FOURIER-MUKAI TRANSFORM FOR SHEAVES WITH
CONNECTION ON COMPLEX TORI

HAOHAO LIU

ABSTRACT. Let A, B be dual abelian varieties. Let BY be the universal vec-
torial extension of B. Laumon and Rothstein independently lift the Fourier-
Mukai transform to D 4-modules. They prove that this defines an equivalence

of triangulated categories from the derived category Di’Oh(D 4) of coherent

D 4-modules to the derived category D’goh(oBh) of coherent sheaves on BH.

We extend their results to complex tori. As a replacement of coherent alge-
braic D-modules, we use Kashiwara’s good analytic D-modules. Moreover,
to get an equivalence we have to replace Opy by a commutative O p-algebra,
which is locally a polynomial algebra over Op. As an application, we recover
the Matsushima-Morimoto theorem that on a complex torus, a vector bundle
admits a connection if and only if it is translation invariant, and in this case,
it admits an integrable connection. Moreover, we use the Laumon-Rothstein
transform to show that the derived category DZ (D 4) of holonomic D-modules
is a rigid symmetric monoidal triangulated category under the convolution.

1. INTRODUCTION

1.1. Fourier-Mukai transform on abelian varieties. Mukai [Muk81, Sec. 2]
introduces an analog of the Fourier transform for sheaves of modules on abelian
varieties, known as the Fourier-Mukai transform. Laumon [Lau96] and Roth-
stein [Rot96] study independently its lift to sheaves with connection (integrable or
not). They both prove the Fourier inversion formula for the lift. Laumon [Lau96,
Thm. 6.3.3] applies it to investigate generalized 1-motives. Meanwhile, as an appli-
cation, Rothstein [Rot96, Thm. 3.2] recovers Matsushima’s theorem [Mat59]: every
vector bundle on an abelian variety admitting a connection is translation invariant.
Schnell’s work [Sch15] about holonomic D-modules on abelian varieties also relies
upon the lift of the Fourier-Mukai transform.

Let k be an algebraically closed field. For an algebraic variety V' over k, let
Mod(Oy) be the abelian category of Oy-modules, let D(Oy) (resp. DY(Oy))
be the unbounded (resp. bounded) derived category of Mod(Oy ). Denote by
Dy.(Ov) € D(Oy) (resp. D’ (Ov) C D*(Oy)) the full subcategory of objects
whose cohomologies are quasi-coherent (resp. coherent) Oy-modules. Let A, B be
abelian varieties over k dual to each other. Set g := dimA. Let pp: Ax B — A
and pg : A X B — B denote the projections. Let P be the normalized Poincaré line
bundle on A x B. We adopt the following sign convention for the Fourier-Mukai
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transform:
F = Rpp.(P~' @" pii—) : D(O4) — D(Op),

(1) j—_./ - R L
= Rpa«(P®" pi—) : D(OB) — D(O4).

For a triangulated category, let T denote the degree shift automorphism. Mukai
[Muk81, Thm. 2.2] establishes an analog of the Fourier inversion formula.

Fact 1.1.1 (Mukai). (i) There are isomorphisms of functors
FloFx~T79: DqC(OA) — ch(OA)a
FoF' 2T79:Dy(Op) = Dy(Op).

In particular, F' : Dqc(Op) = Dqc(O4) is an equivalence of triangulated
categories, with a quasi-inverse TIF.

(ii) The functor F': D(Og) — D(O4) restricts to an equivalence D%, (Op) —
Dgoh(OA) .

Let 0 — HY(A,QY) — B 5 B — 0 be the universal vectorial extension of B
(constructed in [Ros58, Prop. 11]). For an algebraic variety V', denote by fory :
D(Dy) — D(Oy) the forgetful functor. Let Dyc(Da) C D(D4) (resp. Db, (Da) C
D’(D4)) be the full subcategory of objects whose cohomologies are quasi-coherent
O 4-modules (resp. coherent D 4-modules). Laumon and Rothstein lift the Fourier-

transform to D-modules and establish a duality result similar to Fact 1.1.1.

Fact 1.1.2 (Laumon, Rothstein). Let A and B be dual abelian varieties of dimen-
ston g.

(i) There exist triangulated functors
F#: Dge(Ops) = Dae(Da),  F i Dge(Da) = Dqc(Ops)
such that there exist isomorphisms of functors
R, F = Ffora: Dye(Da) — Dge(OB), foraF? = F'Rr,: Dye(Ops) — Dge(O4).

(ii) ([Lau96, Thm. 3.2.1], [Rot96, Thm. 4.5]) There are isomorphisms of func-
tors

FAF 2T79: Dyo(Da) = Dge(Da),
FFieT-9. DqC(OBn) — ch(OB”)'

Thus, F* : Dge(Op:) — Dqe(Da) is an equivalence of triangulated cate-
gories.

(iti) ([Lau96, Cor. 3.1.3]) The functor F* : Dye(Op:) — Dqyc(Da) restricts to
an equivalence F* : Db, (Ops) — DY (Da).

coh

Rothstein [Rot96, Thm. 6.2] formulates Theorem 1.1.2 (iii) in a slightly different
way, which we recall. Because 7 : B! — B is an affine morphism of finite type of
schemes, Ap := m,Ops is a quasi-coherent Op-algebra of finite type. By [EGA I,
Prop. 9.6.1], an Ap-module F' is quasi-coherent if and only if F' is quasi-coherent
over Op. Let Qch(Ap) (resp. Coh(Ap)) be the category of quasi-coherent (resp.
coherent) Ap-modules. Then

s : Qch(Opt) — Qch(Ap), 74 : Coh(Op:) — Coh(Ap)
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are equivalences of abelian categories. Let Dyc(Ap) C D(Mod(Ap)) (resp. D2, (Ap) C

DP(Mod(Ag))) be the full subcategory of complexes whose cohomologies are quasi-
coherent (resp. coherent) over Ap. Then

RT(* : DQC(OBh) — DqC(‘AB)a RT(* : Di)oh(OBh) — Dgoh('AB)

are equivalences of triangulated categories. Thus, one can rewrite Theorem 1.1.2
in terms of Ap instead of Opgs.

1.2. Fourier-Mukai transform on complex tori. Let X and Y be complex tori
dual to each other of dimension g. Define the analytic Fourier-Mukai transform
F':D(Ox) — D(Oy) and F : D(Oy) — D(Ox) as in (1). In [BBP07, Thm. 2.1],
a result similar to Fact 1.1.1 is established for complex tori. As [Liu26, Thm. 5.0.1]
illustrates, one should replace the quasi-coherent sheaves in the algebraic setting
with good sheaves [Kas03, Def. 4.22] in the analytic setting. For a complex manifold
Z, let Dgood(Oz) C D(Oyz) be the full subcategory of objects whose cohomologies
are good O z-modules.

Fact 1.2.1 (Mukai, Ben-Bassat, Block, Pantev). There are isomorphisms of func-
tors

]-/]: >~ T=9 . Dgood(OY) — Dgood(OY)7
FF =2T1779: Dgood(OX) — DgOOd(OX)'

In particular, F' : Dgooa(Ox) — Dgooa(Oy) (resp. F': D, (Ox) — D%, (Oy))
is an equivalence of triangulated categories with a quasi-inverse Dgooa(Oy) —
Dgooa(Ox) (resp. DY, (Oy) — DY, (Ox)) defined by T9F.

coh coh

We lift the analytic Fourier-Mukai transform to D-modules, and give an analog of
Fact 1.1.2 for complex tori. However, instead of working with the universal vectorial
extension 7 : X! — X directly as in the algebraic case, we have to substitute O ys
with its variant Ax. In fact, the proof of Theorem 1.1.2 (ii) applies the flat base
change theorem to the cartesian square of algebraic varieties

B x Ax Bt 2, Bix A

w0 |

AxBf —— 5 A,

By contrast, [Liu26, Rk. 4.2.9] shows that the analytic flat base change theorem
[Liu26, Thm. 1.3.2] needs an extra properness assumption. Whenever g > 0, X % is
not compact, so the projection X% x Y — Y is not proper. This is why we replace
Ox: with an Ox-algebra on the compact complex manifold X. Additionally, the
Ox-algebra 7,0+ is not of finite type, and it is unclear whether it is a good sheaf
on X, while Ax C m.Ox: is a subalgebra of finite type and good over Ox.

A coherent algebraic D-module admits a global good filtration, which fails in the
analytic setup. For this reason, it is unclear whether F sends a coherent analytic
Dy-module into D%, (Ax). A coherent analytic D-module is good if it admits a
good filtration over every relatively compact open subset. Similarly, one can define
good Ax-modules. For a complex manifold Z and a (possibly noncommutative)
Oz-algebra R, let Do_g00d(R) C D(R) (resp. Dgood(R) C DY(R)) be the full
subcategory of objects whose cohomologies are good over Oy (resp. R). Let fory :

Mod(Ax) — Mod(Ox) be the forgetful functor.
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Theorem 1.2.2. Let X and Y be dual complex tori of dimension g.

(i) (Prop. 5.1.3) There is a commutative Ox-algebra of finite type Ax, and
triangulated functors

F:D(Dy) = D(Ax), F%:D(Ax)— D(Dy)
such that there exist isomorphisms of functors
forx F = Ffory: D(Dy) — D(Ox), foryF? = F'forx: D(Ax) — D(Oy).
(ii) (Thm. 5.1.4) There are isomorphisms of functors
FAF2T79: Do_good(Dy) — Do—good(Dy),
FF 2 T79: Do_gooa(Ax) = Do—good(Ax).-

Thus, Ft: Do —go0d(Ax) = Do—good(Dy) is an equivalence of triangulated
categories. ~
(iil) (Thm. 6.3.1) The functors F*: D(Ax) — D(Dy) restricts to an equiva-

lence FP : D yoa(Ax) = Db q(Dy).

Notation and conventions. For a sheaf F' on a topological space, let SuppF be
its support. For a (not necessarily commutative) ringed space (X, R), let Mod(R)
be the category of left R-modules. Let Coh(R) C Mod(R) be the full subcat-
egory of coherent R-modules in the sense of [Sta26, Tag 01BV]. Given a sym-
bol x € {0,+,—,b}, the notation D*(R) refers to the unbounded/bounded be-
low/bounded above/bounded derived category of the abelian category Mod(R) in
order. Let D* | (R) C D*(R) be the full subcategory of objects whose cohomologies
are coherent R-modules.

Let k be an algebraically closed field. An algebraic variety refers to an integral
scheme of finite type and separated over k. For a complex manifold Z and z € Z, let
ir : {z} = Z be the inclusion. Set C(;) := (i.).C, which is a coherent Oz-module
supported at z. Let X and Y be complex tori dual to each other and of dimension
g. Set g:= H'(X,Ox).

2. REVIEW OF ROTHSTEIN’S SPLITTINGS AND CONNECTIONS

For the convenience of the reader, we review [Rot97, Sec. 2.1] and adapt some
results in the algebraic setup for the analytic setup.

2.1. Categories of splittings. By [Har77, I1I, Prop. 6.3 (c)], for a complex mani-
fold Z and a (holomorphic) vector bundle M on Z, one has H'(Z, M) = Ext*(Oz, M).
Thus, every a € H*(Z, M) determines a short exact sequence in Mod(Oz)

(2) 0 M-—=E, "0, —0.
By [Sta26, Tag 05NJ], since Oz is flat over itself, for every F' € Mod(Oz), the
sequence (2) tensored with F

(3) 0= Mo, F— &, 00, F"3 F -0

remains exact.

Definition 2.1.1. Define a category Mod(Oz)a—sp as follows: the objects are pairs
(F, %), where F'is an Oz-module, and ¢ : F — £,®0, F is an a-splitting on F, i.e.,
an Oz-linear splitting of o ® Idp : £, ® F — F. The morphisms in Mod(Oz)a—sp
are Oz-linear and required to be compatible with the splittings.
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Example 2.1.2. If M = Q}, a =0 in H'(Z,Q}), and F is a vector bundle on Z,
then an a-splitting ¢ : F — & ®o, F' is exactly a holomorphic 1-form on Z with
values in End(F). The pair (F, ) is a Higgs bundle (in the sense of [Sim92, p.6])
if and only if [, 4] = 0.

Lemma 2.1.3. Fir o € H'(Z,M). For an Oz-module F, there is an a-splitting
on F if and only if i, : HY(Z,M) — HYZ,M ®0, End(F)) sends o to 0. In
that case, the set of a-splittings on F has a natural simple transitive action of the
abelian group Home,(F, M ®¢, F).

Proof. The stated map i,: HY(Z,M) — H (Z, M ®0, End(F)) is induced by the
natural morphism of Oz-modules

i: M — Homo,(F,M ®0, F), i(m)(f)=m® f.
There is a canonical evaluation morphism
ev:Homo,(FFM®0, F)Q F > M ®o, F, ¢& f— o(f).
By construction of i, the left part of the diagram

Ext! (O, Hom(F, M ®0, F)) 25 Ext'(F, Hom(F, M ®0, F) ® F}'“"S"Ext! (F, M ®0, F)
—
ZT Ext!(F,i®ldp) IdT

Ext'(Oz, M) Ext'(F,M ®0, F)

(—)eF
is commutative. One has
evo (i®Idp)(m® f) =ev(i(m) ® f) =i(m)(f) =m® f,

soevo(i®Idp): M ®p, F — M ®¢, F is the identity. Therefore, the triangle on
the right of the diagram is also commutative.

By definition, F admits an a-splitting if and only if the exact sequence (3)
splits. The extension class of (3) is « ® F € Ext'(F,M @ F). By the five-term
exact sequence associated with the spectral sequence

EY = Ext(0Oz,Ext! (F,M ®0, F)) = Ext™(F,M ®0, F),

the composition of the two morphisms on the top of the diagram is injective. This
injective map sends i,(«) to a ® F, so a ® F' = 0 is equivalent to i.(a) = 0.

For two a-splittings ¢, ¥’ on F, ' —¢p: F = £,R0, F is an O z-linear morphism.
Because of

(,U/a & IdF)'(/) = (Ma X IdF)’L/)/ = IdFa

y" — 1 factors through ker(pq, ®Idp) = M ®0, F, hence ¢’ —¢ € Homoe, (F, M ®0,
F). For every Ogz-linear morphism ¢: F — M ®¢, F, ¥ + ¢ is an a-splitting on
F'. Therefore, the action of Home, (F, M ®¢, F') on the set of a-splittings on F' is
simple transitive. (I

To each object (F,1) € Mod(Ogz)a—sp, We assign an element
(4) [¥.¢] € T(Z, (\*M) @0, End(F))
as follows. The sequence (2) induces a short exact sequence
0— A2M — N2, 3 M — 0,

where
wa(p1 A p2) = pra(p1)p2 — Ha(p2)p1
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for any local sections p; € &, (i = 1,2). The flatness of M ensures the exactness
when tensoring with F:

(5) 0= (A2M)®F — (A26,) ® F ““3 M @0, F — 0.

Let a: &, ® Eq — A2, be the morphism defined by e ® ¢/ + e Ae’. Let ¢! be the
Oz-linear composition

Ide, @y
_>

E.OF Ea @ (Ea®@F) = (Ea®@Ea) @ F "7 (26,0 F,

where the isomorphism in the middle is from the associativity of tensor product.

Lemma 2.1.4. For every (F,1) € Mod(Oz)a—sp, the composition (wo®1dp)pte: F —
M ®o, F is zero.

Proof. Locally, the vector bundle &, has a (holomorphic) frame {ey, ..., e,}. For a
local section f € F, write ¢)(f) = Y ._, e; ® f;, where the f; are local sections of F.

For every 1 <14 < r, write ¥(f;) = 22:1 e; ® f;i), where the f]@ are local sections

of F. Asy: F —- &, ® F is a section to o @ Idp : £, ® F — F, one has

(6) f=(pta @Tdp)Y(f) = Zua(ei)fi;
(7) fi = (o ®1AR)(f) = Y pales) £,
j=1

From (6), one has
(8) $(f) =D pale)p(fi):

By construction, one has !¢ (f) = Z;j:l(ei Nej)® f;l) Then

r

(@a @ TR () = 3 (alees — pales)e) © £

ij=1
=Y male) Yo e @ f7 =D e @ [ D pales) s’
i=1 Jj=1 i=1 j=1
(a) T T
= Zﬂa(ei)w(fi) - Zei ® fi
i=1 i=1
(b)
where (a) and (b) use (7) and (8) respectively. O

From Lemma 2.1.4 and (5), ¥'¢: F — (A%€,) ® F factors through (A2M) ® F,
which induces an element [, 1] € T\(Z, (A\2M) ®0, End(F)).

Example 2.1.5. Let X be a complex torus, and set g := Hl(X, Ox). One has
H'(X,g* ®c Ox) = g* ®c g = End(g).
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Hence, we assign an extension Er of Ox by g* ®c Ox and a category Mod(Ox )r—sp
to each T' € End(g). The identity element 1 € End(g) corresponds to the tautolog-
ical exact sequence

(9) 0—=g"®c0x - &5 0x —0.
We also write Mod(Ox)sp for Mod(Ox)1—sp. For every (F,v) € Mod(Ox)sp, [¥, ¥]
lies in
(X, A% g* ®@c Ox @0y End(F)) = A*g* ®@c End(F),
and we recover [Rot96, (4.8)]. Similarly, as H*(X x X,g* ® Oxxx) = End(g) &

End(g), for every pair 71,75 € End(g), the category Mod(Oxxx )7, 1,)—sp i de-
fined.

2.2. Categories of twisted connections. We review the twisted (relative) con-
nections introduced in [Rot97, p.206]. For a submersion of complex manifolds
f:Z =85, let le /s be the relative cotangent sheaf, which is a vector bundle on
Z. Letdy: Oz — le/s denote the differential relative to f : Z — S. An element

a€ HY(Z, le/s) determines an extension
O%QE/SHEQ'L&OZHO.

Definition 2.2.1. On an Oz-module F, an a-connection is an f~1(Og)-linear
splitting V : F' — &, ®o, F t0 o ® Idr : €4 ®0, F — F, satisfying the Leibniz
rule

(10) V(he) = hV(¢) +ds(h) ® ¢,

where h and ¢ are local sections of Oz and F' respectively. Let Mod(Oz) f,a—cxn be
the category of pairs (F, V), where F is an Oz-module and V is an a-connection on
F. The morphisms in Mod(Oz) f,a—cxn are Oz-linear and required to be compatible
with the a-connections.

Example 2.2.2. If « =0in H*(Z, le/s), then the a-connections are exactly the
f-relative connections. Let ©z,5 be the relative tangent sheaf for f : Z — 5,
which is the vector bundle dual to le /s Let Dy,5 be the sheaf of rings of relative
differential operators on Z/S defined in [SS94, p.9]. Define a sheaf f)Z/S of Oz-
algebras as follows, of which Dz/g is naturally a quotient. Roughly, different from
the definition of Dz/g, when defining ﬁz/ s we omit the commutation relations
between vector fields in order to describe non-flat connections.

Explicitly, let {U; };cr be an open cover of Z, and for every i € I, let {f%i), e ,fr(f)}
be a local frame of © ;5 on U;. Endow F; := OUi{éi), e ,5,9} with the multipli-
cation law satisfying the commutation relation [5((11)7 h] = ((]i)(h) forany 1 <g<mn
and local section h of Oy,. For each i,j,k € I, set U;; := U; NU; and Uy, =
U;NU; NUg. For 1 < g < n, there exists a unique tuple (fq,)r'—; in Oz(U;;) such
that fl(li)|Uij =>r, qrf,(,j). Because for every local section h of Oy

.., one has
L]

D a0 =" forl6 B =D forD (h) = €89 (h) = (€89, b,
r=1 r=1 r=1

there is a unique morphism ¢;; : F;

v,; — Fjlu,; of Oy,;-algebras mapping the
féi) to Zle qrfﬁj). Then ¢;; = Idz,. By construction, the cocycle relation ¢, =
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@jrpi; holds on Uyjp. In particular, @;; @ Filu,, = Fjlu,; is an isomorphism of
Ovy,,-algebras. By gluing the sheaves {F;}icr via the isomorphisms {¢;;}i jer, one
obtains Dy, g. For every i € I, the kernel of the surjection Dz sy, = Dz/slu, is

the bilateral ideal generated by the sections [§éi), 51)] with 1 < ¢q,7r < n.
Then Mod(Z)f,0—cxn = Mod(Dz,g). The category Mod(Oz)f,0—cxn is denoted
by Mod(Oz)exn When f: Z — S is the structure morphism Z — Specan(C).

Remark 2.2.3. Given a € H'(Z, QlZ/S)7 we explain why an a-connection is a par-
ticular kind of splittings. Let £, := &, as an abelian sheaf on Z, but with the
following Oz-module structure: For any local sections h € Oz and s € &,, we
define h e s € &, by hs + o (s)dsh. One has

(11) tia(h e 5) = hita(s).
For another local section b/ € Oy, one has
h' e (hes)="h"e(hs+ u.(s)dsh)
=h'(hs + pa(s)dsh) + po(h e s)ds(h')

(a)

=h'hs 4+ b po(s)dgh + hii (s)ds(R')

=h'hs + pa(s)ds(h'h) = (h'h) e s,
where (a) uses (11). Therefore, this construction is indeed an Oz-module structure
on &, .

By (11), pa: Eor — Oz is Og-linear, so it gives rise to an extension of Ogz-
modules

(12) 0= QY5 = E = Oz = 0.

Let o € Ext'(Og, le/s) be the extension class of (12). The passage from « to o

is to turn f~'Og-linear splittings to Oz-linear splittings. More precisely, for every
Oz-module F, giving an a-connection V : F' = &, ®o, F is equivalent to giving
an o/-splitting ¢ : F — &y ®o, F. Hence, we get an equivalence of categories

MOd(Oz)f’a_an — MOd(Oz)a/_sp.
Let Pé/s be the sheaf of principal parts of first order of f : Z — S ([EGA IV 4,
Déf. 16.3.1]). If o = 0, then (12) is the prolongation sequence

0— Q5 = Pyg = 0z = 0.

Let Mod(Oz) f,a—cxn,int be the full subcategory of Mod(Oz)f.a—cxn Of objects
whose connections are integrable in the sense of [Rot97, Remark, p.206]. Then
Mod(Oz) f,0—cxn,int coincides with MIC(f) defined in [ABC20, 4.3.7], which is fur-
ther equivalent to Mod(Dz,g).

Example 2.2.4. Let X and Y be dual complex tori, and let px : X x Y — X be
the projection. Since Q%{xy/x = p% (" ®c Ox), there is a natural morphism

Pk :End(g) = H'(X,g* ®c Ox) = H' (X X Y, Q% ,y/x)-

For every T' € End(g), the category Mod(Ox xv )py p5 T—cxn (1€8p. Mod(Ox xv)py p% T—cxn,int)
is also written as Mod(Ox xy )T—cxn (resp. Mod(Ox xy )T—cxn,int)-
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By [Rot97, pp.206-207], the Poincaré bundle P is naturally an object of Mod(Ox xy ) —1—cxn,int-
In local coordinates, the p% (—1)-connection on P is explained in [Rot96, (1.10) and
p.-575ff.], except that we use a Stein open cover of X instead of Rothestein’s affine
open cover.

2.3. Functors between categories of splittings and categories of twisted
connections. Recall that the Fourier-Mukai transform (1) is the composition of
the pullback, the tensor product with P as well as the derived direct image. Roth-
stein’s lift to modules with connection keeps an extra track of the splittings and
the connections.

Remark 2.3.1. Combining [Rot97, (2.21)] with the fact that a-connections are
kinds of splittings (Remark 2.2.3), the categories under consideration (Mod(Ox)sp,
Mod(Ox xy )T—cxn, €tc.) are equivalent to categories of modules over sheaves of cer-
tain noncommutative flat O-algebras. In particular, each of them is a Grothendieck
abelian category. By [Sta26, Tag 079P], each category has enough K-injectives.
From [HT07, Lem. 1.5.2 (ii)], each category has enough objects flat over O. By
[Sta26, Tags 070K, 079P], all the (left exact) direct image functors involved below
admit right derived functors on the unbounded derived categories.

2.3.1. Functor turning splittings to connections. Given T € End(g) and (F,v) €
Mod(Ox)r—sp, the induced morphism

px' i px F = px Er @m0, px' F
is p;(lOX—linear. By Example 2.2.4, there is a short exact sequence
0= Qxy/x = PxEr = Oxxy =0
in Mod(Ox xy). Its extension class is p%T € H' (X x Y, Q%{xy/x)' Define another
p;(l Ox-linear morphism
Vy i pxF(= Oxxy ®,10, Px' F) = DXEr ®ox,y PXF(=
. —1 —1 —1
PxET @ i0y Px = Oxxy @, 10, Px €7 @10, Px F)
by
Vi(h@s) =dpy (h) ® s+ h@ ((px ¥)(s),

where h (resp. s) is a local section of Oxxy (resp. px'F). By construction, V
satisfies the Leibniz rule (10). So it is a p% T-connection on p% F. Thus, we get the
ezact functor in [Rot97, (2.5)]:

(13) p} : MOd(Ox)T,sp — MOd(OXXy)T,CXH.

2.3.2. Tensoring with Poincaré bundle. By [Rot97, (2.10)], the functor
(14) (_) ®OX><Y 7) : MOd(OXXY)lfcxn — MOd(OXXY)Ofcxn

restricts to Mod(Ox xy )1—cxn,int = Mod(Ox xy )o—cxn,int (= Mod(Dxxy/x)). The
functor (14) is an equivalence of abelian categories, with a quasi-inverse

(7) ®OX><y ’P71 : MOd(OXXY)O—cxn — MOd(OXXY)l—cxn~
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2.3.3. Functor turning connections to splittings. For every (F,V) € Mod(Ox xy )1—cxn;
the morphism

ViF = px€ @0y, F(=px'€ @10, F)

is a p)_(lOX—linear splitting to (p)_(l,ul) ® Idp. By the projection formula (see e.g,
[KS90, Prop. 2.6.6]), the induced morphism

pX*V pX*F — & ®OX PX*F

is an Ox-linear splitting to p1 ®oy Id, ., r. Hence (px+F,px+V) € Mod(Ox)sp.
Thus, one has a left exact functor

(15) DX . MOd(OXXy)l_an — MOd(Ox)Sp.
If (F, V) is integrable, then [px.V,px.V] defined in (4) is zero.
2.3.4. Functors between the categories of connections. We define the inverse image

and the direct image of relative connections on changing bases. Consider a cartesian
square of complex manifolds

(16) lf’ 0 lf

where f : Z — S'is a submersion. By Theorem 2.2.3, for every (F,V) € Mod(Oz)¢,0—cxn,
the relative connection V : F — Q /s ®o, Fis equivalent to an Oz-linear

splitting v : F — Pé/s ®o, F to the natural projection P%/s ®o, F — F.
Then ¢™*¢ : ¢*F — P‘}V/T ®oyw ¢FF is an Op-linear splitting to the natu-
ral projection Py, ;. ®oy ¢*F — ¢*F, or equivalently, a relative connection
g*F — Q%,V/T ®0yw ¢ F. Thus, one gets an inverse image functor

(17) g/* : MOd(Oz)ﬁO_cxn — MOd(Ow)f/@_cxn.

It is right exact. By [ABC20, Sec. 5.1], the connection induced by V is integrable
if V is so.

Fix a € HY(Z, QIZ/S). By the projection formula (see e.g, [Har77, II, Ex. 5.1
(d)]), for every (F,V) € Mod(Ow)#,g*a—cxn, OnE has

g;(F Qow g/*goé) = (g;F) ®o, Ea-
Then the induced morphism
g:kv : g:kF — (g;F) ®Oz ga

is f~1(Og)-linear. Since dy : Ow — Q}c, and dy : Oz — le/s are related
by ¢*dy = dy, the induced map ¢,V satisfies the Leibniz rule (10) and hence
(0LF, 9. V) € Mod(Oz) f,a—cxn- In this manner, we get a left exact functor

(].8) g; : MOd(OW)f’,g’*afcxn — MOd(Oz)f,afcxn.
When « = 0, the functor (18) restricts to MIC(f') — MIC(f).
Example 2.3.2. Take (16) to be
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XxYy —2— Y
bo |
X ——— Specan(C).

Then p} : Mod(Oy )exn — Mod(Ox xy )o—cxn sits on the left of the diagram [Rot97,
(2.15)] and

(19) Py« : Mod(Ox xy )o—exn — Mod(Oy ) cxn
is [Rot97, (2.12)]. They restrict respectively to functors

(20) py : Mod(Dy) — Mod(Dxxy/x),
(21) Py« : Mod(Dx yy,x) — Mod(Dy).

Remark 2.3.3. Take a =0 € H*(Z, le/s). From another point of view, the mor-
phism Oz — ¢. Oy between sheaves of rings extends to a morphism ﬁz/s —
g;f)W/T. Then (17) and (18) are respectively the pullback and the pushforward
along the induced morphism (W, ﬁW/T) — (Z, ﬁz/s) of ringed spaces. By [Sta26,
Tag 0096], the functor (17) is the left adjoint to (18). Then from [Sta26, Tag 09T5],
the derived functor
Lg™ : D(Mod(Oz)f,0-cxn) = D(Mod(Ow) #7,0-cxn)

is the left adjoint to

Rg,’k : D(MOd(Ow)f/,o_an) — D(MOd(Oz)ﬁo_cxn).
3. ROTHSTEIN TRANSFORM ON MODULES WITH CONNECTION

For dual abelian varieties A, B over an algebraically closed field k£, Rothstein
[Rot96, p.571] introduces a pair of triangulated functors which interchanges sheaves
with splittings on B and sheaves with connections on A. He [Rot96, Thm. 2.2]
proves that this pair gives rise to an equivalence between the bounded derived
categories of such sheaves. We extend Rothstein’s transform to the analytic setup.
Let X and Y be dual complex tori. Let Mod(Ox)sp be the category of O x-modules
F equipped with a 1-splitting ¢ : F — £ ®o F. Let Mod(Oy )cxn be the category
of Oy-modules E equipped with a connection V : E — F ®0, Q3.

3.1. Compatibility of Rothstein transform and Fourier-Mukai transform.
The exact functor (13) induces a triangulated functor p% : D(Mod(Ox )sp) = D(Mod(Ox xy )1—cxn)-
Let

RpX* : D(MOd(OXxY)l—cxn) — D(MOd(OX)Sp)’
Rp{™ - D(Mod(Oxxy )o—exn) = D(Mod(Oy )exn)

be the right derived functors of (15) and (19) respectively. We also write Rpy . for

Rpgfim). In Theorem 3.1.1, the passage between the category of connections and

the category of splittings originates from the functors p% and Rpx..
Definition 3.1.1. For dual complex tori X and Y, define triangulated functors
F =Rpx«(P7 @0y .y Py—): D(Mod(Oy )exn) — D(Mod(Ox)sp),
8 :=Rpy«(P ®0x,y px—): D(Mod(Ox)sp) = D(Mod(Oy )exn)-
The pair (§,3’) is called the Rothstein transform for (X,Y).
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Let Do—good(Mod(Oy )exn) € D(Mod(Oy)exn) and Do_good(Mod(Ox)sp) C
D(Mod(Ox)sp) be the full subcategories of objects whose cohomologies are good
O-modules. Proposition 3.1.2 shows that the Rothstein transform is compatible
with the Fourier-Mukai transform. Let

forx : Mod(Ox)sp — Mod(Ox), fory : Mod(Oy )exn — Mod(Oy)
be the forgetful functors.

Proposition 3.1.2. For dual complex tori X and Y, there are isomorphisms of
functors

fory§ = F'forx: D(Mod(Ox)sp) — D(Oy),
forx§ = Ffory : D(Mod(Oy )cxn) = D(Ox).
In particular, the Rothstein transform restricts to functors
T Do—good(Mod(Oy ) exn) = Do—good(Mod(Ox )sp),
F': Do—good(Mod(Ox)sp) = Do—good(Mod(Oy ) exn)-

Proof. Let forxxy : Mod(Oxxy)o—cxn — Mod(Oxxy) be the forgetful functor.
All the functors (13), (14),

p_y;( : MOd(Ox) — 1\/[0(1(0_)0()/)7 P ®OX><Y (-) : MOd(OXXy) — MOd(OXXy)

as well as the forgetful functors involved in the proof are exact.
To prove the first isomorphism, it remains to show that there is an isomorphism
of functors

fory Rp\™™ = Rpy,forxxy : D(Mod(Ox xy )o—cxn) = D(Oy ).
Since fory : D(Mod(Oy )exn) — D(Oy ) is exact, forprgf:n) : D(Mod(Ox xy )o—cxn) —
D(Oy) is the right derived functor of
fory o pgff:n) : Mod(Ox xy )o—cxn — Mod(Oy).

From Remark 2.3.1, [Sta26, Tags 0096 and 08BJ], forxxy : Mod(Oxxy )o—cxn —
Mod(Ox vy ) preserves K-injective complexes. Therefore, Rpy «forx xy : D(Mod(Ox xy )o—cxn) —
D(Oy) is the right derived functor of

py*fOI‘Xxy : MOd(OXXy)O_an — MOd(Oy)

Since there is an isomorphism of functors

(cxn) ~

fory opy, " = py«oforxxy: Mod(Oxxy)o—cxn — Mod(Oy ),

one obtains the first stated isomorphism of functors. Together with [Liu26, Cor. 3.2.11],
it shows that § preserves O-goodness. The other half about § is similar. ([l

3.2. Rothstein’s theorem.

Theorem 3.2.1 (Rothstein). Let X be a complex torus of dimension g. Let Y be
the dual complex torus. Then there are isomorphisms of functors

FF=T79: Do—good(Mod(Oy )exn) = Do—good(Mod(Oy )exn),

FF 2 T79: Do_gooa(Mod(Ox)sp) = Do—gooa(Mod(Ox)sp)-
In particular, §: Do—goodMod(Oy)exn) — Do—good(Mod(Ox)sp) is an equiva-

lence of triangulated categories, with a quasi-inverse T9§": Do_gooda(Mod(Ox)sp) —
DO—good(MOd(OY)cxn)'
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We begin the proof of Theorem 3.2.1 with Lemma 3.2.2, which is a direct adap-
tion of [Rot97, Propositions 2.4, 2.5 and 3.1]. For a complex torus X, define a
morphism of complex toriex : X x X — X, (z1,22) — z2—x1. Let Ax C X x X
be the diagonal.

Lemma 3.2.2. Let X and Y be dual complex tori of dimension g.

(i) Let p12 : X x X xY — X x X be the projection to the first two fac-
tors. Then there is an isomorphism Rpis.(ex X Idy)*P = T790a, in
DP(Mod(Ox xx)(1,-1)—sp)-

(ii) Let pos : X XY XY — Y XY be the projection to the last two fac-
tors. Then there is an isomorphism Rpeos.(Idx X ey)*P = T790a, in
Db(MOd(OYXY)(Ey,O)—cxn)'

(ili) There exist isomorphisms of functors

Rp1.(0Oa, ®" ps—) 2 1d: D(Mod(Ox)sp) = D(Mod(Ox )sp),
Rp1.(Oa, @F p5—) = 1d: D(Mod(Oy )exn) = D(Mod(Oy ) exn)-

Proof. (i) The identification Rpx.P = T 9C() in D*(Ox) from [Kem9l,
Thm. 3.15] can be lifted to an isomorphism in D?(Mod(Ox)_1-sp). As
stated in the last sentence of the proof of [Vig21, Prop. 2.1.21], a morphism
of modules with splittings (or connections) is an isomorphism whenever the
underlying morphism of O-modules is so. By [Liu26, Thm. 1.3.2] applied
to the cartesian square

Xx X xYy X2 x vy

£ |px

XxX —= 5 X,

the natural morphism €% Rpx.P — Rpi2+(ex x1y)*Pin Db(Mod(OXXX)(l
is mapped to an isomorphism in Dé’oh (Oxxx), so itself is an isomorphism.
(ii) The proof is similar to that of Part ().
(iii) The proof is similar to that of [Liu26, Lem. 5.1.1]. |

Proof of Theorem 3.2.1. We shall use the projection formula and the flat base
change theorem for modules equipped with connections or splittings. The compar-
ison morphisms are constructed from the adjunction between the derived inverse
image and the derived direct image in Remark 2.3.3. Similar to Proposition 3.1.2,
one can prove that these comparison morphisms are compatible with the compar-
ison morphisms of the underlying O-modules. Thus, ignoring the connections and
splittings, one needs to prove that the comparison morphisms of O-modules are
isomorphisms. (This type of arguments can also be found in the proof of [Vig21,
Prop. 2.1.21, Thm. 2.1.33].)

Let p; (i = 1,2) be the projections X x X — X. Let p;; be the projections
of X x X xY. By the universal property of the Poincaré bundle, there is an
isomorphism

(22) Pl P @ phaP = (ex x Idy)*P

,*1)*Sp)
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in Mod(X x X X Y)(1,—1)—cxn- Now we adapt the proof of [Rot97, Thm. 3.2] to the
analytic case and add more details. There are isomorphisms

35 :RPX*(Pil ® py Rpy«(P @ px—))
(a)
S Rpx« (P! @ Rpi3.phs(P @ pi—))
(b)
= Rpx. Rp13« (P13 P~ @ p33(P @ px—))

= Rp1. Rp12.((p13P " ® p33P) ® phspx —)
(c)

~ Rp1+Rp12+((ex x Idy )"P @ plops—)

@
S Rp1«(Rpiz«(ex x Idy )*P @ pi—)

(e) ~ NG
ZRp1(T790ax @ py—) =T77

of functors Do_good(Mod(Ox)sp) = Do—good(Mod(Ox)sp). Here, (a) uses the
goodness of P®p% (—) over Ox xy and applies the flat base change theorem [Liu26,
Thm. 1.3.2] to the cartesian square

XxXxY 2, xxY

P13l 0O lpy

XXY ——Y.
Py

The isomorphisms (b) and (d) rely on the projection formula [Spa88, Prop. 6.18].

Finally, (c), (e) and (f) are from (22), Theorem 3.2.2 (i) and (iii) respectively.
Thus, the second stated isomorphism is proved. Similarly, using Theorem 3.2.2

(ii), one can prove the first stated isomorphism. O

3.3. Matsushima’s theorem. For a complex torus ¥ and a point y € Y, let T, :
Y — Y be the translation by y. A vector bundle E on Y is homogeneous it TjE = E
for every y € Y. Matsushima [Mat59, Thm. 1] shows that a holomorphic principal
bundle on Y admits a holomorphic connection if and only if it is homogeneous.
Matsushima’s proof of the “only if” part utilizes the Lie algebra of holomorphic
vector fields. Rothstein [Rot96, Thm. 3.2] uses the Fourier-Mukai transform to
prove a parallel result in the algebraic setting. He shows that over an algebraically
closed field k of characteristic 0, a vector bundle on an abelian variety admitting
a connection is homogeneous. Inspired by Rothstein’s method, for a vector bundle
with a connection (E,V) on Y, we use the Rothstein transform to prove a slightly
stronger result that the pair (F, V) is translation invariant. Conversely, we shall use
the Laumon-Rothstein transform to show that every homogeneous vector bundle
on Y admits an integrable connection in Theorem 5.2.1 below.

Proposition 3.3.1 (Matsushima). Let E be a coherent sheaf on a complex torus
Y with a holomorphic connection V : E — E ®o, Q.. Then for every y € Y,
T, (E,V) is isomorphic to (E,V). In particular, E is a homogeneous vector bundle.

The proof of Theorem 3.3.1 relies on Lemma 3.3.2, which is a complex analytic
analog of [Rot96, Lem. 3.1]. Rothstein’s proof relies on the fact that every positive
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dimensional projective variety contains a curve. By contrast, a positive dimensional
complex torus may not contain any 1-dimensional analytic subset. For this reason,
we have to replace Rothstein’s argument with [Liu26, Lem. 6.3.5]. Let F be an Op-
module on a complex manifold M. For every x € M, let T(F,) be the set of s, € F},
such that there is a nonzero g, € O,y With g8, = 0. Then T'(F) := Uzem T (Fy)
is an Ops-submodule of F, called the torsion of F'.

Lemma 3.3.2. Let F be a coherent sheaf admitting a 1-splitting on a complex
torus X. Then F is finitely supported.

Proof. Suppose to the contrary that Supp(F) is infinite. By [CAS, p.76], Supp(F)
is an analytic set in X. Then dim Supp(F') > 1. Let C be an irreducible component
of Supp(F) of maximal dimension. Write ¢ : C'— X for the inclusion.

By [Liu26, Lem. 6.3.5], there is a connected compact Kéhler manifold Z and a
morphism h : Z — X such that h(Z) = C and F” := F'/T(F’) is a vector bundle
on Z of positive rank r, where F/ = h*F. As X is a complex torus, its Albanese is
X itself. The morphism of Albanese tori alb(h) : Alb(Z) — X contains a translate
of C in its image. Since dim C > 0, alb(h) : Alb(Z) — X is nonzero. Therefore, the
dual morphism of complex tori h* : Pic’(X) — Pic’(Z) is also nonzero. However,
we claim that its tangent map at origin h* : g — H'(Z,0) is zero.

Let & = h*E. By [Sta26, Tag 05NJ], because Ox is flat over itself, pulling back
(9) to Z and tensoring with F”’, one has a short exact sequence of Oz-modules

(23) 0—=g*®@cF =& ®o, F' - F"—0.
Since &’ is a vector bundle on Z, one has

& F
— g/ F//.
Tear) ©°
Then a 1-splitting ¢: F — £ ®o, F induces a splitting ¢': F” — &' ®p, F" of
(23).
Let 8: Oz — End(F") be the natural morphism. By Lemma 2.1.3, the compo-
sition

Idg« ®h* Idg«®H"'(Z,8)
— —

End(g) g* @c H'(Z,02) g* @c H'(Z,End(F"))

sends 1 € End(g) to 0. Therefore, the map H*(Z,3) o h* : g — H*(Z,End(F")) is
zero. The morphism 7 : End(F") — Oz which takes trace satisfies 708 = r - Ido,,.
Then h* = 17, HY(Z, B)h* = 0 as maps g — H'(Z,0z). The claim follows. This

gives a contradiction. O

Proof of Proposition 3.3.1. By Proposition 3.1.2, fory : D(Mod(Ox)sp) = D(Ox)
sends §(E, V) to an object isomorphic to F(F). From [Liu26, Cor. 3.2.11], F(E)
lies in D%, (Ox). Then by Lemma 3.3.2, for every integer i, the support of H'F(E)
is finite. As there exist only finitely many i € Z with H'F(E) # 0, there is an
open subset U C X with P,|y = Oy which contains the supports of all H'F(E).
By Lemma 7.5.1 below, there is an isomorphism §(7,(E,V)) = §(E,V) ®ox P,
in D(Mod(Ox )sp). By the choice of U, F(E,V) ®o P, is isomorphic to §(E, V).
Then by Theorem 3.2.1, T}y (E, V) is isomorphic to (£, V) in Mod(Oy ) cxn- O
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4. LAUMON-ROTHSTEIN SHEAF OF ALGEBRAS

Let X, Y be complex tori dual to each other of dimension g. As a difference be-
tween the algebraic and the analytic case, when lifting the Fourier-Mukai transform
from Oy-modules to Dy-modules, we have to replace Oy with an Ox-algebra Ax
to ensure that the lift remains an equivalence. In the algebraic case, Rothstein
[Rot96, p.576] explains how Oy and Ax give rise to equivalent derived categories,
which fails in the analytic setup. Let £ be the tautological extension of Ox by
g" ®c Ox in (9).

4.1. Construction of the Ox-algebra Ax. We recall the sheaf Ax from [Rot96,
p.576]. In the notation of (9), fix a C-basis {w!,...,w?} of the C-vector space

H(Y,Q}) =g =T(X,g" ® Ox) C T'(X,€).

By Cartan’s Theorem B (see, e.g., [KK83, Sec. 52, Thm. B]), for each Stein open
subset U C X, one has H*(U,g* ®c Ox) = 0. Thence (9) induces a short exact
sequence

0— g* ®cOx(U) = EU) L Ox(U) — 0.
Whence, there is p € E(U) with p(p) =1 € Ox(U). For two such pairs (U, p) and
(U, p) with UNU # 0, one has pu(p—p) = 0 € Ox (UNU), so j—p € g*RcOx (UNT).
There exists a unique tuple fi,..., f; € Ox(UN U) such that

g
pop=) W ®f

i=1
in EUNU).

Definition 4.1.1. For each chosen pair (U, p) as above, introduce independent
variables 7, ..., 2% and put

-AX‘U = OU[,%T,...,LL‘S].

For another choice (U, 5) with the tuple (fi,..., fq) as above, we glue Ax|y and
Ax|g by the rule

(24) (@ = 2)lyns = fi
The resulting sheaf Ax is a sheaf of commutative Ox-algebras of finite type. As
an Ox-module, Ax is good and locally free.

Let
059" > X5 X 50
be the universal vectorial extension of X constructed in [Liu23, (22)]. Then X¥ is
the moduli space of flat line bundles on Y. In coordinate-free terms, Ax C 7,0 xy
is the Ox-subalgebra of sections whose restriction to each fiber of 7 : X! — X is a
polynomial on g*. For every integer m > 0, let Ox:(m) C Oxs denote the subsheaf
of sections whose restriction to the fibers of m are homogeneous polynomials of
degree m. Similar to [Bj693, Def 1.6.1], there exists a sheaf of graded rings Olxy) =
Sm>00x:(m)(C Ox:) on X% Then Ax = m.Ox:) and ['(X, Ax) = C.

Remark 4.1.2. Different from the analytic case, if X is an abelian variety, then the
notation Ax in [Rot96, p.576] refers to the algebraic direct image 7, O xu. Morally,
this difference also lies between algebraic and analytic D-modules. For a complex
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manifold or a smooth algebraic variety V', let p : T*V — V be the natural projection
of the cotangent bundle. Denote by GDy the associated graded ring of the degree
filtration on Dy. From [HTO07, p.57], in the algebraic case GDy is p.Or+y. By
contrast, in the analytic case, GDy is the Oy-submodule of p,Or+y of sections
whose restriction to each fiber of p : T*V — V is a polynomial.

Remark 4.1.3. The sheaf of rings Ax is functorial in X in the following sense. Let
¢ : X' = X be a morphism of complex tori. Let ¢ : ¥ — Y’ be its dual morphism
of complex tori. By [Liu23, Prop. 5.4.7], it induces a morphism ¢° : X"% — X% of
complex Lie groups fitting into a commutative diagram

0 — HOY', QL) X X 0
0 —— HO>Y, QL) Xi T X 0.

For each local section h € O|xu, the local section (¢%)*h € Oxn restricts to a
polynomial on each fiber of 7/: X’% — X’. Indeed, this restriction is the ¢*-pullback
of the restriction of h to a fiber of 7: X% — X. Therefore, the natural morphism
Oxy — qSiOXm restricts to a morphism Ojxs) — (;SEO[X/”. The resulting morphism
of ringed spaces (X9, Oixr)) — (X8, O|xx)) descends to another morphism of ringed
spaces

(25) ¢:(X/,AX/)—>(X,Ax),
which is compatible with the morphism ¢ : (X', Ox/) — (X, Ox) of ringed spaces.

In particular, there is an isomorphism of functors forx Ro,. — Ro.forx:: D(Ax:) —
D(Ox). If M is an Ox-module, then

(26) Lé*(Ax ®ox M) = Ax @0, Lo™M.

4.2. Properties of Ax. Notice that Ax has a natural increasing degree filtration
{Ax(m)}m>0, where

Ax(m) = m(8]LOx: (7))
is the Ox-submodule of Ax of polynomials of degree at most m. Then Ax(0) =
Ox, Ax(1) = &Y, and every Ax(m) is a locally free Ox-module of finite rank.
Moreover, for any integers m,n > 0, one has

Ax(n)Ax(m) = .Ax(n + m)

Thus, Ax is a sheaf of positively filtered rings (in the sense of [Bj693, p.459, p.464])
on the complex torus X.

We review some terminology from [Bj693, A:III]. A coherent sheaf of rings on
a locally compact Hausdorff space is called noetherian if every increasing sequence
of ideal sheaves is stationary over relatively compact subsets ([Bjo93, 2.24, p.470]).
Let R be a commutative filtered ring. If the subring @,z R, T of R[T, T~ is a
noetherian ring, then R is called a noetherian filtered ring.

Definition 4.2.1 ([Bj693, A.IIL, 1.7, Def. 1.11, 1.19]). A filtration on an R-module
M is a family of additive subgroups {M, },ez such that
Mv C M’U+1; Rk;Mv C Mk;+v; UUMU = M.

This filtration is called separated if N,ez M, = 0, and called good if B,czM,T" is
a finitely generated @,cz R, T -module.
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A zariskian filtered ring is a noetherian filtered ring such that all the good
filtrations on every finitely generated module are separated. A filtered sheaf of
rings is called stalkwise zariskian if every stalk is a zariskian filtered ring ([Bj693,
Def. 2.6, p.465]).

Lemma 4.2.2. For a complex torus X, the sheaf of rings Ax is coherent and
noetherian. The sheaf of filtered rings Ax is stalkwise zariskian.

Proof. By (24), the graded ring associated with the degree filtration of Ax is
(27) GAx = @mZQAx(m)/Ax(m — 1) = Sym(g) ®Rc Ox = OX[-rh - ,acg].

Here for each chosen pair (U, p) as in Section 4.1, z;|y € T'(U, Ax(1)/Ax(0)) C
I'(U,GAx) is the image of 2! € T'(U, Ax(1)). From [Bj679, Thm. 1.26, p.460],
Ax is stalkwise zariskian. The other part follows from [Bj679, Prop. 1.27, p.460,
Thm. 2.7, p.465]. (See also the proof of [Bj693, Thm. 1.2.5].) O

In view of the difference mentioned in Remark 4.1.2, the statement of [Rot96,
Prop. 4.4] is slightly modified as Fact 4.2.3. For every Ax-module F and every
chosen pair (U, p) as in Section 4.1, define 47, : F(U) — E(U) ®o ) F(U) by

g
Y (s) =p®s+ Zwihj ® (2s).
i=1
Then (1 ® Idr) (¥ (s)) = s. In light of (24), the family {¢f;},,) glues to a 1-
splitting ¢p : F' = £ ®o, F. One has Yp = Y4, ®a, Idr. By commutativity of
Ax and [Rot96, (4.9)], one has [¢r,¢F] = 0.
Fact 4.2.3. The resulting functor Mod(Ax) — Mod(Ox)sp induces an equivalence
of abelian categories from Mod(Ax) to the full subcategory of Mod(Ox)sp of objects
(F. ) with [1,] = 0.
From Fact 4.2.3 and the proof of [Rot96, Prop. 4.1], the functor (13) restricts

to an exact functor p% : Mod(Ax) — Mod(Ox xy )1—cxn,int- Similarly by [Rot96,
Prop. 4.2], the functor (15) restricts to a left exact functor

(28) px« : Mod(Ox xy)1—cxn,int — Mod(Ax).
5. LAUMON-ROTHSTEIN TRANSFORM

For dual complex tori X and Y, we lift the Fourier-Mukai transform on Oy-
modules to a functor on Dy-modules, which is an analytic analog of the transform
introduced by Laumon [Lau96] and Rothstein [Rot96]. As an application, we re-
prove Morimoto’s theorem that every homogeneous vector bundle on Y admits an
integrable connection.

5.1. Properties of Laumon-Rothstein transform.
Definition 5.1.1. Define functors
F = Rpx.(P7' @6, ., Py =) : D(Dy) = D(Ax),
F¥ = Rpy.(P @b, pk—) : D(Ax) = D(Dy),

where Rpy. : D(DXXY/X) — D(Dy) (resp. Rpx« : D(Mod(Oxxy)1—cxn,int) —
D(Ax)) is the right derived functor of (21) (resp. (28)), and p} : D(Dy) —
D(Dxxy,x) is induced by the exact functor (20). The pair (F, F¥) is called the
Laumon-Rothstein transform for (X,Y).
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Example 5.1.2. Let L be a line bundle on Y equipped with an integrable connec-
tion V. Let z € X% be the corresponding point. The 7,0 x3-module m.C(2) is nat-

urally an Ax-module. Its underlying Ox-module is C(.). One has Fi (mC(z)) =
(L, V).

Proposition 5.1.3. For dual complex tori X and Y, let
fory : Mod(Ax) — Mod(Ox), fory : Mod(Dy) — Mod(Oy)
be the forgetful functors. Then there exist isomorphisms of functors
fory F¥ = F'fory : D(Ax) — D(Oy),
forx F = Ffory : D(Dy) — D(Ox).
In particular, the Laumon-Rothstein transform restricts to functors
F: Do—good(Dy) = Do_good(Ax),  F*: Do_good(Ax) = Do—good(Dy).

Proof. The proof is similar to that of Proposition 3.1.2, as Ax (resp. Dy ) is flat
over Ox (resp. Oy). O

Theorem 5.1.4 (Laumon, Rothstein). There are isomorphisms of functors

]:-h]} =T79: Dofgood(DY) - DO*EOOd(DY)’
]:-]:-h ~T79. Dofgood(AX) — DOfgood(-AX)'
In particular, F: Do—good(Dy) — Do—good(Ax) is an equivalence of triangulated

categories, with a quasi-inverse T9F?: Do—go0d(Ax) = Do—good(Dy).

Proof. With Proposition 5.1.3, the proof is similar to that of Theorem 3.2.1. g

Proposition 5.1.5. There are isomorphisms of functors

}N—(DY ®éy _) = -AX ®éx ]:(_) : Dgood(OY) — DOfgood(AX%

ﬁh(AX ®éx _) = DY ®éy II(_) : Dgood(OX) — DO—good(DY)-
Proof. The result follows from Proposition 5.1.3, Theorem 5.1.4 and Fact 1.1.1 (i)
as in the proof of [Rot96, Thm. 6.1], ¢f. [Lau96, Prop. 3.1.2, Cor. 3.2.4]. O

For z € X (resp. y € Y), let P, = Plyxy (resp. Py, = P|xxy,) be the pullback
line bundle on Y (resp. X). For a complex manifold Z and a point z € Z, let
i, : 2 — Z be the inclusion. Then i, C is a Dz-module.

Corollary 5.1.6. For any x € X andy €Y, one has

F(Dy @0y C(y)) = Ax @0y Py, TIF(Dy @0, P:) = Ax ®0y Cea),
TIFYAx ®ox P—y) = Dy ®0, C(y) =iy1C, F'(Ax ®0y, C(»)) = Dy ®0o, P

Proof. By [HT07, Example 1.6.4], one has Dy ®o, C(,) = iy4C. The result follows
from Theorem 5.1.4, Proposition 5.1.5, Fact 1.2.1 and [Liu26, Lem. 2.0.9]. O
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5.2. Application of the Laumon-Rothstein theorem. Theorem 5.2.1, due to
Matsushima [Mat59, Thm. 1] and Morimoto [Mor59, Thm. 2], is a converse to
Proposition 3.3.1. For abelian varieties, Nakayashiki [Nak94, Prop. 5.9] gives a
proof using the Fourier-Mukai transform and the existence of ample line bundles.

Theorem 5.2.1. A homogeneous vector bundle on a complex torus admits an in-
tegrable connection.

The proof of Theorem 5.2.1 needs Lemma 5.2.2, a converse to Lemma 3.3.2.

Lemma 5.2.2. Let F' be an Ox-module with finite support on a complex torus X.
Then F admits a structure of Ax-module.

Proof. As m: X% — X is a submersion and Supp(F) is finite, there exists an open
neighborhood U C X of Supp(F) and a morphism of complex manifolds s : U — X©
that is a local section to m : X% — X. Let ¢ : U — X be the inclusion. Applying =,
to the morphism of sheaves of rings Ox: — 5.0y, one gets a morphism 7,0 xt —
txOp. As Ax is an O x-subalgebra of 7,0 x4, this endows ¢,Opy with an A x-module
structure.! Since Idp ® 1# : F — F ®0, 1Oy is an isomorphism of Ox-modules,
I also obtains an Ax-module structure. O

Proof of Theorem 5.2.1. Let E be a homogeneous vector bundle on Y. Set F :=
HIF(E) € Mod(Ox). According to [Liu26, Prop. 6.3.3] and Fact 1.1.1, one has
E = H°F'(E) and Supp(E) is a finite subset of X. By Lemma 5.2.2, F has an Ax-
module structure. By Proposition 5.1.3, the Oy-module underlying HOF4(E)
Mod(Dy) is isomorphic to E, so E carries an integrable connection. a

We recover a slight generalization of Morimoto’s theorem [Mor59, Thm. 2, p.91].

Corollary 5.2.3 (Morimoto). Let Y be a complex torus. Let E be a coherent sheaf
on Y admitting a connection. Then E is a vector bundle admitting an integrable
connection.

Proof. Tt follow from Proposition 3.3.1 and Theorem 5.2.1. (]

6. GOOD MODULES

In the algebraic case, Laumon and Rothstein independently prove that the
Fourier-Mukai transform lifts to an equivalence of the bounded derived category of
coherent D-modules. For dual complex tori X and Y, however, it is unclear whether
the Laumon-Rothstein transform F restricts to a functor D%, (Dy) — D% | (Ax).
Nevertheless, we can show that F restricts to an equivalence for smaller categories
of good Ax-modules and of good Dy-modules. Every holonomic Dy-module is
good, so the bounded derived category D’ . (Dy) of good Dy-modules is suffi-

good
ciently large for our application.
6.1. Good Ax-modules and good Dy-modules. We define good A x-modules.

We also review several definitions of good D-modules in the literature, and show
that they are equivalent.

LThis example shows that the coherence hypothesis in Lemma 3.3.2 is necessary.
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Definition 6.1.1. Let R be a positively filtered sheaf of rings on a complex man-
ifold Z such that the associated graded ring G'R is coherent. Let M be a coherent
left R-module. A filtration on M is an increasing sequence of subsheaves { M, },cz
satisfying Uy,ezM, = M and RyM, C My, for all integers k > 0 and v. This
filtration is called
e B-good ([Bj693, Remark 2.16, p.467]) if for every x € Z, there exists an
open neighborhood U, a finite set {my,...,ms} C I'(U, M) and integers
k1,..., ks such that M, |y = >"7_| Ry_k,m; for all integers v.
e locally good ([Meb89, Prop. 2.1.12 (i)]) if every M, is coherent over Oy,
and if for every x € Z, there is an open neighborhood U of x and an integer
ko > 0 such that R, My, = My, 4, on U for all integers m > 0.

Similar to [HT07, Prop. 2.1.1], using (27) one can show that a filtration M, on
a coherent Ax-module M is B-good exactly when it is locally good. In that case,
we call My a good filtration on M. From [HT07, Thm. 2.1.3 (i)], on a complex
smooth algebraic variety V', a coherent algebraic Dy-module admits a globally
defined good filtration. By contrast, on the complex manifold C* x CP', Malgrange
[Mal04, p.405] constructs a coherent analytic D-module that does not admit any
global good filtration.

Definition 6.1.2. On a complex manifold Z, an Oz-module F' is called

e countably quasi-good ([KS97, p.942]) if every compact subset of Z has an
open neighborhood U such that F|y is the union of an increasing sequence
of coherent Op-submodules.

e quasi-good ([KS16, p.12]) if for every relatively compact open subset U C Z,
the restriction F|y is a sum of coherent Oy-submodules.

A Dz-module M is called

e good coherent if for every relatively compact open subset U of Z, there is
a finite filtration {My}rez of M|y such that each quotient My /My_; is
a coherent Dy-module admitting a good filtration ([Sai89, p.369], [SS94,
p.10] and [KS96, p.43)).

e S-quasi-good ([KS96, p.43]) if for every relatively compact open subset
U C Z, the restriction M|y admits a filtration {M, },cz by coherent Dy-
submodules such that each quotient M, /M, _1 admits a good filtration and
M, =0 for v < 0.

Proposition 6.1.3. Let M be a coherent Dz-module on a complex manifold Z.
Then the following conditions are equivalent.

(i) For every relatively compact open subset U of Z, there is a coherent Oy -
submodule F C M|y with Dy - F = M|y.
(ii) For every relatively compact open subset U of Z, the Dy-module M|y ad-
mits a good filtration.
(iii) The Dz-module M is good coherent.
(iv) The Dz-module M is S-quasi-good.
(v) The Oz-module M is countably quasi-good.
(vi) The Oz-module M is good.
(vii) The Oz-module M is quasi-good.

Proof. The implications (ii)=-(iii), (v)=-(vi) and (vi)=(vii) are direct. See [Bj©693,
1.4.10] for (i)=(ii).
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(iii)=-(iv) For every relatively compact open subset U of Z, consider the filtration
{My} in the definition. By induction on k, one proves that each Mj is
Dyr-coherent.

(iv)=(v) By [Bj693, Cor. 1.4.6], as every quotient M, /M, 1 admits a good fil-
tration, it is countably quasi-good. By induction on v and using [KS97,
Lem. 2.1.1], one proves that every M, is countably quasi-good. Therefore,
for every integer v, there is an increasing sequence {M/};>1 of coherent
Oyp-submodules of M, with M, = Uklef. For every integer k > 1,
let M* := 37, <, M}. By [Sta26, Tag 01BY], M* is a coherent Op-
submodule of Mj. Then

M = UyezM, = Uyez Uis1 M = Up> MF,

so M is countably quasi-good.

(vii)=-(i) Let U be a relatively compact open subset of Z. Because M is a finite type
Dyz-module, for every € U, there is a relatively compact open neighbor-
hood U(z) C Z of x, an integer n(xz) > 1 and sections

{si h<i<n@) CT(U(z), M)
generating the Dy (;)-module M|U(I). By compactness of U, the open cover
{U(z)},ep of U has a finite subcover {U(z;)}1<j<r. Then V = Uj_,U(z;)
is a relatively compact open subset of Z containing U. By Condition (vii),
one may write M|y =) .; Ga, where [ is an index set, and each G, is a
coherent Oy -submodule of M|y .

For every z € U, there is an open neighborhood V (z) C U(z) of z, such
that for each 1 < i < n(x), 57|y (g is in I'(V(x), Ga(g,:) for some index
a(x,i) € I. By compactness of U again, the open cover {V(z)},cp has a
finite subcover {V(z})}1<k<m. Then

F = Z Ga(xl i)

1<k<m,1<i<n(z})

is a finite type Oy -submodule of M|y . By Lemma 6.2.4 below, it is coherent
over Oy . Moreover, one has Dy - F|ly = M|y. O

Proposition 6.1.4. Let M be a coherent Ax-module on a complex torus X. Then
M is good over Ox if and only if there is a coherent Ox-submodule F' C M with
Ax - F=M.

Proof. The proof is similar to that of Proposition 6.1.3. (|

Let the sheaf of rings R be either Dz on a complex manifold Z or Ax on the fixed
complex torus X. A coherent R-module is good if the underlying O-module is good.
For example, by Lemma 4.2.2 and [Bj693, Thm. 1.2.5], the left R-module R is good.
It is unclear whether every coherent analytic D-module on a compact complex
manifold is good. Let Good(R) C Coh(R) (resp. D2,,q(R) C D¢,_,00a(R)) be the
full subcategory of good R-modules (resp. objects whose cohomologies are good

R-modules). By Proposition 6.1.3, the category Dgood(DZ) is what Bjork denotes
by Db, (Dz)s in [Bj693, p.119].

coh
On a complex manifold Z, a coherent D z-module is holonomic if its characteristic
variety is of (minimal) dimension dim Z. Malgrange ([Mal94, p.35], [Mal96, p.367],

see also [Sabll, Thm. 4.3.4 (2)]) proves that every holonomic Dz-module M is
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generated by a coherent O z-submodule, so M is a good Dz-module. Let D (D) C
D(Dy) be the full subcategory of objects with holonomic cohomologies. The good
Dy-module Dy is not holonomic whenever g > 0.

6.2. Basic properties of good modules. Let R be either Dz on a complex
manifold Z or Ax on the fixed complex torus X.

Lemma 6.2.1. The functor R®o, (—) : Mod(Oz) — Mod(R) is exact. It restricts
to a functor R ®o, (—) : Coh(Oz) — Good(R), and induces a t-exact functor

R®(I§Z (_) : Dgoh(OZ) - Dgood(R)'
Proof. Tt follows from [Liu26, Prop. 3.1.5 (2)], [Bj693, Thm. 1.2.5] and Lemma
4.2.2. ([l

Lemma 6.2.2. The category Good(R) is a weak Serre subcategory of Mod(R). In

particular, Dgood(’R) is a triangulated subcategory of D*(R).

Proof. The first half is a combination of [Kas03, Prop. 4.23], [Sta26, Tag 01BY]
and [Sta26, Tag 0754]. The second half follows from [Yek19, Prop. 7.4.5]. O

For a morphism of complex manifolds f : M — N, let fy : D(Dy) — D(Dn)
denote the direct image functor of D-modules ([Bjd93, 2.3.12]).

Lemma 6.2.3. Let f: W — Z be a proper morphism of complex manifolds. Then
f+ : D(Dw) — D(Dyz) restricts to a functor Do—_good(Dw) — Do—good(Dz)-

Proof. Take M € Do_good(Dw). By [Sabll, Remark 3.3.4 (4)], f+ : D(Dw) —
D(Dygz) has finite cohomological dimension. So by [Har66, I, Prop. 7.3 (iii)], to
prove f1 M € Do_good(Dz), one may assume M € Mod(Dyw ). Define a morphism
1:W—=>WxZ, w~ (w,f(w)), which is a closed embedding. Let ¢ : Wx Z — Z
be the projection. By [Sabll, Thm. 3.3.6 (1)], one has f; = ¢4i4. By [Bj693,
Prop. 2.4.8], one has f; M = Rq. DRy z/z(i4 M)[dim Z]. By [Liu26, Thm. 3.2.1],
as each term of the relative de Rham complex DRy 7,7 (i+ M) is Ow x z-good and
supported on W, one has Rg. DRy z/z(i+ M) € Dgo0a(Oz). |

On a complex manifold Z, an Oz-module F' is pseudo-coherent if for every open
subset U of X, every finite type Opy-submodule of F|y is of finite presentation
([Kas03, Def. A.5]).

Lemma 6.2.4. If M is a coherent R-module, then M is pseudo-coherent over Oy.

Proof. By [Meb89, Prop. 2.1.9] and its analog for Ax, for every point « € Z, there
exists an open neighborhood U of « in Z and a good filtration on M|y. By [Bj693,
Cor. 1.4.6], M|y is the sum of an increasing sequence of coherent Oy-submodules.
Hence M|y is good over Oy. By [Liu26, Lem. A.4.1 (1)], the Oy-module M|y is
pseudo-coherent. As pseudo-coherence is a local property, M is pseudo-coherent
over Oy. O

Lemma 6.2.5. Let M be a good R-module. Let N be a finite type R-submodule of
M. Then N is good over R.

Proof. By [Sta26, Tag 01BY (1)], N is coherent over R. For every relatively
compact open subset U of X and every & € U, there is an open neighborhood
U(z) C X of 2, an integer n(z) > 0 and sections {s;(x)}1*) ¢ T'(U(x), N) generat-
ing the R|y(z)-module N|i (). The open cover {U(z)},cp of U has a finite subcover
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{U(x;)}72,. Let No be the Oy-submodule of N[y generated by the finitely many
local sections

{si(zj) h<jcm1<i<n(a))-
Then Nj is a finite type Opy-module. By Lemma 6.2.4, because M|y is good over
R|vu, the Oy-module Ny is coherent. By construction, one has R|y - Ng = N|y.
Therefore, the R-module N is good by Propositions 6.1.3 (in the case R = Dyz)
and 6.1.4 (in the case R = Ax). O

6.3. Laumon-Rothstein transform preserves goodness.
Theorem 6.3.1. For dual complex tori X and Y of dimension g, Fu D(Ax) —

D(Dy) restricts to an equivalence D°. 4 (Ax) — Db _.(Dy), with a quasi-inverse

- good good
T9F - Dgood(Dy) - Dgood(AX)'

Proof. (i) For every coherent Oy-module F', we prove ]}(Dy®éy F)e Dgood (Ax).
By Proposition 5.1.5, one has F(Dy ®5, F) = Ax®§, F(F). By Fact 1.2.1, one
has F(F) € D%, (Ox). From Lemma 6.2.1, one gets Ay ®5 F(F) € Dgood(.AX).
(ii) We prove that for every good Dy-module M and every integer i, the Ax-
module HF(M) is good.
We use the descending induction on ¢ € Z. By Theorem 5.1.3, the Ox-module
underlying H*F(M) is isomorphic to H*F(M). By Lemma 6.3.2, if i > 2g, then
H!F(M) =0 and hence H'F(M) = 0.
Assume the statement for ¢ + 1. By Proposition 6.1.3, there is a coherent Oy -
submodule ' € M with Dy - FF = M. Let M’ be the kernel of the natural
epimorphism Dy ®o, F — M, so that

(29) 0+ M — Dy ®o, F— M —0

is a short exact sequence in Mod(Dy ). By Lemma 6.2.1, the Dy-module Dy ®¢,. F'
is good. By Lemma 6.2.2, so is M’. From (29), one has an exact sequence

H'F(M') - H'F(Dy ®o, F) — H'F(M)
—H"'F(M') - HT F(Dy ®0, F)
in Mod(Ax). By (i), the Ax-module Hf']:"(Dy ®oy F) is good for j € {i,i + 1}.
By the inductive hypothesis, so is H**1F(M’).
Let G := ker (Hi+1ﬁ(M/) — H F(Dy ®0, F)). By Lemma 6.2.2, the Ax-
module G is good (hence of finite type). The sequence (30) yields an exact sequence
H'F(Dy ®0, F) — H'F(M) = G — 0,

so H'F (M) is a finite type Ax-module for every good Dy-module M. In particular,
as M’ is good over Dy, H'F(M') is a finite type Ax-module.

Let N :=im (Hi]-'(M’) — H'F(Dy ®o0, F)) It is a finite type Ax-submodule
of the good Ax-module Hi]:"(Dy ®o0y F). By Lemma 6.2.5, the Ax-module N is
good. The sequence (30) yields an exact sequence

0— N — H'F(Dy ®0, F) = HF(M) = HY'F(M') - H*' F(Dy ®0, F).

By Lemma 6.2.2, the Ax-module H* F(M) is good. The induction is completed.
From (ii), Lemma 6.2.2 and [Har66, I, Prop. 7.3 (i)], F: D(Dy) — D(Ax)

restricts to a functor Dgood (Dy) — Dgood(AX). Similarly, using Proposition 6.1.4,

(30)
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2 ‘ot b b
one can prove that F? restricts to a functor Dgood(Ax) = Dgyoq(Dy). By Theorem
5.1.4, the restrictions are equivalences. (I

The proof of Theorem 6.3.1 needs a cohomological dimension estimation for the
Fourier-Mukai transform.

Lemma 6.3.2. Let X and Y be dual complez tori of dimension g. Then for every
Ox-module F, one has F'(F) € DI29(Oy). Similarly, for an Oy -module G, one
has F(G) € DI%29(Ox).

Proof. By left exactness of the functor py. : Mod(Oxxy) — Mod(Oy), one has
HF'(F) = 0 for every integer i < 0. For every y € Y, let M be the restriction of
P ®@0xyy PxF to X x y as a sheaf. By the proper base change theorem (see e.g.,
[Mil13, Thm. 17.2]), for every integer j, one has HF'(F), = HI(X x y, M). By
[KS90, Prop. 3.2.2 (iv)], if j > 2g, then H’ (X xy, M) = 0. Therefore, H’ F'(F) = 0.
The other part is similar. ([l

We outline another application of the Laumon-Rothstein transform. For a com-
plex torus X of dimension g, let II(X) := Hom(m(X), C*) be the group of charac-
ters of 71 (X). It is naturally a linear algebraic group over C isomorphic to G29. For
every x € II(A), let L, be the corresponding local system on X. One can recover
a special case of the generic vanishing theorem [BSS18, Theorem 1.1] for complex
tori. For complex abelian varieties, the result is due to Kramer, Weissauer [KW15,
Theorem 1.1] and Schnell [Sch15, Proposition 18.2] independently.

Theorem 6.3.3. Let X be a complex torus. Let K € D% X,Cx) be a perverse
sheaf on X. Then there is a dense Zariski open subset U C II(X), such that for
every x € U and every i # 0, one has H (X, K ®c L) = 0.

Proof. Using Theorem 6.3.1 and Malgrange’s theorem [Mal94, p.35], one can prove
the result by following Schnell’s strategy of [Sch15, Proposition 18.2] in the algebraic
case. (]

7. RELATIONS WITH OTHER FUNCTORS

The properties [Muk81, (3.1), (3.4), (3.8)] of the Fourier-Mukai transform have
analogs for the Laumon-Rothstein transform.

7.1. Duality. Let Z be a complex manifold. Denote by A®Z the duality functor
RHomo, (-,w,")[dim Z] : DY, (0z)°° — DY, (Oz). The duality functor on Dz-
modules APZ : D(Dz)°P — D(Dy) is defined by APz F = G[dim Z], where G is the
complex of left Dz-modules associated with the complex RHomp, (F, Dz) of right
Dz-modules. By [Bjo93, Def. 2.11.1], APz restricts to a functor D%, (Dz)°P —
Db, (Dz), and the natural transformation Id — APzoAPz: Db (Dz) — Db | (Dy)

coh
is an isomorphism of functors.

Lemma 7.1.1. For a complex manifold Z, AP? : D(Dz)°® — D(Dy) restricts to

a functor Dgood(Dz)op - Dgood(DZ)-

Proof. Let F be a coherent Oz-module and N := Dz ®0, F. By [Bjo93, (ii), p.122],
there is G € DY, (Oz) with AP?N = Dz ®0, G. By Lemma 6.2.1, APZN €
Dgood(DZ)'

Take M € Dgood(DZ). By [Har66, I, Prop. 7.3 (i)], to prove APz M € Dgood(DZ),
one may assume M € Good(Dz). By Proposition 6.1.3 and the exactness of
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Spencer’s complex [Bj693, Thm. 1.5.8], for every relatively compact open subset
U C Z, there is a finite length exact sequence in Mod(Dy):

0— Dy ®o, F7" = -+ — Dy ®o, F* — M|y — 0,

where each F is a coherent Oy-module. For every i, one has APV (Dy ®¢,, F?) €

Dgood(DU). By Lemma 6.2.2, one has (APZM)|y = APU(M|y) € Dgood(DU)
Hence, APz M lies in Dgood(DZ). O

Lemma 7.1.2. Let Z be a complex manifold.
(i) The functor APz : D%(Dz)°P — D% (Dy) is an equivalence of triangulated
categories.
(ii) Let M be a coherent Dz-module. Then M is holonomic if and only if
H(APzM) =0 for all integers i # 0.

Proof. For algebraic varieties, analogous results are stated as [HT07, Cor. 2.6.8
(iii), Prop. 3.2.1]. From [HTO07, p.101], all the arguments in [HT07, Sec. 2.6] are
valid for analytic D-modules. O

For a complex torus Y, wy is isomorphic to Oy. Therefore, by [Bj693, (ii),
p.122], there is an isomorphism of functors

APY(Dy @6, —) = Dy @6, (A9 =): Doy (Oy) = Dign(Dy ).
Define the duality functor A4x : D?(Ax )P — D(Ax) as
AAX = TIRHom A, (—, Ax).

It restricts to a functor DY, (Ax) — Db, (Ax). Similar to Lemma 7.1.1, it restricts
to a functor DY 4(Ax) = Dfyoq(Ax).

good
Proposition 7.1.3. There are isomorphisms of functors

FAPY 2 13T 9AA% F : DY o(Dy) = Dlgoa(Ax).

good
APY Fre 13 TIFPAAX DY i(Ax) = Dhyoa(Dy).

Lemma 7.1.4. On a complex manifold Z, for any objects K,L € D(Oz) and
M € D_, (Oz), the natural morphism (provided by [Sta26, Tag 0BYS])
(31) K ®%_ RMomo, (M,L) — RHomo,(M,K @5 L)

is an isomorphism in D(Oz).

Proof. By [Har66, I, Prop. 7.1 (ii)], one may assume M € Coh(Oz). By [Sta26,
Tag 08DL] and [GHT78, p.696], one may shrink Z such that M admits a globally
free resolution F'* — M, where the complex F'® is

00 ... 508 =0 =0
with Og" placed in degree —i. The morphism (31) is identified with
K ®%, Homo, (F*,L) — Homo, (F*, K ®& L),
which is an isomorphism. O

Lemma 7.1.5. There is an isomorphism of functors

AN (Ax ®G, —) =2 Ax ®5, (A°X—): Db, (0x)°P — DL, (Ax).
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Proof. By [Rot96, (6.2)], there exist isomorphisms

AAx (Ax ®(L)X —):=T9RHom, (Ax ®(L)X — Ax) 2 TIRHomo, (—, Ax)
of functors Db, (Ox)°P — DP, (Ax). By Lemma 7.1.4, this functor is isomorphic
to TYRHomoy (—, Ox) @5, Ax = Ax ®§ (AOx ). 0

Proof of Theorem 7.1.3. The result can be deduced from Theorem 7.1.5, Propo-
sition 5.1.5 and [Liu26, Prop. 6.1.5], in the same way that [Rot96, Prop. 6.3] is
proved. O

Theorem 7.1.6 (Rothstein). Let X be a complex torus of dimension g. Let F €
good('AX) be an object such that FU(F) is concentrated in a single degree i € Z.

Then Hl}'h( ) is holonomic if and only if FIAAXF is concentrated in degree g—1i.

Proof. The result follows from Proposition 7.1.3 and Theorem 7.1.2 (ii), in the same
way how Theorem 6.5 follows from Propositions 6.3 and 6.4 in [Rot96]. O

Example 7.1.7. Let F = T9Ax € Dgood(.AX). By Corollary 5.1.6, one has

]:h( ) = Dy ®0, C(g). One has AAXF = Ay, and FIAAXF is concentrated in
degree g. Then by Theorem 7.1.6, the Dy-module Dy ®¢, C(g) is holonomic.

7.2. Pullback and pushforward.

Pr0p0s1t10n 7.2.1. Let f : X' — X be a morphism of complex tori, with dim X' =
g. Let f : Y — Y’ be the morphism dual to f : X' — X. Let f : (X', Ax/) —
(X, Ax) be the induced morphism of ringed spaces (25). Then there are isomor-
phisms of functors

Lf*F¥ = FRf. : Do—gooa(Ax') = Do—good (Dy );
REF 2 T979 FLf* : Do-good(Dy+) = Do-good(Ax),
]:Ier = Lf '7: Dgood(DY) - DEOOd(AX/);
er]:h 79 —g]:h/Lf Dgood(AX) - DgOOd(DY,)'

Proof. One can prove the first isomorphism using [Liu26, Prop. 3.1.2 (2), Thm. 4.2.7,
(19)]. The third isomorphism can be proved using [Bj693, Thm. 2.8.1, 2.8.7, 2.11.8],
(26) and Theorem 6.3.1. By Theorem 5.1.4 (resp. Theorem 6.3.1), the second (resp.
last) isomorphism follows from the first (resp. third). O

7.3. External tensor product. For two complex manifolds U, V, let
(32) (7) Xo (+) : MOd(DU) X MOd(Dv) — MOd(DUX\/)

be the exact external tensor product bifunctor ([Bjo93, 2.4.4]). By exactness, it
induces a triangulated bifunctor

(33) D(Dy) x D(Dy) — D(Duxy).

Remark 7.3.1. By [Bjo93, 2.4.13], the bifunctor (32) restricts to bifunctors
Coh(Dy) x Coh(Dy) — Coh(Dyxv), Good(Dy) x Good(Dy) — Good(Dyxv).
Then by [Har66, I, Prop. 7.3 (i)], the bifunctor (33) restricts to bifunctors

D}y, (Du) X D2op (Dv) = D2y (Duxv)s  Dyooa(Dur) X Dgooa(Dv) = Digoq(Duxvy)-
By [Bj693, p.139)], it also restricts to a bifunctor DY (Dy) x D} (Dy) — D% (Dyxvy).
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Lemma 7.3.2.

(i) Let U,V,Z be complex manifolds. Let f : U — V be a proper morphism.
Then the natural transformation

f+(=)®o (+) = (f xIdz)+ (=Ko +) : Do—good(Dv) X D(Dz) = D(Dyxz)

s an isomorphism.
(ii) Let f; : U; = V; (i =1,2) be two proper morphisms of complex manifolds.
Then the natural transformation

(fi+—) Ho (fo++) = (f1 x f2)+(— Ko +):
Dofgood(DUl) X Dofgood(DUg) — Dofgood(Dvl ><V2)
s an isomorphism.

Proof. Using [Liu26, Lem. 6.1.3] (in place of [HT07, Lem. 1.5.31]), Lemma 6.2.3
and [Sabl1l, Thm. 3.3.6 (1)], one can argue as in [HT07, Prop. 1.5.30] to prove the
result. d

For a complex torus X, let forx : Mod(Ax) — Mod(Ox) be the forgetful
functor. Let X’ be another complex torus. Set X" = X x X'. Write u : X" — X
and v’ : X” — X' for the projections. Let Y’, Y” be the dual of X’ and X"

respectively. For an Ay-module F' and an Ax/-module G, denote 4" F' ®4,,, e
by F'X 4 G. By construction, one has

Axrn =Ax o Ax = u" " Ax ®,-10, v Ax/

(34) 3 1
=0xx X' @u-10x@cu 10y (U Ax @cu’ "Ax).

Since the v 'Ox ®c v/~ 1Ox,-module Oxy x+ is flat, so is the u ' Ax ®@c vt Ax/-
module Ax». As
FRAG=Axr @u-taxeow-—1ay, (W F @cu'™G),
the bifunctor
— X4+ :Mod(Ax) x Mod(Ax:) — Mod(Ax)

is exact in both arguments. Consider the diagonal morphism § : X — X?2. There
is a canonical isomorphism of bifunctors

(35) L& (—Ma+) = (-) @4, (+): D(Ax) x D(Ax) — D(Ax).

Although the tensor product of two A x-modules is different from the tensor product
of the underlying O x-module, Lemma 7.3.3 shows that external products do agree.
It is used in the proof of Lemma 7.3.4.

Lemma 7.3.3. For a product of complex tori X" = X x X', there is an isomor-
phism of bifunctors

fOI‘X//(f X4 +) = (fOI‘Xf) Xo (fOI‘X/+) : MOd(Ax) X MOd(AX/) — MOd(OX//).
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Proof. There are isomorphisms of functors Mod(Ax) — Mod(Ox):

forxra* ::(uilf) Ru-1A4x Axcrr

U_l_) ®u—1AX (U_lAX ®u—lox ’U,/*AX/)
uil_) Qu-10x UI*AX/
U_l — ®u_1OxOX”) ®Ox” UI*AX/
U*fOI'X—> ®OX” ’U,I*AX/,
where (a) uses (34). Similarly, there is an isomorphism of functors forx u’ =
u* Ax ®0,, u*forx:- : Mod(Ax:) = Mod(Ox). One has isomorphisms of bifunc-
tors
forx(— ®a +) = (") @y, (0 +)
~(u*forx — @0, 4" Ax) Bur Ao, u A (1" Ax @0, u*forx:+)
=(u*forx —) ®o,.,, (u*forx/+)
2:(fOI‘X7) Xo (fOI‘X/+).
([l

Lemma 7.3.4. Let (F',F¥) and (F',F¥') be the Laumon-Rothstein transforms
for (X')Y") and (X", Y") respectively. Then there are isomorphisms of bifunctors

F'(=Wo +) = (F=) B4 (F'+): Do—good(Dy) X Do—gooa(Dy') = Do—good(Ax~),
F(~Ha+) = (F'—) Ko (FY+): Do—good(Ax) X Do—good(Ax+) = Do—good(Dyr).
Proof. Tt follows from [Liu26, Prop. 6.1.2], Lemma 7.3.3 and Proposition 5.1.3. O
7.4. Convolution and tensor product. For the dual complex tori X and Y, let
m:X?— X and p: Y2 = Y be their respective group law. Let m : (X2, Ax2) —

(X, Ax) be the morphism of ringed spaces induced by m : X? — X via Remark
4.1.3.

Definition 7.4.1 (Convolution, [Lau96, p.22]). Define bifunctors
*p : D(Dy) x D(Dy) = D(Dy), (=) *p (+) = py (=BG +),
#41 D(Ax) x D(Ax) = D(Ax), (=) *a (+) = Rinu(— K +).
By [Bj693, Thin. 2.8.1, 2.8.7, 3.2.13 (3)], [Sab11, Thm. 4.4.1] and Lemma 6.2.3,
as ju: Y2 — Y is proper, py: D(Dy2) — D(Dy) restricts to functors
Dgood(DYQ) - Dgood(DY)a Do —good(Dyz) = Do-good(Dy) DZ(DYQ) - DZ(DY)~

Together with Remark 7.3.1, this implies that the bifunctor xp restricts to bifunc-
tors

Dgood(DY) X Dgood(DY) - Dgood(Dy),
Do—_good(Dy) X Do—_good(Dy) = Do—good(Dy ),
D} (Dy) x Dy(Dy) — D}(Dy).
As an example of the convolution of D-modules, for every y € Y, there is an
isomorphism of functors (iy4+C) *p (=) — T, : D(Dy) — D(Dy).
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Lemma 7.4.2. The pair (D(Dy),*p) is a symmetric tensor triangulated category
(in the sense of [Ball0, Def. 3]) with unit Dy ®o, C().

Proof. Let i : {0} < Y be the inclusion of the origin. Then Dy ®o, C(y) = i,C.
There are isomorphisms

(i+C) *p (=) =p+((i+C) Mo —)
(a)
2 (i % 1y )+ (C 8o )
(b)
=ldy+ =Idp(py)

of functors D(Dy) — D(Dy), where (a) and (b) use Theorem 7.3.2 (i) and [Sabll,
Thm. 3.3.6 (1)] respectively. Therefore, Dy ®0, C(q) is the unit. The other axioms
can be verified as in [Wei07, pp. 10-11]. O

Proposition 7.4.3. For dual complex tori X and Y, F : (Dgood(Dy),*D) —
(Dgood(Ax), ®4,) is a strong monoidal functor (in the sense of [SS03, Def. 3.3]).

In fact, there are canonical isomorphisms of bifunctors

j:(_ *D +) = (ﬁ_) ®ix (]:-"i_) : Dgood(Dy) X Dgood(DY) - Dgood(AX);

(]}h_) *D (]:“h_|_) = ngj:'h(_ ®,Izlx +) : Dgood(AX> X Dgood(AX) - Dgood(DY);
]}h(* * A +) = (‘/—?u*) ®éy (ﬁh+) : DO—good(AX) X DO—good(AX) — DO—good(DY);
(]}_) *A (ﬁ+) = T_gj_:.(_ ®éy +) : DOfgood(DY) X DOfgood(DY) — DOfgood(AX)'
Proof. It follows from (35), Theorems 5.1.4 and 6.3.1. O

Theorem 7.4.4 is a complex analytic analog of Weissauer’s result [Weill] for
perverse sheaves on abelian varieties.

Theorem 7.4.4. For a complex torus 'Y, both (Dgood(Dy), *p) and (D% (Dy),*p)
are rigid symmetric monoidal triangulated categories. In fact, for every M &

Dgood(Dy), the functor (—)xp M : Dgood(Dy) — Dgood(Dy) admits a right adjoint

([ APY M) *p (-).

Proof. By [Sta26, Tag 08DJ], for every object N € Dgood(.AX), the functor (—)®%
N : Dgood(.AX) — Dgood(AX) admits a right adjoint RHom, (NV,-). By [HuyO06,
p.84], the right adjoint is naturally isomorphic to T-9A4x (N) ®ﬁx (=). The result
follows from Propositions 7.1.3 and 7.4.3. U

7.5. Translation and multiplication. For dual complex tori X and Y, let px: X X
Y — X be the projection. Denote by p% : Mod(Ox) — Mod(Dxxy,x) the pull-
back functor of relative D-modules. For every y € Y, there is an isomorphism
T(’B}y)P =P R0xyy PPy in Mod(X X Y)_1_cxn,int- By [Rot97, (2.10)], there is an
equivalence of abelian categories

P ®OX><y (_) : MOd(DXXY/X) — MOd(OXXY)—l—cxn,imr
Lemma 7.5.1. There are isomorphisms of functors
FoT; = F(-)®oy Py: D(Dy) — D(Ax),
Fio(—®oy Py) 2 T; o F*: D(Ax) — D(Dy).

Similar results hold for the Rothstein transform.
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Proof. Arguing as in [Muk81, (3.1)], one can deduce the isomorphisms from the
projection formula. ([l

Proposition 7.5.2. For a line bundle equipped with an integrable connection (L, V)
on'Y, let z € X" be the corresponding point. Then there are isomorphisms of
functors

(36)  F(—®o, (L,V)) 2 F(=) x4 mC(s) : Do—good(Dy) = Do—good(Ax),
(37) fh(_) ®OY (L7V) = fh(_ * A W*C(z)) : Dofgood(AX) — DOfgood(DY)~

Proof. By Example 5.1.2 and Theorem 5.1.4, one has F(L, V) = T797.C.y. Then
(36) follows from the last isomorphism in Theorem 7.4.3. By Theorem 5.1.4, (36)
implies (37). O

APPENDIX A. ANOTHER PROOF OF RIGIDITY OF CONVOLUTION

We give another proof of Theorem 7.4.4, which does not use the Laumon-
Rothstein transform. This proof is inspired by Weissauer’s strategy for perverse
sheaves on abelian varieties [Weill], but it is not a strict translation of Weissauer’s
proof via the Riemann-Hilbert correspondence, so that we can handle good D-
modules that are not holonomic.

Second proof of Theorem 7.4.4. Define an automorphism of complex torus f : Y2 —

Y2, (a,b) = (a+ b> —a). Then pif = p, pof = [~1]yp1 and puf = pz. One has
Lf Oy2 = Oy2 in D (DyQ)
For any objects F,G € Dgood(Dy), there are canonical bijections

Hompe = (py)(F'*p M, G) :=Hompy  (p,) (4 (F ®o M), G)

(a)

:HomD(Dy2)(F |Z|O M, TgM*G)

(b)

=Homp(p,,)(Oy2, AP (FRo M) @6, T9p*G)

(c)

=Homp(p, ,)(Oy2, (APY F) Ko (APY M) @6, TIp*G)

Oy=,piAPYF @b | psAPY M ®f_, TOu"G)

Y2)

(
:=Homp(p,,)(
—Homp(p, .)(f*Oyz, f* (PIAP F @b , ;sAPY M 0}, TI0'G))
=Hompp, ,)(Oy2, n* APY F @5 Lo Pil= ]YADYM®OY2 T9p5G)

—Homp(p, ,) (Oya,Tgu APYF b | ([-15APY M Ro G))

(@

:HOH]D(DY2) (Oyz,TgADy (N*F) ®éy2 ([71];ADYM Xo G))
(o)

=Hompp,,) (1" F, T([-1] APY M Ko G))

()

=Homp(p, ) (F, p+ ([-1]5-APY M Ko G))

(8)
:Honguod(Dy)(F7 ([_1];ADYM) *p G)
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Here (a), (c), (d), (f) and (g) use [Bjo93, Thm. 2.11.8], Proposition A.0.1, [Kas03,
Thm. 4.12], [Kas03, Thm. 4.40] and Lemma 7.1.1 in order. Both (b) and (e)
use [Kas03, (3.13)]. As the bijections are functorial in F' and G, the adjunction
follows. O

The above proof of Theorem 7.4.4 needs the commutativity of duality with ex-
ternal tensor product for D-modules.

Proposition A.0.1. Let Z; (i =1,2) be two complex manifolds. Then there is an
isomorphism of functors

(AP# )R (APZ2 4) = AP#4x% (—Ko+) : D¢y (Dz,) % Deo (D) = Deon(Dzy x2,)°P-

coh coh

Proof. For a complex manifold Z, the sheaf Dy ®c, D is naturally a Cz-algebra,
and Dy is naturally a left Dz ®c, Dy’-module. By [HT07, p.39], for N; € D(Dgor),
there is a natural isomorphism in D(D%, , ):

(38) Ni1Ko No = (N1 ®c N2) ®p, 8.0y, Dz,x25-

First, we construct the natural transformation. Take M; € D, (Dz,).

Claim A.0.2. Then there is a natural morphism in D®((Dz, K¢ Dz,)P):
f{HO’mDZ1 (Ml, DZ1) IXC R’HOTTZDZ2 (Mg, DZ2)

39
( ) _>R,H0mDZIIZICDZ2(M1 ‘Z(C ]\42,1321 |E(C DZQ)~

Claim A.0.3. There is a natural morphism in D*(D% , ):

RHomp, ®.p,, (M1 Wc M2, Dz, K¢ Dz,) ®p, ®:D,, Dzix2,

(40)
—>R’HomDZ1xCDZ2 (M1 ®c Ma, Dz, xz,).

Again, there is a natural morphism in Db(DOZ}:Xzz):
(41) RHomp, ®.p,,(M1®c M2, Dz, xz,) = RHomp,, . ,, (M1 ®o M2, Dz, xz,),

which can be defined by taking a Dz, x z, ®c DY, , -injective resolution of Dz, x z,.
Composing the morphisms (38), (39), (40) and (41) in order, one gets a natural

morphism in Db(D%I; Zy):

.R/HO’I’RDZ1 (]\417 DZ1) &O RHOTTLDZ2 (MQ,DZZ)

(42)
—RHomp, , , (Mi®o M, Dz, xz,).

By [Har66, I, Prop. 7.1 (i)], to show that (42) is an isomorphism, one may
assume M; € Coh(Dg,) for both ¢ = 1,2. By shrinking Z; and using [KS90,
Prop. 11.2.6], one may find a bounded resolution of M; by free Dz ,-modules of finite
rank. Thus, one may further assume that M; = Dy,. By [HT07, Eg. 2.6.3], since
Wz, x2, = Wz, Mo wz, in Mod(DY’, ), in this case (42) is an isomorphism. [

Proof of Claim A.0.2. Take a Dz, ®c Dy -injective resolution Dz, — I?. Then
I? Mc I3 is a complex of modules over
(43)  (Dz, ®c D)) Wc (Dz, ®c DY) = (Dz, Ke Dz,) ®c (Dz, Ke Dz,).

By [Sta26, Tag 013K (2)], there exists an injective resolution I K¢ I3 — I* (hence
an induced injective resolution Dz, B¢ Dz, — I*) over (43). The natural morphism
Dz, — Dz, @c DY is flat, so every injective Dz, ®c D3 -module is injective over
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Dy,. Similarly, every term of the complex I® is injective over Dz, K¢ Dz,. Then
(39) is defined to be the composition of the natural morphisms
’HomDZI (Ml, Il.) Xc Hoszz (MQ, 12.) — r}‘[OT?’LDZ1 XcDz, (Ml X Ms, Il. D) 12.)
— HOTI’LDZ1|Z|CDZ2 (Ml ‘XC Mg, I.)

One can show that it is independent of the choices of injective resolutions. O

Proof of Claim A.0.3. Take an injective resolution Dz, K¢ Dz, — J* over (43).
By [Sta26, Tag 013K (2)], over (Dz, K¢ Dgz,) ®c Dy, ,, there exists an injective
resolution J*®p, ®.p,, Dz, xz, — K*. Then (40) is defined to be the composition
of the natural morphisms

Homp, ®ep,, (M1 B M2, J*) ®p, 0Dy, Dzix2,
—Homp, ., (M1 ®c M2, J* ®p, ®:D,, Dz,x2,)
—Homp, ®.p,, (M1 Hc Mz, K*®).
One can show that it is independent of the choices of injective resolutions. O
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