of 256 copies of P3, we have

3
h(I) = (P Q(—i))**.
1=0

For h(A'), we note that A" = Blp, (9(Bx/ £ 1) can be realized as By/+1, where Bx = Blp, (2B
Thus, we have an embedding:

3

b(A') < b(Bx) = b(Br) ® (P Q(—i))***.

i=0
Putting everything together, we obtain an embedding:

r

h(K) = @ h(Si)(t:) @ h(Bic) (—1) & P Q—k;)-

j=1
&

8.2. The supersingular Tate conjecture. Now, we can prove the supersingular Tate conjecture
for an OG6-type variety. We first show that it can be lifted to an OG6-resolution in characteristic

Zero.

Proposition 8.6. Let X be a supersingular OG6-type variety over k with Artin invariant og < 3.
Then there is a finite flat extension V. of W with fraction field F and a smooth projective family
X — SpecV such that the special fiber Xy = X and the geometric generic fiber X is birational to
an OG6-resolution K . Moreover, we can assume that X |V carries a polarization & of degree prime
to p.

Proof. By Proposition 5.12 and Proposition 5.13, we can always find a w € NS(X) such that

w? = —2 and the rank one sublattice (w) is a direct summand of NS(X). We can also find an

ample line bundle L on X of degree prime to p. Let N C NS(X) be the sublattice generated by
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w and L. We can lift N to characteristic zero by Proposition 4.16. Then, we apply the numerical

criterion Proposition 8.2 to the geometric generic fiber. This completes the proof. &

Let Bx and Si be the abelian fourfold and K3 surface appearing in Theorem 8.3 and Theorem 8.4.
We may assume that they are both defined over F' by replacing V' by a further extension. We then
show that they both have supersingular good reduction, possibly after replacing V' by a further

extension again.

Proposition 8.7. After replacing F' by a finite extension, the K3 surface Sk has supersingular

good reduction.

Proof. By [27, Lemma 3.4] and [28, remark 4.2], we have isometries induced by algebraic corre-

spondences for any prime ¢:
HE (Sic, Qe(1)) = HE (Zk, Qe(1)) = H (K, Qu(1))[2].

Here, “[2]” means multiplication by 2. Replace F' by a finite extension if necessary, we can assume
the above isometries are Galois equivariant.

We claim that for any odd prime p, Sk carries a line bundle of degree prime to p. We can see
this by contradiction. If all line bundles on S have gegree divisible by p, then the discriminant
group of NS(Sk) ® Z,, has the form @f_; Z/p™Z, where m;’s are positive integers and p is the
Picard number. Note that p > 12. Since NS(Sk) is a primitive sublattice of the unimodular
lattice H2(Sk, Z), then the orthogonal complement NS(Sx ) ® Z, also has the discriminant group

£ Z/p™Z. This is a contradiction since rank(NS(Sx)+) =22 — p < p.

Then we can show that S has supersingular good reduction by the same argument in Proposi-
tions 7.11 and 7.12. &

Proposition 8.8. The abelian fourfold Bi has supersingular reduction.

Proof. We know that the Kuga—Satake abelian variety A of (IE, &) is isogenous to a power of B
by Theorem 8.3. So we only need to show that A has supersingular good reduction.

Consider the family X — SpecV in Proposition 8.6. Since the construction of Kuga—Satake
extends to mixed characteristic, the abelian variety A extends to an abelian scheme A/V. We need
to show that the special fiber Ag of A is supersingular. This is inspired by [16, Proposition 21].

Let Peis = &5 C H2, (X/K)(1) and C(Peys) be its Clifford algebra. Let OF(Peis) be its even
part. The Kuga—Satake abelian variety constructed by C(Pcs) is isogenous to the square of the

one constructed by C*(Peis). So we only consider the latter. In this case, CT(Pg;s) is a central
1

simple algebra. Denote H_ ;.(Ao/K) by H. We have an isomorphism of K-vector spaces

CT(Pais) = H.

However, this isomorphism is not compatible with the F-structure. Viewing H as a right C*(Pms)—

module, we have an isomorphism of F-isocrystals by taking left multiplication

C* (Peris) = End- (H).
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Consider the natural map

C+ (Pcris) ® C+(Pcris)op — Endg (H)
a®®b— L,o Ry

Here, L, is the left multiplication by a and Ry is the right multiplication. By [76, ], this
map is an isomorphism. It is direct to check by definition that this isomorphism is compatible with
the F-structure. Since C(Pgys) is isomorphic to the exterior algebra of P.s as K-vector spaces
(not as algebras), the left-hand side has all slopes zero, hence so does the right-hand side. But the
right hand side is isomorphic to Endx (H) =2 H® HY, whose slopes are the pairwise differences of
slopes of H. So all the slopes of H are the same. This means Ay is supersingular. &

We can prove the main result of this section.

Theorem 8.9. Let X be a supersingular excellent OG6-type variety with Artin invariant oy < 3,
then the Chow motive of X is of Tate type.

Proof. Keep the notation as above. By Proposition 8.5, we have an embedding of Chow motives

(—>EB[;S i) ® bh(Br)( @@Q

Since Sk and By both have supersingular good reduction, denote their reduction by Sy and By.
Then by Lemma 6.12, we have an embedding of Chow motives

%@hsz ) ® h(Bo)( @@@

This shows that h(X) is of supersingular abelian type. Since all odd degree cohomology groups of
X vanish, h(X) is of Tate type by [31, Corollary 2.12]. &

APPENDIX A. TORSION IN COHOMOLOGY OF IRREDUCIBLE SYMPLECTIC VARIETIES

In this appendix, we consider the torsion cohomology of irreducible symplectic varieties X of
known type. This question was raised by Huybrechts at the 2025 workshop “K3 surfaces & friends:
Brauer groups and moduli” in Netherlands. Some known relevant results include:

e Markman [56] showed that H*(S!™, Z) is torsion free for S a Poisson surface (e.g., K3 or
abelian).
e Totaro [79] proved that H*(S™, Z) is torsion free provided H*(S,Z) is torsion free.
e Kapfer and Menet [46] showed that H*(K2(A),Z) is torsion free.
In this appendix, we will partially answer this question, showing that there is no p-torsion for large
p.
A.1. Generalized Kummer type. Let X be the generalized Kummer variety K,(A). For

n > 2, the torsion freeness of H*(X,Z) remains open. Instead, we prove the torsion freeness
of H*(X, Z[(n+1),]). The main result is the following:
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Theorem A.1. Let A be an abelian surface, and let X = K, (A) be the 2n-dimensional generalized
Kummer variety. Then H*(X,Z) has no p-torsion for any prime p > n + 1.

The main ingredient is the decomposition theorem for torsion cohomology:

Theorem A.2 (Juteau-Mautner—Williamson [45, Thm. 3.7]). Let f : Y — Y be a stratified,
proper, surjective, and semi-small morphism from a smooth variety Y toa stratified variety Y =
LI\ Y. Suppose that all strata are relevant. For each stratum Yy, let Fy be the fiber over a point in
Y\, and let Ny be a normal slice to Yy in Y. Suppose that for all relevant A, the intersection form

(12) H (FA)XH (F)\)—>Z
is non-degenerate modulo p. Then the decomposition theorem holds for f with coefficients in Z/pZ.
Proof of Theorem A.1. Consider the Hilbert-Chow morphism
m: X = 7, where Z = A6L+1/Sn+1,
and AJT := ker(A"H! — A) (see [34]). There is a stratification Z = L1y Zx with

k
(13) Zy = {Z Ailzi] | z; distinct, Z NZi = 0} ,

i=1 i=1

where A = (A1,..., ) is a partition of n + 1. Note that 7 is semi-small with all strata being
relevant.

By Theorem A.2 and Proposition A.3, we have the following decomposition
(14) Rr.(Z/pZ2n]) = € ixICz(Z/pZ) in DY(Z,Z/pZ),
Adn+1

where 1C7-(Z/pZ) is the IC-complex associated with the trivial local system on Z) (shifted by

dimension). Moreover, by the classical decomposition theorem for Q-coefficients, we also have
(15) R, (Q >~ P irICy in D%(Z,Q).
A-n+1
Combining the two decompositions—(14) and (15)—we obtain isomorphisms:

H*(X,Z/pZ) = @) TH*(Z\,Z/pZ),
Adn+1

Q) = P W (Z),Q)

An+1

and

Next, it is known that the normalization of Z) satisfies
7y 2 AW = A)/S, (see [34]),
where

AS = {(:cl,...,x|)\|) S A)‘

k
Z)\iiﬂi = 0} .

i=1
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Here, Aé is non-canonically isomorphic to a disjoint union of abelian varieties of the form [[, A",
where > 7y = £(\) — 1 and each r;, < n + 1. Thus, the integral cohomology of A} is always torsion
free. Since p > n + 1, taking the invariant part under S, we obtain

dimg, 7 IH*(Zy, Z/pZ) = dimg IH*(Z), Q).
Therefore,
dimg,,z H*(X, Z/pZ) = dimg H*(X, Q) = b;(X) for all p > n + 1.

This implies that H*(X,Z) has no p-torsion for any prime p > n + 1. s

Proposition A.3. With the stratification (13) for the morphism 7 : X — Z, the intersection form
(12) is given by

k
(Fx-Fag, = 0" T
i=1

which is non-degenerate modulo p if p > n + 1.

Proof. Step 1. Local geometry of Zy and its normal slice.

Let z € Z) be a point, which can be written as

k
=1

with z; distinct points in A satisfying >_ \jz; = 04. The fiber Fy := 77 1(2) is isomorphic to
Hle B,,, where B), is the Briancon variety, i.e., the punctual Hilbert scheme parameterizing
ideals of colength A; in the local ring Oz (, which is irreducible of dimension A; — 1.

Let d) = dim F) = Zle()\i —1)=n+1—k. A normal slice Ny to the stratum Z) at z is a
locally closed subvariety of Z of dimension

COdimz(ZA) =dim Z — dim Z)\

that intersects Z, transversally at the point z. Its preimage under 7, denoted by N y =7 H(NY),
is a normal slice to the preimage of Z in X.

There are small enough neighborhoods U; of z; in A, which are pairwise disjoint, such that there
is a neighborhood of z in A(™*1) that is isomorphic to Hle Ui()‘i). The normal slice N, is given as
follows. Consider the morphism:

k k
¢ : HUi(/\i) — HA
i=1 i=1
A A

A1 Ak
O gl > lwkgl) = (Z Yigs: 7Zyk,j)

J=1 Jj=1
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where y; j € U; and the latter sum is taken in A. Then Ny := ¢~ !(¢(2)) is defined to be the fiber of
¢ over ¢(z). Notice that N and N) are isomorphic to open subsets of Hle A(()’\i) and Hle Ky, (A)
respectively, hence V) is normal and Ny is smooth.

Step 2. Intersection forms on Borel-Moore homology.

The chosen normal slice Ny has dimension dy, = codimz Z. The fundamental class of the fiber
F), defines an element
[F)] € Hy)(F)) = HQBX(NA|Z)'
Using the interpretation of Borel-Moore homology as the homology of the one-point compactifica-

tion, or via the local duality isomorphism
HEM (F)) 2 H*N720 (N Ny Fy),

the intersection form (12) can be identified with the pairing given by the cup product and evaluation

on the fundamental class of Ny:
H) (Fy) x HRYY(F\) = Z, (o, B) = (a- B) ~ [N)].

When applied to the fundamental class [F)] € HQBCX[ (F)), this pairing computes the self-intersection
number (F) - F>\)]\~7A of the fiber within the normal slice.

Step 3. Computation of the intersection number.

Now we calculate the intersection number (F) - F)) Ny We will interpret this intersection as a
classical intersection in Hle(Ui)P‘i]. By shrinking N, we may assume N) N Z) = z. Using the
product decomposition of F) = Hle B,,, we have Ny N Hle M), = Hle By, = F), where M), is
a subvariety of Ui[)‘i] whose points correspond to subschemes supported at a single point. By the
projection formula, we have

k k

(Fx- B g, = (B HlMAi)Hflin = HI(BM M)y
1= 1=

The calculation of the latter intersection number involving the Briancon variety Bp and M
inside the Hilbert scheme U of k points is a classical result. By [24, Theorem 1.1], we have
(By - M)y = (—1)*71k. Applying this result to each factor, we get:

(Bx, - My,) o = (=DM

Therefore, the total intersection number is:

k k
(Fx-Fag, = [[ED =0 ] e
i=1 i=1
Since each \; < n+1, Hle A; is not divisible by any prime p > n + 1. Consequently, the
intersection number (F) - F)) , 1s a unit modulo p, which implies that the intersection form (12)

is non-degenerate modulo p. &
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A.2. OG6-type. Let A be an abelian surface and vy be a primitive Mukai vector with v3 = 2. Let
M(A,2vg) be the crepant resolution of the singular moduli space of sheaves M (A4, 2vy) and K be
its Albanese fiber. We will prove that the integral cohomology of K has no p-torsion for any odd

prime number p.

Theorem A.4. Let K be as above and p is an odd prime number. Then the total cohomology
H*(K,Zy)) is torsion free.

Proof. Our proof is based on the Mongardi-Rapagnetta—Sacca double cover, which we have already
used in Section 8. By [27, Section 2], we have the following diagram:

YB](
| \

Y =BIr (Y KBI()
| L
Y - + K

All varieties involved are smooth and projective and moreover the variety Y is an irreducible
symplectic variety of K3Bl-type. The morphism ¢ is a degree two cover. All other morphisms are
blow-ups with centers:

e Q) consists of 256 disjoint smooth 3-dimensional quadrics;
e [ is a union of 256 disjoint copies of P3;
o A =Blgpy(B/ £ 1), where B is the abelian fourfold A x AY.

The cohomology H* (Y, Z) is torsion free by [56] and the cohomology H* (T, Z) is torsion free since it
is a disjoint union of P3. Thus, H*(Y,Z) is torsion free by the blow up formula. By [75], H*(A, Z)
is torsion free. So again by the blow up formula, the cohomology H*(f/, Z) is torsion free. Since é

is a degree two cover, we have €,€*

is multiplication by 2, which is invertible after base change to
Z(p)- Thus, & : H* (IA(,Z(p)) — H*(?,Z(p)) is injective. Therefore, H* (IA(,Z(p)) is torsion free, then

H* (f( s Z(p) is also torsion free by the blow up formula. ' 3

A.3. OG10-type. Let S be a K3 surface over C and vy be a primitive Mukai vector with v3 = 2.
Choose a vy generic polarization H. Denote the moduli space of semistable sheaves My (S, 2vg)
by M and stable locus by M5t. O’Grady constructed a crepant resolution M of M, which is a
projective irreducible symplectic variety of dimension 10. We will prove that, for any prime number
p > 10, there is no p-torsion in the integral cohomology of M. To start, we first recall the geometry
of M and the resolution.

The moduli space M admits a filtration
M>DEDQ,

where

¥ = Sing(M) = M\M®® = Sym? M (S, vo)
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is the singular locus of M, and
Q = Sing(X) = Mg(S,vg)
is the singular locus of X.

The crepant resolution is given by three steps:

Step 1: We blow up M along €2, resulting a space M with an exceptional divisor 2. Denote the
strict transform of ¥ by X, which is smooth and satisfies ¥ =2 Hilb?(M (S, vp)).

Step 2: We blow up M along X, resulting a space M with an exceptional divisor $. In fact, 5
is a P'-bundle over ¥. Denote by Q the strict transform of Q. M is a compactification of M5!,
with boundary OM=3SUQ.

Step 3: Finally, the extremal contraction of M contracts Q as a P2-bundle to ﬁ, which is a
3-dimensional quadric bundle over 2. The resulting space M is the crepant resolution of M we
want. Moreover, M is isomorphic to the blow up BIQMV.

Lemma A.5. The integral cohomology H*(f],Z), H*((AZ, Z), and H*(/X\) N Q,Z) are all torsion free.

Proof. Since Mpg(S,vg) is an irreducible symplectic variety of K 32-type, the integral cohomol-
ogy H*(Mpy(S,v),Z) is torsion free. We have known that the integral cohomology of ¥ =
Hilb?(M (S, v)) is torsion free by [78]. Since 3 is a P!-bundle over %, the cohomology H*(Z, Z)
is also torsion free.

For H*(Q, Z), it suffices to prove that H*(£, Z) is torsion free since {) is a P2-bundle over 2. Note
that € itself is a 3-dimensional quadric bundle over 2 =2 My(S,vp). Denote by 7 the bundle map.
Consider the Leray-Serre spectral sequence with EY? = HP(Q, RI7.(Z)). There are two facts about

this spectral sequence.

e Ri7,(Z) is a trivial local system since the base is simply connected;
e For a 3-dimensional smooth quadric W, we have H'(W,Z) = Z for i even and H/(W,Z) = 0
for j odd.

In particular, every term at the Fs-page is a finite free Z-module. By Deligne’s theorem [19], every
differential d, at the FE,-page satisfies d, ® Q = 0 for » > 2. This implies that do = 0. Using
induction, we can show that d, = 0 for all » > 2. Thus, this spectral sequence degenerates at
Fs-page and the cohomology H* (S~2, Z) is torsion free.

The torsion freeness of cohomology of SNQis given by similar argument, because it is a smooth

conic bundle over Q. &
The main result of this section is the following theorem:
Theorem A.6. Let p > 11 be a prime number, then the cohomology H* (Mv, Z(p)) is torsion free.

Proof. Since M = Bl@ﬂ/lv, it suffices to prove the torsion freeness of H*(/T/I\,Z(p)). The proof is
inspired by [29, Proposition 4.4].

By [29, Proposition 3.2], there is a decomposition of diagonal over the stable locus. That is, there
exist finitely many integers k; and cycles v; € CH® (Mt x §%) ® Q, §; € CH%(S% x M) ® Q,
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such that
Apgst = Zdi 0 ;.

The proof of [29, Proposition 3.2] shows that this decomposition is induced by the Chern character
of two universal families and the Todd class of S. Thus, an easy computation of the coefficients
shows that all denominators have no prime factor greater than 10. Then, we may assume that
i € CH (M x S%) @ Z,) and §; € CH%(S% x M) ® Z,,.

Let 7; € CH% (M x S*) @ Z ) and 5; € CH% (S* x M) ® Zy) be closures of cycles representing
~; and é;. Then the support of

Ag— Z 5; 07

lies in the boundary M x OMUOIM x M , hence we can write

Aﬂ=Z@O%+Y§+Y§+Z§+Z§

with Y5 € CHU(M x £) ® Z, Yg € CHU(M x Q) ® Z), Z € CH(S x M) @ Z
Zg e CHUQ X M) Zg).
For each i, the cycles 7; and 0; induces maps between cohomology

p)» and

'on Ai * - . /5\1 * 'on
H (M, Zpy) 25 HH26720(8R 700) =25 H (M, Zy).
Denote by js and jg the corresponding closed embeddings. Then we have
*(AA Yia* *—2 /3 jia* v
H (M,Z(p)) —— H (E,Z(p)) — H (M,Z(p)),
v Yﬁ,* *—27/0) jﬁ,* v
H (M,Z(p)) —— H (Q,Z(p)) — H (M,Z(p)),
X/ A A I5 * (A ZA,* X/ A A
H* (M, Z(p) = H (2, Z(p)) — H (M, Zy),
L~ N Zo. o~
H* (M, Zp) =5 H*(Q, Zy)) — HY (M, Zy)).
Therefore, the sum of the above compositions

H* (M, Zy)

l

(@iH*+2ei_20(Ski,Z(p))) > H*_Q(i, Z(p)) S¥ H*_2(§, Z(p)) & H*<§, Z(p)) > H*(ﬁ, Z(p))

|

H* (M, Zy)

is induced by Az, so it is the identity map. Since the middle term is torsion free, H* (./T/l\ s Lpy) s

also torsion free. &
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