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Abstract

Grothendieck conjectures that for every algebraic variety X over C,
the singular cohomology H*(X**,C) is canonically isomorphic to the
infinitesimal cohomology H;;(X/C), so that infinitesimal cohomology
provides a purely algebraic way to compute singular cohomology, even
for singular varieties. Hartshorne introduces the de Rham cohomology
Hpr(X/C), and shows that it is also isomorphic to H*(X**,C). We
prove the folklore comparison isomorphism Hii¢(X/C) = Hpg(X/C).
Combined with Hartshorne’s theorem, it provides a new proof of Grothendieck’s
conjecture. The definition of Hpg (X/C) is extrinsic, and the isomorphism
gives it an intrinsic interpretation. The comparison result is proved for
more general coefficients (crystals). It also incorporates the comparison
of the infinitesimal filtration with the Hodge filtration.

‘We work out several fundamental properties of infinitesimal cohomology
over a general base scheme in characteristic 0, parallel to those of crystalline
cohomology in characteristic p > 0. Some examples are given to illustrate
certain properties of crystalline sites that fail for infinitesimal sites.

1 Introduction

For a complex algebraic variety X, let X?" be the complex analytification. Let
H*(X?* C) be its singular cohomology. Let Q;(/(C be the de Rham complex of
algebraic differential forms. Its hypercohomology Hjp (X/C) := H*(X, Q% /(C)
is called the algebraic de Rham cohomology of X. Over a field of characteristic
0, the algebraic de Rham cohomology is a Weil cohomology theory (see, e.g.,
[Sta25, Tag OFWC]). In characteristic p > 0, it no longer has reasonable
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properties, roughly because of d(zP) = 0. To construct a satisfactory p-adic
cohomology, Grothendieck [Gro68] uses a “topology” for which locally means
“differentiably”. In characteristic 0, this topology is know as the infinitesimal
site, which provides an alternative to differential forms. Let H}:(X/C) be the
infinitesimal cohomology of X associated with the infinitesimal site Inf(X/C).
Grothendieck ([Gro66, Theorem 1’| and [Gro68, Theorem 4.1]) offers a purely
algebraic way to compute the singular cohomology. He shows that if X is
smooth, then there are canonical isomorphisms H; (X/C) = Hjz(X/C) =
H*(X? C). Grothendieck [Gro68, Conjecture 4.2] conjectures that even if X
is singular, H ((X/C) = H*(X?", C) still holds. According to [HL71, p.98], the
conjecture is proved by Deligne, whose proof remains unpublished. We give a
new proof of Grothendieck’s conjecture.

Theorem 1.1 (Theorem 14.1). Let X be a scheme locally of finite type over C.
Then there is a canonical isomorphism H.(X/C) = H*(X?* C).

inf

For an embedded X, i.e., admitting a closed immersion X — Y into a
smooth variety Y over C, Hartshorne introduces another de Rham cohomology
HER(X/C). He shows that this group is independent of the choice of the
embedding, and establishes a comparison isomorphism

Higr(X/C) =2 H*(X*,C). (1)

For a general X which may not be embeddable, the theory is technically more
difficult, as sketched in [Har75, Remark, p.28]. We shall give a proof of the
folklore comparison theorem of infinitesimal cohomology and Hartshorne’s de
Rham cohomology. Combined with (1), Theorem 1.2 implies Theorem 1.1.

Theorem 1.2. Let S be a locally Noetherian scheme of characteristic 0. Let
i: X =Y be a closed immersion of schemes over S, with'Y smooth over S. Let
Q;//s be the formal completion of Q;,/S along X. Then for every i > 0, there is

a canonical isomorphism Hi .(X/S) = HY(Y, Q;,/S).

In Theorem 11.2 (b), we show a comparison result for the infinitesimal
cohomology with coefficients in a crystal. The special case with the structure
crystal Ox/s gives Theorem 1.2. We also compare the natural infinitesimal
filtration on infinitesimal cohomology with the Hodge filtration on de Rham
cohomology. If X is smooth proper over C, then the infinitesimal filtration
FiH! .(X/C) agrees with the Hodge filtration F4H!(X?*",C) (Corollary 11.11).
For a singular proper complex variety X, the infinitesimal filtration is finer
than the Hodge filtration (Remark 14.2 (b)). The infinitesimal Chern class
e KO9(X) — Hipf(X/(C) has image in FPHEHZ}(X/C), so the infinitesimal
cohomology imposes more constrains on the Chern classes of singular varieties.

Grothendieck introduces stratifications as linear counterparts of non-linear
differential operators, and assigns a special sheaf, called crystal, on Inf(X/S5)
to every stratified Oy-module. Thus, he constructs a linearization functor
L, which turns differential operators of Oy-modules to linear morphism of



crystals. The de Rham complex S, /s is a complex of differential operators
of order < 1. By a kind of Poincaré lemma, the linearization L(Q;,/S) of
the the de Rham complex is a resolution of the infinitesimal structure sheaf
Ox/s. This gives Hyio(X/S) = Hiyp(X/S,L(,5)). The Cech-Alexander
technique computes cohomology in a topos. In this way, Grothendieck computes
H{(X/S, L(Q,5)) by unfolding the Cech-Alexander complex CA;/(L(Q;,/S))
of the linearized complex L(€5, ).

In characteristic p, the definition of infinitesimal site using nilpotent thickenings

can be modified to crystalline site ([Gro68, p.351]). Berthelot [Ber74] shows that
it establishes a p-adic Weil cohomology, known as the crystalline cohomology.
As [Ber74, p.11] mentions, compared with crystalline cohomology, the extra
technicalities of infinitesimal cohomology arise from inverse limits related to the
nilpotence condition. On the crystalline side, the Cech-Alexander complex CA$.
is the evaluation at a particular object of the crystalline site Cris(X/S), namely
the divided power infinitesimal neighborhood of infinite order Dx (Y') ([Ber74,
I, Définition 4.1.7]). On the infinitesimal side, however, the corresponding
infinitesimal neighborhood of infinite order Ax(Y') is a formal scheme and no
longer a scheme. Although not an object of Inf(X/S), it is represented by a
direct system (A% (Y));>o in Inf(X/S) comprised of infinitesimal neighborhoods
of finite order. For this reason, the definition of CA$- in infinitesimal cohomology
contains an inverse limit. Similarly, the crystalline linearization functor is
defined using the structure sheaf of Dy (Y xgY'), while to define the infinitesimal
linearization, Grothendieck replaces it with the limits of the inverse system of
structure sheaves of (AL (Y xsY))i>o.

Several problems with the inverse limit functor are that it is not right exact,
and does not commute with tensor product. An inverse limit of quasi-coherent
sheaves may not be quasi-coherent. Inverse limit of sheaves may not commute
with pullback.

Remark 1.3. Bhatt and de Jong [BJ11, Remark 3.7] sketches another strategy to
proving Theorem 1.2, without stratifications nor linearizations. For crystalline
site, they give a vanishing theorem [BJ11, Theorem 3.2] for the crystalline sheaf
of differentials. This cohomological vanishing result reduces the crystalline
version of Theorem 1.2 to affine case, which in turn is proved with a Cech-
theoretic approach. An infinitesimal analog of the vanishing theorem for the
infinitesimal sheaf of differentials is [Cor03, Proposition 7.9] (see also [CHWO09,
Theorem 1.9]). The strategy in [BJ11, Remark 3.7] also counts on the Cech-
Alexander technique, so carrying it out shall lead to similar technical problems
with inverse limits.

Notation

For an abelian category A, let Ch™(A) (resp. Ch="(A)) be the category of
bounded below cochain complexes (resp. complexes in non-negative degrees)
over A. For a topological space X, let Ab(X) be the category of abelian sheaves
on X. Given a category C, let PSh(C) be the category of presheaves on C,



i.e., functors C°? — Set. For a site S, let Sh(S) be the category of sheaves
on §. Let e be the presheaf assigning the singleton {+} to all objects of S.
Then e € Sh(S) and is a final object of PSh(S). The global section functor
Sh(S) — Set is I'(Sh(S),-) := Homgy(s)(e,+). For a ringed site (C,Oc), let
Mod(O¢) = Mod(C, O¢) be the category of Oc-modules on C.

For an integer n > 0 and an immersion of schemes X — Y, let A% (Y) be
the n-th infinitesimal neighborhood of X in Y. Let P (Y) be the structure
sheaf of the scheme A% (Y). Let Px(Y) := lim,, >0 P¥(Y) be the completion of
Oy along X in the sense of [GD71, Définition 10.8.2], where each P%(Y) is a
pseudo-discrete sheaf of rings. Then Px(Y) is an Oy-algebra supported on X.
By [GD71, Proposition 10.6.3], the topologically ringed space (X, Px(Y)) is a
formal scheme, denoted by Ax(Y).

Remark 1.4. From [GDT71, Proposition 10.8.3], if X — Y is a closed immersion
defined by an ideal sheaf I of finite type, then Ax(Y') is an adic formal scheme,
which is called the formal completion of Y along X.
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2 Infinitesimal site

We recall the infinitesimal site, infinitesimal topos, the structure sheaf, the
infinitesimal ideal sheaf, etc. We only emphasize differences compared with
crystalline cohomology theory. If a result for crystalline cohomology has an
analog for infinitesimal cohomology and can be proved similarly, we use it
directly.

Fix two universes U and V with U € V.. Let f: X — S be a morphism of
schemes. Recall the infinitesimal site Inf(X/S) introduced in [Gro68, p.331].

Definition 2.1. Define a category Inf(X/S) as follows. An object of it is a finite
order thickening U — T over S, where U is a Zariski open subset of X, and T
is an S-scheme belonging to U. By a covering family {(U;, T;) — (U, T)}icr, we
mean that for every ¢« € I, T; — T is an open immersion, and T = U;cT;.

FromU € V, Inf(X/S) is asmall site in V. Let (X/.S)int be the corresponding
topos, called the infinitesimal topos of X over S. For a description of sheaves
of sets on Inf(X/S), see [Ber74, III, 1.1.4]. For a sheaf E on Inf(X/S) and
(U,T) € Inf(X/S), let Er = E(y,1) be the induced Zariski sheaf on T'.



Remark 2.2. The infinitesimal topos has enough points in the following sense.
Let P denote the punctual topos. For (U,T) € Inf(X/S) and ¢t € T, the functor
& Sh(Inf(X/S)) — Set, Ew Ery
is the pullback functor of a morphism of topoi &y @ P — (X/S)int, called a
point of (X/S)ins. From the proof of [Ber74, III, Proposition 2.1.10], the family

of points {p; (with (U,T) € Inf(X/S) and ¢t € T') is conservative.
Let Ox/g be the structure sheaf of rings on Inf(X/S). Then ((X/S)int, Ox/s)
is a ringed topos. Let
ux/s : (X/9)int — Xzar
be the morphism of topoi from [Ber74, III, Proposition 3.2.3], called the projection
from the infinitesimal topos to the Zariski topos. For every (U,T) € Inf(X/S)

and every sheaf F' € Sh(X), the inverse image (uy,oF")(,r) is Flu viewed as a
sheaf on 7.

Remark 2.3. The morphism of topoi ux/g : (X/S)int — Xzar may not define a
morphism of ringed topoi ((X/S)int, Ox/g) — (X,0x). We prove that

ux/s : ((X/S)int: Ox/s) = (X, f710s)
is a morphism of ringed topoi, for which we need to construct a morphism
o : u}/sf_los — Ox/g of shaves of rings. For every object (U, T) € Inf(X/S),
let g7 : T — S be the structure morphism. As (u%,sf™'Os)w,r) is (f7'O0s)lv
seen as a sheaf on T, it equals 95105. The canonical morphism g;lOS — Or
gives
dw.r) : (Wy/sf " Os)r = Or.
These morphisms are compatible and define ¢.
Let
Z'X/S : XZar — (X/S)inf
be the morphism of ringed topoi from [Ber74, III, Proposition 3.3.2], known
as the immersion of the Zariski topos into the infinitesimal topos. It satisfies
ux/soixss = ldx,,, . Let Jx/g be the sheaf on Inf(X/S) defined in [Ber74, III,
1.1.4]. For every (U,T') € Inf(X/S), one has Jx g1 = ker(Or — Oy). There
is a canonical exact sequence

0— JX/S — OX/S — iX/S*OX —0

of Ox/g-modules.

3 Functoriality of infinitesimal topos

We prove that the formation of infinitesimal topos is functorial, in the sense
that for every commutative square

X 2 X

[/ (2)

S 2 S



of schemes, there is a canonical morphism of ringed topoi gint : (X'/S")int —
(X/S)int. Let RTine(X/S) := RI((X/S)int,Ox/s), and for every i > 0, let
H! .(X/S) := H'RTi»(X/S) be the i-th infinitesimal cohomology group. This
functoriality shows that there is a canonical morphism RT'ins(X/S) — RTine(X'/S7)
and hence H{ ;(X/S) — H} .(X'/S").

inf inf
Definition 3.1. For objects (U,T") € Inf(X/S) and (U',T") € Inf(X'/5’), a
morphism h : T" — T of schemes over S is called a g-morphism, if g(U’") C U,
and if the diagram

U, Q\U' U

]

7T
is commutative. Let Homg (7", T') be the set of g-morphisms 77 — T

For every (U, T) € Inf(X/S), define a presheaf ¢*T = ¢*(U,T) on Inf(X’/S")
by
g (U, T)(U',T") = Homy(T',T). (3)

By gluing morphisms of schemes, one can prove that g*T is a sheaf on Inf(X’/S").
Thus, one has a functor

g" : Inf(X/S) — Sh(Inf(X'/S")).

Remark 3.2. In Diagram (2), if ¢ = Idx and v = Idg, then a morphism in
Inf(X/S) is exactly an Idx-morphism. For every (U,T) € Inf(X/S), hr :=
g*(U,T) is the sheaf representable by (U, T'). Therefore, the topology on Inf(X/S)
is subcanonical, i.e., every representable functor Inf(X/S)°® — Set is a sheaf.

For every F € Sh(Inf(X’/S")), let gin«F := F o g* denote the pullback
presheaf on Inf(X/S5), i.e., for every (U,T) € Inf(X/S), one has

(ginf*F)(Ua T) = HomSh(Inf(X’/S’)) (g*(Ua T)7 F) (4)
By [Ber74, III, Lem 2.2.2], gint«F is a sheaf on Inf(X/S).

Theorem 3.3. For the commutative diagram (2), there is a unique morphism
of topoi ging : (X'/S)int = (X/S)int such that for every (U, T) € Inf(X/S), one
has g;l% hr = g*T. Moreover, it is naturally a morphism of ringed topoi.

Proof. Assume that gi,¢ is such a morphism. As giu¢« is right adjoint to gi;%,
it is defined by (4). The uniqueness of gi,¢ follows. Similar to [BO78, pp. 5.8
5.11], the existence of gin¢ follows from Remark 2.2 and Lemma 3.4. Similar to
[Ber74, III, Corollaire 2.2.4], one can prove that gin¢ is a morphism of ringed
topoi. O

Lemma 3.4. In the notation of (2), fix an object (U',T") € Inf(X'/S’) and
a point t' € T'. Define a category Iy 1/.4 as follows. An object of it is a g-
morphism h : T — T, where (U,T) € Inf(X/S), T} is an open neighborhood of



t'in T, and Uy := U’ xp: T} so that (U}, T}) € Inf(X’/S"). A morphism from
hy : T{ = Ty to hy : Ty — Ty in Iy 1,4 is a morphism (Uy,Tv) — (Usz,T) in
Inf(X/S) such that the diagram

T —— T}

[

T1 *>T2

is commutative, where T| — T is the inclusion.
Then the opposite category (Iy 1/,4)°P is a nonempty filtered category in the
sense of [Sta25, Tag 002V].

Proof. e We prove that Iy 7/ 4 is nonempty. Let v’ € U’ be the preimage of
t' eT'. Let x = g(u') € X. Choose an affine neighborhood U of x in X.
Let U/, be an affine neighborhood of v’ in U'Ng~(U). Let T be the open
subscheme of 7" with underlying subset Uj. Then U} — T{ is the base
change of U’ — T” along T} — T", so (U}, T}) € Inf(X’/S’). By Lemma
3.8, as g|y, : Uy — U is affine, there is an object (U,T') € Inf(X/S) and a
glyy-morphism h : Tg — T. Then h is an object of Iy 7 4.

e We prove that Iy 77 4 is a connected category. For objects hy : T — Ty
and hs : TQI — Ty of It/,T’,g; let

Us:=U1NUz, Ug:=UiNUy T5:=T{NT;.

Then Uj — Ty is the base change of U’ — T" along T3 — T", so (U3, T3) €
Inf(X’/S’). One has g(Uj) C g(U{) Ng(Uj) C Us. Then by Lemma 3.7,
there is an object (Us,T3) € Inf(X/S) and a g-morphism h : T} — Tj
fitting into a commutative diagram

Then h is an object of Iy 7/ 4 and h — h; and h — hy are morphisms in
Ly 1 .

e Consider objects hy : T{ — Ty and hg : Ty — T of Iy 1/ 4, and two
morphisms a,b : h;y — ho, depicted as

T —— T} T —— T}
[
Tl *>a TQ, T1 4>b TQ.


https://stacks.math.columbia.edu/tag/002V

By Lemma 3.5, there is an object (U, Tp) and a morphism p : (U, Tp) —
(Uy,Ty) in Inf(X/S), which satisfy aop = bop as morphism Ty — T and
the universal property. As morphisms 7] — T5, both a o h; and bo hy
coincide with the composition 7] — T3 Iy T5, the universal property
implies that there is a unique g-morphism hg : T] — Ty with po hy = hy.
Then h3 is an object of I 7 4, and p : Ty — T} gives rise to a morphism
c: hg — hy. By construction, one has aoc=boc.

O

Lemma 3.5. Let X, Y be schemes over S. Let (U,T) € Inf(X/S). Let q1,q2 :
T — Y be two morphisms over S with q1|lu = q|u. Then there is an object
(U, Tp) and a morphism p : (U, Ty) — (U, T) in Inf(X/S) with g1 op = gz op
as morphism Ty — Y, such that the following universal property holds. For
every commutative square (2), every object (U',T") € Inf(X'/S") and every
g-morphism h : T' — T with ¢y o h = g3 o h, i.e., making the diagram

commutative, there is a unique g-morphism hy : T' — Ty with po hg = h as
morphism T — T.

Proof. By [Sta25, Tag 01KM], the category of schemes has equalizers. Let
p: Ty — T be the equalizer of g1,q2 : T = Y. One has q; op = ¢ o p, and
p: Tp — T is an immersion and hence separated. As q1|y = ¢2|u, the closed
immersion U — T factors through a closed immersion U — Tj. Then the square

U*>T0

| o )

U——T

is cartesian, so U — Ty is a thickening of finite order. Thus, (U, T,) belongs to
Inf(X/S), and p : (U,Tp) — (U,T) is a morphism in Inf(X/S).

We verify the universal property. From ¢q; o h = g3 o h, there is a unique
morphism hq : 7" — Ty of schemes with p o hg = h. As the outer rectangular of
the diagram

v —— U
AL R N

<

h

is commutative, and p : To — T is a monomorphism, the left square is commutative.
Therefore, hg : T' — Ty is a g-morphism. O
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Remark 3.6. The category Inf(X/S) has fiber products. By Lemma 3.5, it
also has equalizers. It may not have a final object. By [Ber74, III, Corollaire
2.1.4 1)], the crystalline site has finite nonempty products. By contrast, we
prove that for every irreducible algebraic variety X over C, if the product of
two copies of (X, X) exists in Inf(X/C), then dim X = 0. Let (U,T) be the
product. Let A : X — X2 be the diagonal immersion. The two projections
po,p1: (U, T) = (X, X) induce a solid commutative diagram

U » T
\[ k/,/ l(z’o,pl)
X

— AT (X?) —— X?
~_

of schemes over C. As U — T is a nilpotent thickening, there is n > 0 such
that 7' — X2 factors through A% (X?). The two projections (X, A’ (X?2)) —
(X, X) induce a morphism (X, A}+1(X2)) — (U, T) in Inf(X/C), so the inclusion
A% (X?) — A%PH(X?) is an isomorphism. As X?2 is irreducible, X — X2 is a
thickening. Then dim X = 2dim X and hence dim X = 0.

By Remark 3.6, the product of two objects in Inf(X/S) may not be representable.
Lemma 3.7 shows that it is still ind-representable.

Lemma 3.7. Let S be a scheme, X,Y be schemes over S. For i = 1,2, let
(Ui, T;) be an object of Inf(X/S). Let U = Uy NUs. Let q; : T; = Y be a
morphism over S with q1|y = q2|u as morphism U — Y. Then there is a direct
system of objects (U, T™)m>0 in Inf(X/S), each of which is equipped with two
morphisms pi"* : (U, T™) — (U;,T;) in Inf(X/S), with the following universal
property. Given a commutative square (2), let (U',T") € Inf(X'/S’). Consider
a solid commutative diagram

where h; : T — T; (i =1,2) are g-morphisms. Then there is an integer m > 0,
and a g-morphism h™ : T' — T™ keeping the diagram commutative. Moreover,
such a h™ : T" — T™ 4s unique once m s determined.

Proof. Since ¢1|y = ¢2|u, there is an induced morphism U — Uy xy Us. It is
a base change of the diagonal immersion X — X Xy X, so also an immersion.
Since U; — T; (i = 1,2) are immersions over Y, Uy xy Us — Ty xy Ty is
an immersion. Hence the composition U — T; Xy T3 is an immersion over



Y. For every m > 0, let T™ be the m-th infinitesimal neighborhood of U in
Ty xy Tp. Then (U,T™) € Inf(X/S). Let p* : T™ — T; be the composition
of the inclusion T™ < T7 Xy Ty with the projection 71 xy 15 — T;. Then it
defines a morphism p" : (U,T™) — (U;,T;) in Inf(X/S5).

As the diagram

U/ ¢ T/

ho
g‘U’ h1

U<c-—---aaqe--3 > T2

NI

25y

is commutative, it induces a commutative diagram

U e—T

b |

U—— T1 XyTQ.

As U’ — T’ is a finite order thickening, there is an integer m > 0, such that
T' — Ty xy Ty factors through T™. The induced morphism h™ : T' — T™ is a
g-morphism. U

Lemma 3.8. In the notation of (2), assume that g : X' — X is an affine
morphism. Let (X',T') be an object of Inf(X'/S"). Then there is an object
(X,T) of Inf(X/S) and a g-morphism g : T' — T with the following universal
property. For every commutative square

X g// X//
S u!! S//

of schemes, every object (X", T") € Inf(X"/S") and every g’ o g-morphism
R . T — T, there is a unique g"’-morphism h : T — T" fitting into a
commutative diagram

Proof. By the proof of [Sta25, Tag 07RT], as g : X’ — X is affine and X' — T’
is a thickening of finite order, there is a pushout

10
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X —sT
ly L«?
X —T
in the category of schemes, where X — T is also a thickening of finite order.

From the solid commutative diagram

X/ ¢ T/ S/

ool

X ——T u

there is a unique morphism 7' — S keeping the diagram commutative. Thus,
one defines an object (X,T) € Inf(X/S), and § : 7" — T is a g-morphism.
From the universal property of pushout, the existence and uniqueness of h :
T — T” follow. Moreover, h : T — T" is a morphism over S” and hence a
g’-morphism. O

4 Stratifying topos and Cech-Alexander complex

We review the stratifying topos, and show that the corresponding cohomology
can be computed as the cohomology of a cosimplicial Zariski sheaf.

Stratifying site and topos

Let S be a scheme, g : X — Y be a morphism of schemes over S.

Definition 4.1. Let Y Strat(X/S) be the full subcategory of Inf(X/S) of
objects U — T such that there is a morphism h : T — Y over S with
hly = g|ly as morphism U — Y. This subcategory inherits the induced
topology of Inf(X/S), making Y Strat(X/S) a site, called the stratifying site.
Let (X/S)y strat be the associated topos, known as the stratifying topos.

By [Ber74, III, Proposition 1.1.5], the restriction functor Sh(Inf(X/S)) —
Sh(Y Strat(X/S)) commutes with V-limits and V-colimits. Then by [SGAA4I,
IV, Corollaire 1.7], it is the inverse image functor j~! for a morphism of topoi

j : (X/S)YStrat — (X/S)inf- (5)
We still write Ox/g for j*Ox/s. Let u’X/S be the composition
(X/S)y swat 2> (X/S)int 5" Xz

of morphisms of topoi. Then for every E € Sh(Y Strat(X/S)) and every open
subset U of X, one has

L(U, x5, E) = D((U/S)y strats E). (6)

11



Cech-Alexander complex

Let « : X — Y be an immersion of schemes over a scheme S. Given an
Ox/s-module F, we recall the construction of the Cech-Alexander complex
CAS (F). Tt is a complex of sheaves on X, whose hypercohomology computes
the infinitesimal cohomology of F', as Lemma 4.6 shows.

For every integer v > 0, let Y& 1= Y xg x--- xg YV ((v+ 1)-fold fiber
product). Let A"+ :Y — Y¥*! be the diagonal immersion. For every integer
i >0, let ji(v+ 1) : A% (YUF) — Y&*! be the i-th infinitesimal neighborhood
of X for the composed immersion

Av+1
X5y ™ yutt

in the sense of [EGA IV 4, Définition 16.1.2]. Then the inclusion X < A% (Y1)
is a thickening of finite order. For each of the v + 1 projections p : Ygf“ =Y,
poji(v+1): AL (Y*T!) - Y is a morphism over S whose restriction to X is
t: X — Y. Therefore, X — A% (Y1) is an object of Y Strat(X/S).

For a sheaf of sets E on Y Strat(X/S), we define a cosimplicial sheaf of sets
on X, denoted by CA$ (E) and called the Cech-Alexander complex of E relative
tot: X — Y. For every integer v > 0, set

CAvy(E) = 1i?1E(X,Aé((YV+1)) (7)

in Sh(X), where every sheaf E(x ai (yv+1)) on A (Y !) is considered as a sheaf
Al )

on X via the homeomorphism X < A% (Y**1). By [Ber74, III, Proposition

1.1.5], the resulting functor

CAY, : Sh(Y Strat(X/S)) — Sh(X)
is left exact.

Example 4.2. For every v > 0, one has

CAY(Ox/5) = Px (YU,
CAY (Jx/s) = limker(Py (Y""') = Ox) = ker(Px (Y""') = Ox).

Remark 4.3. By [GD71, Remarque 10.6.6], for an Ox,g-module F" on Y Strat(X/S),
CA}, (F) is naturally an Px (Y?"!)-module. From [GD71, Théoréme 10.11.3], if

Y is a locally Noetherian scheme, and if F' is a locally coherent (i.e., for every
(U,T) € Y Strat(X/S), the Op-module Fr is coherent) crystal in Ox/g-modules

in the sense of Definition 6.1, then CA7, (F) is a coherent sheaf on the formal
scheme A x (Y1),

We define the linking morphisms of the cosimplicial object CAS (E). For
integers v > 0 and 0 < j < wv, let p¥ : Y;H — Y be the projection
skipping the j-th factor of Yg“. It defines a projective system of morphisms
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{(X, A% (YTh) = (X, A% (Y"))}; in the category Y Strat(X/S). This system
induces a morphism

5V : CAY N (E) — CAY(E).

Consider the immersion

YIS VI (yos o ye) 2 (Mos e Y Ui Ui 1Y)

It induces a projective of morphisms {(X, A% (Y*!)) — (X, A% (Y"T2))}; in
the category Y Strat(X/S), hence a morphism

oy CAYTY(E) — CAY(E).
Let A be the category of finite ordered sets. Thus, one defines a functor
CAY} (F) : A — Sh(X),

i.e., a cosimplicial sheaf on X. The construction is functorial in F, so one gets
a functor
CA$, : Sh(Y Strat(X/S)) — CoSimp(Sh(X)).

Remark 4.4. The Cech-Alexander complex is a sheaf version of the Cech complex,
as we explain. Let Y be the presheaf on Y Strat(X/S) sending each object (U, T)
to the set of morphisms T — Y of schemes over S extending ¢|y : U — Y. It
turns out to be a sheaf. From [SGAA4I, II, Proposition 4.8 a)], every topos
has finite limits. For every v > 0, let Y? be the v-fold product of Y in
Sh(Y Strat(X/S)), which is a colimit of representable sheaves colim; fiai_(yv).
From (7), for an open subset U of X, one has

D(U, CAY (E)) = lim E(U, A}, (¥*1)). ®)
In particular, one has
F(X, CAvy(E)) = HomSh(y Strat(x/s))(ifv-‘rl,E). (9)

Let 4 = (Y — e€), which is a representable covering morphism by [Ber74, V,
Lemme 1.2.1]. Let C*(U, E) be the Cech complex of the sheaf E relative to the
covering U, i.e., the cosimplicial object defined by [SGA4IL, V, (2.3.3.1)]. The
isomorphisms (9) for variable v > 0 are compatible with linking morphisms, so
I'(X,CA}(E)) =C*(U, E).

By (6) and (8), given a sheaf of rings A on Y Strat(X/S) and an A-module
E, each CAy (E) is a vy 5, A-module. Thus, one can similarly define a functor

CAY : Mod(Y Strat(X/S), A) — CoSimp(Mod(u'yg,A)).

Remark 4.5. Given a cochain complex of abelian sheaves F'® on Y Strat(X/95),
one defines a functor CA}, (F*) : A — Ch(Ab(X)), i.e., a cosimplicial complex
of sheaves on Xz,,. We also write CA} (F*) € Ch(Ab(X)) for the associated
cochain complex.
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The assumption of vanishing higher R?lim in Lemma 4.6 is a variant of
[Gro68, Conditions (1) and (2), p.336]. As the linearization L(Oy) (Definition
8.1) may not be locally quasi-coherent, we have to slightly relax Grothendieck’s
conditions.

Lemma 4.6. Let v : X — Y be an immersion of schemes over a scheme S. Let
A be a sheaf of rings on' Y Strat(X/S). Let F* € Ch(Mod(Y Strat(X/S), A)).
Assume that for any integers v > 0 and k, the inverse system (F(@QA}(YUH)))Z'ZO
in Ab(X) has vanishing R?lim; for all ¢ > 0. Then there exists a canonical
isomorphism

Rul 5, F* = CAY (F®) (10)
in DT (X, Mod(uy/g,A)), which is functorial in F*®. It induces a canonical
isomorphism

Rr((X/S)Y Strat F.) = RF(X7 CA;/(F.))
in DT (Mod(T'((X/S)y strat, 4)))-

Proof. By [Sta25, Tag 07A5], Mod(A) is a Grothendieck abelian category. So
it has enough injectives. Then by [Sta25, Tag 013K], as F'* is bounded below,
there is a complex I°® such that each term is an injective object of Mod(A),
and a morphism F* — I* in Ch™(Mod(A)) that is a quasi-isomorphism. The
morphism

RuiX/S*F. - ul)(/S*I. (11)
is an isomorphism in D"‘(Mod(u’X/S*A)). By [Ber74, V, Lemme 1.2.4] (whose

infinitesimal analog can be proved using Remark 4.4), for every integer k, as I*
is an injective in Mod(A), there exists a natural resolution u'X/S*Ik — CAS(I%).
Therefore, there is a natural morphism

u'X/S*I' — CAY(I°) (12)

in Ch™ (Mod(u'y 5, A4)) that is a quasi-isomorphism.
We prove that the morphism

CAY(F*) — CAY(I*) (13)

in Ch™ (Mod(u’X/S*A)) is a quasi-isomorphism.
By [Ber74, III, Proposition 1.1.5], for every v > 0, the morphism of complexes
of projective systems

( (.X,Ag((Yerl)))iZO - (I(.X7A§((Yv+l)))i20

in Ch* (Mod(u’X/S*A)N) is a quasi-isomorphism. By assumption, the termwise
limit complex CAY,(F®) represents

Rhm F(.)(’Ag((yv+1)) € D(U’IX/S’*A)

3
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From Lemma 4.10, for every integer k, the inverse system (I(kX,Ag((yvﬂ)))iZO

satisfies Condition (*) (Definition 4.7). Then by Fact 4.8, CAY (I*) represents
Rlim; I(’X’A%(YUH)) € D(u'y/g,A). Therefore, the morphism CAy (F*®) —
CAY (I*) in Ch™ (Mod (v /5+A)) Is a quasi-isomorphism. The quasi-isomorphisms
for variable v > 0 are compatible, so (13) is indeed a quasi-isomorphism.
Composing the isomorphisms (11), (12) and (13), one gets an isomorphism
Ruly g, F* — CA5(F*) in DT (X, u'y/g,A). Using that two injective resolutions
are homotopy equivalent, one can show that this isomorphism is independent of
the choice of the injective resolution F'* — I®. Moreover, the isomorphism (10)
is functorial in F'°. O

In a Grothendieck abelian category A, an inverse system (A;);>o satisfying
the Mittag-Leffler condition (see, e.g., [Sta25, Tag 0595]) may have non-vanishing
R!'lim; A;. We recall a condition for sheaves ensuring the vanishing of higher
derived limits, due to Grothendieck [EGA III 1, Proposition 13.3.1].

Definition 4.7. Let X be a ringed space. We say that an object (F;);>o of
Mod(Ox )Y satisfies Condition (*) if there is a base B of X, such that for every
U e B,

(a) for any integers p > 0 and 7 > 0, one has HP(U, F}) = 0;
(b) one has R'lim; F;(U) = 0.

Fact 4.8 ([Sta25, Tag 0BKS]). Let X be a ringed space. Let (F;);>o be an
inverse system of Ox -modules satisfying Condition (*). Thenlim; F; — Rlim; F;
is an isomorphism in D(Mod(Ox)).

Example 4.9. (a) Let X be a ringed space. Let (F;);>o be a projective
system in Mod(Ox). If for every ¢« > 0, F; € Mod(Oyx) is flasque,
then Condition (a) holds. If for every U € B, the inverse system of
Ox (U)-modules {F;(U)};>o satisfies the Mittag-Leffler condition, then
from [Wei95, Proposition 3.5.7], Condition (b) holds.

(b) Let X be a scheme. Let (F;);>o be an inverse system in the category
Qch(X) of quasi-coherent Ox-modules. Suppose that (F;) satisfies the
Mittag-Leffler condition. Then for every affine open subset U of X, the
inverse system (F;(U));>o satisfies the Mittag-Leffler condition. By the
Serre vanishing theorem, the system (F;);>o satisfies Condition (*).

Lemma 4.10. Notation as in Lemma 4.6. Let B be a base for the underlying
topological space X . Let I be an injective object of Mod(Y Strat(X/S), A). Then
for every integer v > 0, the inverse system {I(X,Aix(yv))}izo satisfies Condition
(*) relative to B.

Proof. By [Ber74, VI, Proposition 1.1.5], for every integer i > 0, the Ax.ai (voy)”
module I(x ai (yv)) on A% (Y") is injective. Therefore, the underlying abelian
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sheaf on X is flasque. For every open subset U of X and every integer i > 0,
the inclusion _ '
(U, AL (YY) = (U, AFF (YY)

is a monomorphism in Y Strat(X/S). By the Yoneda lemma, the canonical
functor Y Strat(X/S) — (X/S)y stras is left exact. By [SGA4II, V, 4.6], the
injective A-module I is flasque. Then by [SGA4II, V, Proposition 4.7], the map

I(U,AFH(Y")) = I(U, Ap (Y™))

is surjective. In particular, the inverse system {I(U, A% (Y"))}; satisfies the
Mittag-LefHler condition. Then by Example 4.9 (a) , {I(x A (yv))}i>o satisfies
Condition (*). O

5 Stratification and formalization functor

We recollect the notion of stratification on sheaves of modules, which is closely
related to connection. Stratification can be viewed as linearizing differential
operators, as Grothendieck’s construction of formalizing functor shows.

Artin-Rees category

Definition 5.1. Let C be a category. Let CN be the category of projective
systems over C indexed over N := Zx(. For an inverse system X = (X,,,d,,)n>0 €
CN and an integer k > 0, let X[k] be the inverse system (X4, dk+4n)n>0. Define
a category AR(C) as follows. Its objects are the same as CN. A morphism
(Xn) — (Y,,) in AR(C) refers to an element of colimy>o Homen (X[k],Y). An
object of AR(C) is known as an Artin-Rees pro-object of C.

Viewing objects of C as constant projective systems, one gets an inclusion
functor ¢c : C — AR(C) which is fully faithful. Every functor F' : C — D induces
a functor AR(F) : AR(C) — AR(D).

Remark 5.2. Let C be a category such that every projective system indexed over
N in C has a limit. Then the limit functor lim : CY — C induces a functor

lim : AR(C) — C,

which is right adjoint to the inclusion ¢¢ : C — AR(C). The natural morphism
Id — lim ose of functors C — C is an isomorphism.

Remark 5.3. Let C be an abelian category. An object X € C is called AR-zero
if there is an integer d > 0 such that the canonical morphism X[d] — X in CN
is zero. By [SGAS5, V, Proposition 2.4.4], the natural functor CY — AR(C) is
the quotient by the Serre subcategory of CN consisting of AR-zero objects. In
particular, AR(C) admits a natural structure of abelian category. The inclusion
te : C — AR(C) is exact and exhibits C as a weak Serre subcategory of AR(C).

16



Sheaves of principal parts

Let Y — S be a morphism of schemes. For every integer n > 0, let P{}/S =
P2(Y?) be the sheaf of principal parts of order n on Y defined in [EGA IV
4, Définition 16.3.1]. In particular, one has P}Q/S = Oy. By [EGA 1V 4,
Corollaire 16.1.7], they form a canonical projective system (P{}/S)nzo in the
category Ring(Y) of sheaves of rings on Y. By [EGA 1V 4, 16.3.2], for every
n > 0, the first and second projections pg, p1 : Y2 — Y induce two right inverses
Oy — P{}/S to the augmentation morphism =" : Pp o — Oy, giving two
structures of quasi-coherent Oy-algebra on Py /87 callec{ the left structure and
the right structure in order. For integers n > m > 0, let #™™ : P;/s — P{}’/S
be the projection. For integers i,k > 0, let

ohk ng — Py /s ®oy Pyg

be the Oy-linear (for both left and right Oy-module structures) ring morphism
constructed in [EGA IV 4, Lemme 16.8.9.1]. Let qé’k be the composition

itk itk,i . .
szfJ/rs "= Py s = Pyg ®oy P{;/s-

For an integer n > 0, let o™ : Py} 15— Py /s be the canonical symmetry defined in

[EGA IV 4, Proposition 16.3.4]. It is an involutive automorphism and exchanges
the two structures of Oy-algebra on PQ/S. Let P}‘i‘/’s := lim,, PQ/S.

Connection and stratification

Definition 5.4. Let Y — S be a morphism of schemes. Let M be an object of
AR(Mod(Oy)). For an integer n > 0, an n-connection on M relative to S is an
isomorphism

€n : P{/L/S X0y M= M®Oy P?/S

in AR(Mod(Py/g)), which induces Id; when base changed along the augmentation
7" P}, ¢ — Oy. An l-connection is called a connection. A stratification € on
M relative to S is the datum of an n-connection ¢, relative to S for every n > 0,
such that for any integers 0 < m < n,

e the diagram
PP ®0y M —"= M ®0, P},

J{w"*’"@ld J{Id @nmm (14)
Plig ®oy M —"= M ®0, Pyg
in AR(Mod(Py /) is commutative,

e and
T (e) = q " (€n) 0 g T (€n). (15)
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Let f : M — M’ be a morphism in AR(Mod(Oy)), where M and M’ are
equipped with stratifications € and €. If f is compatible with stratifications,
then it is called horizontal.

Remark 5.5. By [Ber74, 11, Exemple 3.1.4 i) and Lemme 3.2.1], a connection
on an Oy-module M € Mod(Oy) is equivalent to an Og-linear morphism V :
M — M ®o, Q%,/S satisfying the Leibniz rule.

Remark 5.6. For an integer n > 0, let p? : AL(Y?) = Y (i = 0,1) be the two
projections. Let M € AR(Mod(Oy)). Then an n-connection on M is equivalent
to an isomorphism (p})*M — (pg)*M in the category AR(Mod(Oan (v2))),
whose restriction along the diagonal inclusion Y < A% (Y?) is the identity.
Remark 5.7. Let M be an Oy-module. By [Ber74, II, Proposition 3.2.5], every

integrable connection V : M — M ®¢, Q%, /s relative to S naturally fits into a
complex

0= M5 Mo, D g — Moy, Bg— ...,
called the de Rham complex with coefficients in M. For every integer ¢ > 0, the
morphism M ®¢, Q%//S — M ®o, Qy/ls is a differential operator of order < 1.

Similar to the proof of [Sta25, Tag 07J6], one can prove that the connection
underlying a stratification on M relative to S is integrable.

Fact 5.8 ([Gro68, Appendix|, [Ber74, p.81]). Let f : ¥ — S be a smooth
morphism of schemes, with Y of characteristic 0. Let Dy;g be the sheaf of
differential operators relative to S. Then for every Oy -module M, a stratification
on M relative to S is equivalent to an integrable connection M — M ®o,, Q%,/S,
i.e., a structure of left Dy s-module structure on M.

Differential operators and horizontal morphisms

Definition 5.9. For an Oy-module E and an integer n > 0, set Q°(E)}% =
Py 15®0y FE, where the tensor product is taken with respect to the right structure
of Oy-module on Py /s Via the left structure of Oy-module on Py} /50 We regard

Q°(E)% as an Oy-module. As functors
Q"()" =pp. o (p1)":  Mod(Oy) — Mod(Oy).
Set
QU (E)Y := Pys ®oy E = (Q"(E)} )nz0 € Mod(Oy)™.

Let Diff(Y/S) be the category of Oy-modules, with differential operators
of finite order relative to S in the sense of [EGA IV 4, Définition 16.8.1]
as morphisms. Let StratAR(Oy) be the category of Artin-Rees pro-modules
over Oy equipped with a stratification relative to .S, with horizontal Oy -linear
morphisms. By Lemmas 5.11, 5.12 and 5.13,

Q" : Diff(Y/S) — StratAR(Oy)

is a well-defined functor, called the formalization functor.
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Remark 5.10. Let Strat(Oy) be a category, where objects are Oy-modules
equipped with a stratification, and morphisms are horizontal. It is a full subcategory
of StratAR(Oy ). The category StratAR(Oy) is different from AR(Strat(Oy)).
Both Diff(Y/S) and StratAR(Oy ) are additive categories, and Q° is an additive
functor. Every Oy-linear morphism is a differential operator, so there is a
natural faithful, essentially surjective additive functor Mod(Oy ) — Diff(Y/5).
However, the forgetful functor Diff(Y/S) — Ab(Y) may not be faithful, i.e.,
a nonzero differential operator £ — F' may have zero morphism of underlying
abelian sheaves. By a slight variant of [Ber74, II, Proposition 1.5.2], if Y is
smooth over S, then StratAR(Oy) is naturally an abelian category, and the
forgetful functor StratAR(Oy) — AR Mod(Oy) is exact.

Lemma 5.11. For every Oy-module E, the Artin-Rees pro-module Q°(E)3} €
ARMod(Oy) has a canonical stratification relative to S.

Proof. For an integer m > 0, define a morphism of abelian sheaves 6, ,, :

ngsm ® E — (Py)s ® E) ® Py g as the composition

Pn+m®E 5n‘mgIdE PQ/S®P}T}5®E 0"®I_d>® 1d

Y/S Py 5@ Py s@F = (Py)s®@E)@Py g,

where tensor products are over Oy, ®’ signifies that P! /g uses the left structure
of Oy-algebra, and the last morphism is the symmetry of tensor products. Then
0r,m induces a morphism of Py y g-modules

enm : PYs @ (P ® E) = (Pyjs ® E) @ Pyg.
For variable m > 0, they are compatible, so give rise to a morphism
& Py s ® (P s ®E) = (PYs®E)® Py g

in ARMod(Pyg). By [Ber74, I, Corollaire 1.4.4], the (€ )n>0 define a stratification.
O

Let E,F be Oy-modules. Let D : E — F be a morphism in Diff(Y/S).
Choose an integer k£ > 0 such that D is a differential operator of order < k.
Then D factors uniquely as

dk
E 8" PYg®o, ESF,
where u : P{i/s ®o0y E — F is morphism in Mod(Oy ). Define a morphism
QU ER"* — QU(F)y (16)
in Mod(Oy) as the composition

Idp: ®

i sk U
PY7]§‘®OYE_>PY/S®OY Piﬁ/S@OYE - PY/S®OY F.
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For variable i > 0, they fit to a morphism Q°(D)y : Q°(E)y[k] — Q°(F)y in
Mod(Oy)N. Tt induces a morphism

Q°(D): Q°(B)y — Q°(F)y (17)
in AR(Mod(Oy)).
Lemma 5.12. The morphism (17) is independent of the choice of k > 0.

Proof. Let k' > 0 be another choice with corresponding factorization u’ : P)]ﬁ// g®
E — F. By symmetry, one may assume k’ > k. For i > 0, write P! for P{}/S.
Consider a diagram

-
Pi—‘rk’ gk Pz ® Pk’

itk k' —k k! —k 1d @tk
[ R Id®ds™
. ik .
otk itk [Pitk ® Pk'fk 6" eld Pl ® PF® Pk’fk
1 Y
1d ®$,€/,k Idpgpr @ *kl

Pi-i-k F Pz ® Pk,

where the lower square is commutative. From [Ber74, II, Exemple 1.1.5 a)],
P(X/S) is a formal groupoid, so by [Ber74, II, (1.1.10)], the triangles on
both sides are commutative. From [Ber74, II, (1.1.11)], the upper square is
commutative.
By uniqueness of factorization, one has v/ = u o (7% * @ Idg). Then the
diagram
. ’ i,k/ . ’
Pt @ BN pig PF @ E
ritk itk gIq @ Fod s 2"
v ik .- -
pitk 28, pig pho p 199 pig R
is commutative. Therefore, the morphism Q°(E)%™ — Q°(F)3y in Mod(Oy )N
induces QO(E);,H“/ — QP O

The proof of Lemma 5.13 is similar to that of [Ber74, IV, Lem. 3.1.2 ii), iii)],
so it is omitted.

Lemma 5.13. Let D: E — F be a morphism in Diff(Y/S).

(a) The morphism Q°(D) : Q°(E) — Q°(F) in AR Mod(Oy) is horizontal for
the canonical stratifications.

(b) For another morphism D' : F — G in Diff(Y/S), one has Q°(D’ o D) =
Q°(D") 0 Q°(D).

Lemma 5.14 computes the local expression of the formalization of the de
Rham complex. It can be proved as in [Ber74, IV, Lemme 3.2.5].
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Lemma 5.14. Let q1,...,q, > 0 and m,k > 0 be integers. Let a,xq,...,x, be
local sections of Oy . Let & be the local section of P{/”/S which is the image of

the local section 1 @ x; —x; ® 1 of OYSZ. Let w be a local section of Q’f//s. Let

Q°(d) : Py @0, Q35 = Pys © Qg

be the Oy -linear morphism (16). One has

Q°(d)(a€f" ... €1 ®w) = a€d' .. £ @d(w)+ D atd . (g€l .. £l @(d(xi) Aw)
=1

as local section of P{/’;S ®o0y Qlf/'}'é

Remark 5.15. Notation as in Lemma 5.14. By [EGA IV 4, 16.11.1], locally the
Oy-module Py} is generated by the local sections &' 1= €. € with |t < m.

6 Crystal

Let X — Y be a morphism of schemes over a scheme S. Grothendieck introduces
a sort of “special” sheaves on the infinitesimal site, known as crystals. He also
gives an interpretation of stratified modules on Y as crystals on Y Strat(X/S).

Definition 6.1. An object £ € AR(Mod(Y Strat(X/S),0x/s)) is called a
crystal or an Artin-Rees pro-crystal, if for every morphism ¢ : (U, T") — (U, T)
in Y Strat(X/S), the morphism g3, : ¢*Ewry — Ew: vy ([Ber74, III, (1.1.2)])
is an isomorphism in AR(Mod(O7+)). Let

ProCris(X/S)y strat € AR(Mod(Y Strat(X/S),0x/s))

be the full subcategory consisting of Artin-Rees pro-crystals. Let Cx/sy strat C
ProCris(X/S)y strat be the full subcategory consisting of crystals in Mod(Ox/ )
on Y Strat(X/S). An object of Cx /g,y sirat is called a crystal in Ox/g-modules.
Similar definition extends to the site Inf(X/S) instead of Y Strat(X/S). Let
Cx/s be the category of crystals in Ox,g-modules on Inf(X/S).

Remark 6.2. An Ox/g-module M on Inf(X/S) is called locally quasi-coherent, if
for every (U,T) € Inf(X/S), the Op-module My is quasi-coherent. By [Ber74,
IV, Proposition 1.1.3], an Ox/s-module M is quasi-coherent if and only if it is
a locally quasi-coherent crystal.

Remark 6.3. For a commutative ring R, the tensor product ® : Mod(R) X
Mod(R) — Mod(R) induces a bifunctor

ARMod(R) x ARMod(R) - ARMod(R).
From this, one may define a tensor product

AR MOd(Oy) x AR MOd(Oy) — AR MOd(Oy).
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By [Ber74, 11, 1.5.3], it upgrades to a tensor product of stratified pro-modules
StratAR(Oy) x StratAR(Oy) — StratAR(Oy). (18)
Similarly, one has a tensor product
AR Mod(Ox,g) x ARMod(Ox/s) = ARMod(Ox/s),
which restricts to a bifunctor
ProCris(X/S)y strat X ProCris(X/S)y strat — ProCris(X/S)y strat- (19)

Lemma 6.4. Let F' be a crystal in Oxs-modules on Inf(X/S) (resp. Y Strat(X/S)).
Then for every object (U, T) of Inf(X/S) (resp. Y Strat(X/S)), the Or-module
F,ry admits a natural stratification and an integrable connection relative to S.

Proof. We prove the case without parentheses. For every integer n > 0, as
T — AZ(T?) is a nilpotent thickening, (U, A%(T?)) is an object of Inf(X/S).
As F is a crystal, for the two projections p; : A%(T?) — T (i = 0,1), the
morphisms

piFwr — Fuagre))

are isomorphisms of P} /s = P2 (T?)-modules. Thus, one has an isomorphism

enr : Prg @or Flur) = Flur) ®or Prys

of Pj / g-modules. Its base change along Pp /s Or is the identity, so €, 7 is an
n-connection on F(y 7y. From [Ber74, II, Proposition 1.3.3 i)], using the crystal
property for the three projections A% (T3) — A%L(T?), one shows that (€, 7)n>0
is a stratification on Fy, 1) relative to S. Let Vr : Fr — Fr ®o, QlT/S be the
Og-linear morphism corresponding to the connection €; . Similar to [Sta25,
Tag 07J6], one shows that V is an integrable connection. O

Lemma 6.5. Let X — Y be a morphism over S. Then there is a natural
functor

StratAR(Oy) — ProCris(X/S)y strat, (20)

which regards tensor products (18) and (19). It restricts to a functor
Strat(Oy) — Cx/s,y Strat- (21)

When Y is smooth over S, one can replace the site Y Strat(X/S) by Inf(X/S)
to get a functor Strat(Oy) — Cx/g.

Proof. Let M € AR(Mod(Oy)) be equipped with a stratification e. For every
object (U,T) € Y Strat(X/S), choose a morphism h : T' — Y over S with h|y =
glu. We prove that up to canonical isomorphism, h*M € AR(Mod(Or)) is
independent of the choice of h, and we shall define an object M € AR Mod (Y Strat(X/S), Ox/s)
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In fact, let h; : T — Y (i = 0,1) be two such choices. As U — T
is a thickening of finite order, one may choose an integer n > 0 such that
the (n + 1)-th power of the defining ideal sheaf vanishes J;‘Jéj = 0. By
[Ber74, II, Proposition 1.2.4 i)] (which is stated for modules but holds for pro-
modules), €, induces an isomorphism €p, pn, : A M — hiM in AR(Mod(Or)).
By commutativity of (14), €, pn, is independent of the choice of n. From
[Ber74, II, Proposition 1.3.7 i)] (which holds for pro-modules), the cocycle
condition (15) implies that for another such morphism hs : T — Y, one has
€ho,he = €ho,h1 © €hy,hy @S Morphism h3M — hyM.

For every morphism w : (U',T') — (U,T) in Y Strat(X/S), let the natural
isomorphism

up s ut (B M) — (hu)*M

be the transition morphism u*Mp — My in ARMod(Or/). For another
morphism ' : (U”,T") — (U',T’) in Y Strat(X/S5), the transitivity condition

(wou )y =iy ou/ " (uhy).

holds. Thus, one defines a crystal M in Artin-Rees pro-modules over Ox /s on
Y Strat(X/S). Similarly, every horizontal morphism (M’ €') — (M, ¢€) induces
a morphism of crystals. Thus, one defines the stated functor (20). O

Remark 6.6. Given a morphism X — S of schemes, we take X — Y to be Idx.
Grothendieck [Gro68, Section 4.2] shows that the functor (21) is an equivalence
of categories, with a quasi-inverse

Cx/s,x strat — Strat(Ox), M — Mx x)-

Similarly, in this case (20) is also an equivalence.

Suppose further that X is smooth over S and of characteristic 0. Then by
Fact 5.8, (21) is identified with an equivalence Mod(Dx,s) — Cx/g, which
sends the Dx/g-module Ox to the crystal Ox/s. Let X’ be an other scheme
smooth over S and of characteristic 0. Let f : X — X’ be a morphism over S.
Then by [Ber74, IV, Corollaire 1.2.4], the pullback of a crystal is a crystal, and
there is a canonical commutative diagram

MOd(DX//S) i> CX'/S

I lf:;f

MOd(Dx/S) i) CX/S-

7 Direct image of a crystal along a closed immersion

Let i : X < Y be a closed immersion of schemes over a scheme S. The direct
image of the structural crystal Ox,g along the closed immersion may no longer
be a crystal, as Example 7.6 shows. We show that it is nevertheless an Artin-
Rees pro-crystal, which gives a “pro-connection” on the system of infinitesimal
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neighborhoods {A% (Y)};>0. This “pro-connection” is involved in a complex of
differential operators which computes the infinitesimal cohomology.

For every object (U,T) € Inf(Y/S),let V :=U xy X. Asi: X > Y isa
closed immersion, so is the composition V — U — T.

Lemma 7.1. For every object (U,T) € Inf(Y/S), the sheafi*T € Sh(Inf(X/S5))
defined by (3) is pro-representable. It is representable by (V,T) ifi: X =Y is
a nilpotent thickening.

Proof. By definition (3), for every object (V',T") € Inf(X/S), one has ¢*T'(V',T") =
Hom;(T",T). For every integer n > 0, V. — A} (T) is a finite order thickening,

so (V,AL(T)) € Inf(X/S). For every morphism (V',T") — (V,A%(T)) in
Inf(X/S), the composition T" — A} (T) < T is an i-morphism. Thus, there is

a natural map

¢ COhngO Homlnf(X/S)((Vlv T/)a (‘/a A@(T))) - Homi(T/a T)

From [EGA IV 4, Proposition 16.1.5 (ii)], every A} (T') — T is a closed immersion,
so ¢ is injective. Conversely, as V/ — T’ is a finite order thickening, every i-
morphism 7" — T induces a factorization T" — AY,(T') for some n > 0. Thus, ¢
is surjective. Therefore, i*T is pro-representable by the direct system of objects

(V,AV(T)),, 50 in Inf(X/S). O

Lemma 7.2. (a) For every n > 0 and every sheaf E € Sh(Inf(X/S)), the
presheaf

A E : Inf(Y/S)P — Set, (U, T) — E(V,A(T))

is a sheaf. The resulting functor A\, : Sh(Inf(X/S)) — Sh(Inf(Y/S)) is

exact.
(b) Define a functor
A : Sh(Inf(X/S)) — Sh(Inf(Y/S)N, E s (AE)n>o-
Then there is a canonical isomorphism of functors
dinf+ — limo) :  Sh(Inf(X/S)) — Sh(Inf(Y/9)). (22)
In particular, for every (U, T) € Inf(Y/S), there is a canonical isomorphism
(it « E) () — }g% Ew,ar (1)

in Sh(T), where every Eqy,an(r)) € Sh(AY(T)) is seen as a sheaf on T
via extension by zero for the closed immersion AL (T) — T.

(¢) Forevery (U,T) € Inf(Y/S), there is a canonical isomorphism (i +Ox/s)w,m) —

Py (T) of Or-algebras. In particular, if the ideal sheaf of i : X — Y is
locally milpotent, then the canonical morphism Oy;s — iing+Ox/s is an
isomorphism.
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(d) There is a canonical isomorphism of functors

Rimg« = RlimoX:  D*(Oxyg,Inf(X/S)) = D*(Oy s, Inf(Y/5)).

Proof.  (a) For every covering {(U;,T;) — (U,T)}ier in the site Inf(Y/S),
{(Vi, AV (T3)) — (V,AT(T))} is a covering in the site Inf(X/S). As E is
a sheaf on Inf(X/S), the diagram

E(V,AV(T) = [[ BV, Av(T) = [T BV, AV, (T;)

i€l igEl

is exact, which is identified with

MB)(U,T) = [[OE) U, Ti) = [[(AB) (Ui, Tij).
i ij

Therefore, A, (E) is a sheaf on Inf(Y/S). By construction, one has
(ME)w.r) = Ew,an(r)- (23)

From [Ber74, III, Proposition 1.1.5], A, is an exact functor.

(b) One has

(2)

(finf« B)(U, T) = Homgptme(y/s)) (T, E)

(b)
= lim Homsnut(v/s)) (hv.ag 1)), £) (24)

()
= lig(l) E(V,AV(T)) =: (lim A\, E)(U, T),

where (a) is from (4), (b) and (c) use Lemma 7.1 and the Yoneda lemma
respectively. For every open subset T of T', let Uy = Ty X7 U and Vj =
To x7 V. Then Ay, (To) = AW(T) xp Tp for all n > 0. One has a natural
identification

I'(To, (iint « ) (v,)) = (dint « ) (Uo, To)
@)
— }g% E(Vo7 AV0 (TO))
= lim DAY, (To), Bv,ag )
= 3&% D(To, Eqv,an (1))

=I'(To, }Zlg% Ew.an (1))

where (a) uses (24). Thus, there is an isomorphism of sheaves (iinf +«F) (v, 1) —
limnzo E(V,A"’/'(T))-
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(c) The first statement is from (A\,Ox/s)r = P{(T) and (22). Now assume
that X — Y is a locally nilpotent thickening. Then so is V' — T. Hence
Py (T) = Or and the second statement follows.

(d) By Part (a) and [Sta25, Tag 015M], it remains to prove that for every
injective object I of Mod(Ox,s) on Inf(X/S), A(I) is right acyclic for
lim : MOd(Oy/S)N — Mod(Oy,s). By [Ber74, VI, Proposition 1.1.5], for
every (U,T) € Inf(Y/S), the sheaf I(y ar(r)) on Ap(T) is flasque. By
(23), so is the sheaf \,(I)@w,ry) on T. Thus, for every integer ¢ > 0, one
has

HU(U,T), (D) = HYT, AN my) = O,

As the inclusion (V, A%(T)) — (V, ALTH(T)) is a monomorphism in Inf(X/S),
and I is injective, the map

IV, AGTHT)) = I(V, Ay(T))

is surjective. Equivalently, the map (A, +11)(U,T) — (A, I)(U, T) is surjective.
Therefore, the system {(A,I)(U,T)}n>0 has vanishing R! lim. By [Sta25,
Tag 0BKY], the result follows.

O

Remark 7.3. We do not know whether the functor i, : Sh(Inf(X/S)) —
Sh(Inf(Y/S)) is exact. The analogous exactness holds for crystalline topoi
([Ber74, IV, Corollaire 1.3.2]).

Lemma 7.4. For every crystal in Ox/g-modules E on Inf(X/S), the projective
system of Oy;s-modules \(E) is an Artin-Rees pro-crystal on Inf(Y/S).

Proof. Let u: (U',T") — (U,T) be a morphism in Inf(Y/S). We prove that the
canonical morphism

uilA(E)T Qu-104 Orr — /\(E)T/ (25)

in Mod(O7/)Y induces an isomorphism in AR Mod(O7). Fix an integer d > 0
such that U’ — T’ is a thickening of order < d. We shall construct an inverse
{MnsdE)r b = {(ME) 7T ®0, Orv }yy as follows.

First consider the special case £ = Ox,g. From the commutative diagram

U——T,

the factorization U’ — U x7 T' of U’ — T’ is also a thickening of order < d.
Then so is its base change V! — V xp T" along ¢ : X — Y. For every n > 0,
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since V' — A}, (T) is a thickening of order < n, so is its base change V x0T —
AL (T)xpT'. Thus, the composition V' — AP (T) x1 T" is a thickening of order
< n + d. Therefore, the solid commutative diagram

Vie—— Vxp T —— AW(T) xp T

]

Ve ATFYT) oo T
induces a factorization h : A%(T) xp T' — ALF%(T"). Both the compositions
AL(T) xp T' 25 ATFUT') — AF(T) < T,
AU(T) xp T' — AW(T) — ALTYT) T

coincide with the canonical morphism A} (T) x7 T’ — T” % T. As the inclusion

ATF(T) < T is a monomorphism, the left square of the diagram

AW (T) xp T" —— ATFHT') —— T

)
I

AY(T) ——— AYUT) —— T
is commutative. The morphism Pit%(T) — P2(T) makes the P{}(T)-module
P2(T) ®0p O a Py (T)-module. The morphism h : ARL(T) xp T" —
ATF(T') induces a morphism

h#  PRNT) — PY(T) @0, Or

of Ors-algebras. By (26), it fits into a commutative diagram

PyH(T) ——— PY(T)

| J (27)

(T - PR(T) @0, O
Now we consider general E. By (27), the morphism
Epvsaiy % PEHU(T') = Eayry @pypor) (PHT) @0, O17),  (8,y) = s@ K7 (y)
is P(}er(T)—bilinear. It induces a morphism
EAwd(T)@P;H(T)Pg#d(T’) = Eap()@pp() (PH(T)®0,01) = Eap (1)®0, 01,

(28)
which is P(/Hd(T)—linear and O7-linear.
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Because E is a crystal on Inf(X/S), the natural morphism
n—+d ~
Eppra(ry @pyracry Py (T") = By
is an isomorphism. Thus, one gets a morphism
(AnsaE)rr = N0
~ n—+d
<—‘EA$+d(T) ®P‘r;+d(T> PV# (T’)
(28)
— Eap (1) ®0r O1/
:(AnE)T ®OT OT’»

For variable n, they are compatible, so give rise to a morphism A(E)p —
uIN(E)r ®y-10, O in ARMod(O7). By universal property, it is inverse to
(25). O

Remark 7.5. By Lemma 7.4 and a slight variant of Lemma 6.4, the object
{MOx/s)}v,y) = {P%(Y)}iz0 of AR Mod(Oy ) admits a canonical stratification
relative to S. The underlying connection

Vi {PY(V)} = {Px(Y)} ®oy Oy)s

is represented by the system of morphisms Pyt (Y) — PR(Y) ®o, Q{,/S, such
that for every local section o of the ideal sheaf of X — Y and every j > 0,

V(o?) = jo’ ! @ do, (29)

and that for every local section y of Oy, one has V(y) = 1 ® dy.
Then by a variant of [Ber74, II, Proposition 2.2.1], every differential operator
u: M — N of Oy-modules of order < n induces a morphism

{Py)s ®oy P (Y) ®0y, M}izo = {Px(Y) ®0, N}izo
in AR Mod(Oy). Taking limits, one gets a morphism
lim(Py)s oy P4 (Y) ®o, M) — li;m(P)"((Y) ®oy N) (30)
in Mod(Oy). In addition, the natural morphisms
{dY /5Pt vyon * Px(Y) ® M = Pyg ®0, Px(Y) ®0, M}ixo
induce a morphism
lim (Py (Y) @ M) = lim(P} s @0, Px(Y) ®oy, M) (31)
in Mod(Y, Og). Taking composition of (31) and (30), one obtains a morphism
lim(P(Y) @0, M) - m(Py(¥) 8o, N) (32)

in 1\/10(1(5/7 Os).
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By [Ber74, IV, Théoréme 1.3.4], on the crystalline site, the direct image of a
crystal along a closed immersion is a crystal, which is “an extremely nontrivial
and useful example” of crystal ([BO78, p.6.1]). The infinitesimal analog fails,
as Example 7.6 shows.

Example 7.6. Let k be a field. Let X = S = Speck, Y = Speck[y] = A},
i : X — Y be the inclusion of the origin. We prove that E := iin+Ox /g5 is not
a crystal in Oy g-modules.

By Lemma 7.2 (c), for every finite order thickening Y — T over S, E(y,r) =
Px(T) as an Op-module. It is supported at a single point. Then the Oy-module
E(y,yy is not quasi-coherent, and its stalk at the origin is k[[y]]. Take

R = kly,x1,22,...]/(xixj 14,5 >0), T = SpecR.
The morphism of k-algebras
¢:R—=klyl, y—y xi—0

is surjective, with kernel I := (z1,22,...). One has I? = 0in R. Then ¢ induces
a first order thickening ¢ : Y — T over S.

Call the composition X — Y — T the origin 0 € T. The corresponding ring
map R — k has kernel .J := (y,z1,22,...). The stalk of Ey,7) at the origin is
lim, >0 R/J™. It has an element, formally written as Y., z;y*, whose image in
R/J™is Y0 ayt

The inclusion k[y] — R makes R a free k[y]-module, with a basis {1, z1, 22, ... }.
It induces a morphism ~ : T" — Y. Thus, the induced morphism Oy, = Or
makes Op a free Oy g-module with a basis {1, z1,z2,... }. One has hot = Idy.
Thus, h: (Y,T) — (Y,Y) is a morphism in Inf(Y/S).

Consider the morphism 1 : h*Eyy) — E(y,r) of Or-modules. By [Sta25,
Tag 0098], the stalk of h* E(y,y) at the origin is k[[y]] ®0y., Or,0, which is a free
k[[y]]-module with a basis {1, x1,22,...}. The element >_._, 2;4 is not in the
image of the morphism of stalks

>0

>0

Yo : (W Eryyy)o — (Ev,r))os
so 9 is not surjective. Therefore, F is not a crystal.

Remark 7.7. In Example 7.6, take k = C. Then it shows that the functor ij,¢ + is
not compatible with the direct image of D-modules fio : Mod(Dx) — Mod(Dy)
(see, e.g., [HT07, Proposition 1.5.24]).

8 Linearization
Let X — Y be a morphism of schemes over a scheme S. We recall Grothendieck’s
linearization functor. We shall see that as Poincaré’s lemma, in characteristic

0, the linearization of the de Rham complex €23, /s is a resolution of Ox,g when
Y is smooth.
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By [Sta25, Tag 01AH (1)], the category Mod(Y Strat(X/S), Ox/s) has limits.
Let
lim : AR Mod(Ox,g) — Mod(Y Strat(X/S),Ox/s) (33)

be the limit functor from Remark 5.2.

Definition 8.1. Let

0
Gro : Dift(Y/S) EN StratAR(Oy) @9 ProCris(X/S)y strat,
L : Diff(v/S) & AR Mod(Y Strat(X/S), Oxs) & Mod (Y Strat(X/S), Ox/s)
be the compositions. The functor L is called the linearization functor.

Remark 8.2. From [Ber74, III, Proposition 1.2.3], when Y — S is quasi-smooth,
the morphism of topoi (5) is an equivalence of categories. In this case, the
functor Gro takes values in crystals in AR Mod(Inf(X/S),Ox/s), and L takes
value in Mod(Inf(X/S), Ox/s).

By the proof of Lemma 6.5, for every Oy-module E, every (U, T) € Y Strat(X/.S)
and every morphism h : T — Y with h|y = g|u, there is a canonical isomorphism

Gro(E)w,ry — h*(Py,s @0, E) (34)
in AR(Mod(Or)). By [Ber74, III, Proposition 1.1.5], there is an isomorphism

L(E)w.r) = lim Gro(E)w,r) = lim h* (Q (E)") = lim h*(Py /5 ®oy E) (35)

in Mod(Or). Then L(Oy) is a sheaf of Ox/g-algebras, and L(E) is naturally an
L(Oy)-module. By Lemma 8.3, the morphism L(Oy ) — Gro(Oy) is surjective.

Lemma 8.3. For a quasi-coherent Oy -module E, the canonical morphism L(E) —
Gro(E) in ARMod(Ox/g) is surjective.

Proof. We need to prove that for every object (U,T) € Y Strat(X/S), the
morphism L(E)y,ry — Gro(E)y,ry in ARMod(Or) is surjective. Choose a
morphism h : T — Y over S with h|y = gly. We show that the morphism
lim,>o h*Q°(E)" — h*Q°(E) in Mod(Or)N is surjective, i.e., for every integer
ng > 0, the morphism

lim h*(PY/s ®oy B) = h*(Pyig @0y E)

in Mod(Or) is surjective. By [EGA IV 4, 16.7.4], as E is quasi-coherent, the
left and the right structures of Oy-module on Pg‘;s ®o, E are quasi-coherent.
The result then follows from Lemma 8.4. U

Lemma 8.4. Let S be a scheme. Let (F,)n>0 € Qch(S)Y be an inverse system
of quasi-coherent sheaves on S. Assume that for every integer n > 0, the
transition morphism F,+1 — F, is surjective. Then for every integer ng > 0,
the projection lim,, F,, — F,, is surjective.
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Proof. For every integer n > ng, let K, be the kernel of F,, — F,,,. By the Serre
vanishing theorem (see, e.g., [Sta25, Tag 01XB]), as the F,, are quasi-coherent,
for every affine open subset U of S, the sequence

0— K,(U)— F,(U) = F,,(U) =0

is exact. By the four lemma, as the transition morphisms F,1(U) — F,(U)
are surjective, so is K,4+1(U) — K, (U). Then by [Ati69, Proposition 10.2], the
morphism lim,, F,,(U) — F,,(U) is surjective. As affine opens form a base of
the topology of S, lim,, F,, = F,, is surjective. O

Remark 8.5. Let E, F and G be Oy-modules. Equip G with a stratification
relative to S. Then by [Ber74, II, Proposition 2.2.1], the stratification induces
a canonical map

Hompig(y/s)(E, F) = Hompigy/s) (G ®oy E,G @0, F). (36)

Let G be the crystal in Ox/g-modules on Y Strat(X/S) induced by G via (21).
Let u : E — F be a differential operator. Let v : G ®o, E = G ®o, F be the
differential operator induced by w via (36). As in [Ber74, IV, Proposition 3.1.4],
one can prove that there is a canonical isomorphism

GI“O(G Koy E) = g ®Ox/s GI"O(E)

of Artin-Rees pro-crystals, and a similar one for F' which fits into a commutative
diagram

Gro(G ®0, E) =2 Gro(G @0, F)

| |

g ®oy,s Gro(EBdm—mgub ®0y,s Gro(F)

in ProCris(X/S)y strat-
The image of Oy with its natural stratification under the functor (21) is the
crystal Ox/s on Y Strat(X/S). The morphisms (7" : P¢,g — Oy )n>0 glue to
a morphism 7 : Q°(Oy) — Oy in ARMod(Oy) that is horizontal. It induces a
surjective augmentation morphism 7 : Gro(Oy) — Ox/s in AR Mod(Y Strat(X/S),Ox/s).
Taking limit, one gets a morphism

L(Oy) = Oxys (37)

of Ox/s-algebras on Y Strat(X/S). The morphisms (dy : Oy — Py g)n>0
induced by the first projection Y2 — Y glue to a morphism do : Oy — Q°(Oy)
in AR(Mod(Oy)) that is horizontal. By Lemma (20), it gives rise to a natural
co-augmentation morphism

Ox/s — Gro(Oy) (38)

31


https://stacks.math.columbia.edu/tag/01XB

in the category ProCris(X/S)y strat Of Artin-Rees pro-crystals. Taking limits,
one has a morphism

OX/S — L(Oy) (39)

of sheaves of rings on Y Strat(X/S), which is a right inverse of (37). Thus, Ox,5
is a direct factor of L(Oy). By Lemma 5.14, for every n > 0, the composition

dn+1 0 d
Oy = P}Y/L/Jtsl RS Py s ® Q%f/s

is zero, so the composition of horizontal morphisms Oy — Q°(Oy) — QO(Q%,/S)
in AR(Mod(Oy)) is zero. Therefore, the corresponding composition of morphisms
of crystals

Ox/s B Gro(Oy) — Gro(Q5)

vanishes. Let M be an Oy-module with an integrable connection. By [Ber74,
p.165], M®o, Q;//S is a differential complex of order < 1. Then from [Ber74, IV,

Proposition 3.2.7], Gro(M ®o, €23, 5) and hence L(M ®o, €2}, 5) are complexes.
Thus, there is a canonical morphism

Ox/s — Gro(Q}g) (40)

in Ch=°(AR(Mod(Y Strat(X/5), Ox/s))). Passing to limit, it induces a canonical
morphism

Ox/s = L(QYs)
in Ch=%(Mod(Y Strat(X/S),Ox/s)).

Lemma 8.6. Letg: X — Y be a morphism over S. Let Alg(Y Strat(X/S),Ox/s)
be the category of Ox/g-algebras on Y Strat(X/S). Then there is a canonical
surjective morphism

¢ : GI"O(Oy) — j*iX/S*OX (41)

in AR Alg(Y Strat(X/S),Ox/s). It induces a surjective morphism
L(Oy) = j%ix/s:Ox (42)
of Ox/g-algebras on Y Strat(X/S).

Proof. Pulling back the surjective morphism (P{}/S)nzo — Oy in Mod(Oy )Y
along g : X — Y, one has a surjective morphism

(9" Py s)n>0 = Ox (43)

in Mod(Ox ). By (34), one has Gro(Oy)x,x) = (g*P}@/S)nZO in ARMod(Ox).
From [Sta25, Tag 077I], as the inclusion functor ¥ Strat(X/S) — Inf(X/S) is
fully faithful, the canonical morphism

Gro(Oy) = j*j) Gro(Oy)
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in AR Mod(Y Strat(X/S),Ox/g) is an isomorphism. Therefore, the canonical
morphism
GrO(Oy)(X“X) l> i}/sjl GrO(Oy)
in AR Mod(Ox) is an isomorphism. Combining it with (43), one has a morphism
i}/sjg Gro(Oy) — Ox in ARMod(Ox). By adjunction, it induces the morphism
(41).
For every object (U,T) € Y Strat(X/S), one has an induced morphism

dw,ry : Gro(Oy)w,r) — (i"ix/$:0x)w,r)

in ARAlg(Or). Choose a morphism h : T — Y over S with hly = glu.
By construction, ¢y, r) is induced by the composition (h*PQ/S)nZO — h*Oy =
Or — Oy of surjective morphisms in Alg(O7)N. Therefore, ¢, is a surjective
morphism in AR Alg(Or). Hence, ¢ is a surjective morphism in AR Alg(Y Strat(X/S), Ox/g).
The second statement follows from Lemma 8.3. O

Let KC be the kernel of (41) in AR Mod(Y Strat(X/S),Ox/g), which is an
abelian category by Remark 5.3. Let K be the kernel of (42) in the abelian
category Mod(Y Strat(X/S),0x/s). Then K is an ideal of L(Oy) and K =
lim /C. From the commutative diagram

0 K L(Oy) —_— j*iX/S*OX — 0

| el ]

0—— j*JX/S E— OX/S E— j*iX/s*OX — 0

of Ox,g-modules on the site Y Strat(X/S) with exact rows, j*.Jx g is naturally
a direct summand of the Ox/g-module K.

We give a concrete description of . For every integer n > 0, let H,, :=
ker(P{}/S — Oy) be the kernel of the augmentation morphism, i.e., the ideal
sheaf of the nilpotent thickening Y < A% (Y2). For an object (U, T') € Y Strat(X/5)
and a chosen morphism h: T — Y with hly = g|u, let K, ,r) = Kn,1 be the
kernel of the morphism h*Q%(Oy )™ — Oy, which is an ideal of h*P{}/S. For
both left and right structures of Or-module, K,, (v,1) is quasi-coherent. Then
(Ko, v,r))n=0 € Mod(Or)N represents Ky € ARMod(Or). By [Ber74, III,
Proposition 1.1.5], for left structures one has

Kwr) =1mK, @
in Mod(Or). The short exact sequence 0 — H, — Py, — Oy — 0 in

Mod(Py y ) admits two natural splittings, so the middle row of the commutative
diagram
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0 — h*H,, — K, wr) — Jx/s,w0,n)

-
-
-
-
-
-
-

is exact. By the snake lemma, the diagram induces a short exact sequence

0— h*Hn — Kn,(U,T) — JX/S,(U,T) — 0 (44)
in Mod(Or) with two natural splittings. As P;/*Sl — Py /s is surjective, so are

Hn+1 — H,, and Kn-i—l,(U,T) — Kn,(U,T)~

Remark 8.7. For variable n > 0, the left splittings for (44) are compatible, and
same for the right splittings. Thus, taking limits one gets an exact sequence

0 — limh*"H, = K, = Jx;s,wr) =0
n

in Mod(Or) with two natural splittings.

9 Poincaré lemma

We shall prove a Poincaré lemma, which ensures that one can use the linearization
functor to compute infinitesimal cohomology.

Remark 9.1. Let X — Y be a morphism over S. For an Ox/g-module M
on Y Strat(X/S), we define a filtration of the complex M ®o,,; Gro(€,/5) €

Ch (AR Mod(Y Strat(X/S),0x/s)) as follows. By (44) and Lemma 5.14, for
every k > 0, the projective system of morphisms

{Q%d) : PYfg ®oy Qs = PYys @ Qg }azo
induces a morphism

Gro(d) : K4 - Gro(Qy/) — K7 - Gro(2y75)

for every ¢ > 0. Thus, one gets a subcomplex F' Gro(Q;,/S) of Gro(Q;//S),
whose k-th term is 9% - Gro(Qy /g). (By convention, K' = Gro(Oy) when
i <0.)
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By (44), the morphism (38) restricts to a morphism J)q(/s — K%in AR Mod(Y Strat(X/S),Ox/s).
Thus, the morphism of complexes (40) restricts to a morphism

Jg(/s — F7Gro(Q3/5). (45)

Let
FUM ®0y,5 Gro(Q2y5)) (46)

be the image of the morphism (Id,; tensor product with the inclusion)
M ®oy,s F1Gro(2y,,5) = M ®0y,s Gro(€2y, )
in Ch=°(AR Mod(Ox/s)). Its k-th term is the image of
M ®0,,s K978 Gro(y,5) = M @05 Gro(2y./s)

in ARMod(Ox/g). Then (45) induces a canonical morphism
T4 M — F (M ®0x,s Gro(Q§,/S)) . (47)

Theorem 9.2 is a filtered Poincaré lemma. In the special case where S =
SpecC, X is a scheme separated smooth of finite type over C, X — Y is the
identity, M = Ox/s, ¢ = 0 and (U,T) = (X, X), Fiorot [Fioll, Lemma 1] proves
that (48) is locally homotopic to zero. We need the case that X is singular while
Y is smooth to prove Theorem 14.1.

Theorem 9.2. Let X — Y be a morphism over S. Assume that Y — S is
smooth, and that X is of characteristic 0. Then for every Ox,s-module M and
every q > 0, (47) is a resolution.

Proof. For every (U,T) € Inf(X/S), we prove that the complex
(Js - M) = (FU(M @0, Gro(235))) (48)

belonging to Ch="(AR Mod(Or)) is locally homotopic to zero. This property is
local in T. We shall shrink T to prove that (48) is represented by an object of
Ch=%(Mod(Or)Y), each level of which is homotopic to zero.

Recall Remark 8.2 that because Y — S is quasi-smooth, shrinking 7" one may
assume that there is morphism h : T'— T over S with hly = gly. AsY — S is
differentially smooth, shrinking Y one may find y1,...,y: € T'(Y, Oy) such that
Q%,/S = ®!_,Oydy;. Forevery 1 <i <t let n; € T(Y, Pg5s) be the image of
the global section 1 ® y; — y; ® 1 under the morphism Oy ®o4 Oy — P{i?s.

Let m = (m,...,m), which is an ideal sheaf in Oy[n,..., ] = OA;.
Then by a slight variant of [Ber74, I, Corollaire 4.5.3 i)], for every n > 0,
P{/L/s = Oyni,...,m)/m" ! as a sheaf of rings on Y, and these identifications

are compatible with the projections Pﬁ;rsl — Py /s
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Consider the isomorphism
P{}/S R0y Q%//s = Oy, ...y me]/m™ ®OA§, Qk;/y, 1®dy; — 1® dn;.
For every integer k > 0, it induces an isomorphism
Py @0y Qy g = Oy [nr,...mi]/m™ B0p, ngy. (49)
By definition, Gro(Q’f/ / g)T is represented by the inverse system

{h*(P{/l/s ®oy Q@/s)}nzo'
From (49), this system is identified with the system
{Or[m1, o] fmn ®0,; QZ;/T}nzu (50)
Consider the object
OT[Th)'" 777t}/m.+1 ®OA’tF :A%/T (51)

of Ch=%(Mod(T, Os)N). TIts n-th level belonging to Ch="(Mod(T, Og)) is the
complex

OT[T/la e 777t]/mn+1 — OT[T]h' .. 7nt}/mn®0At Qkf /T — = OT[nla cee 777t]/mn_t+1®OAf, QfAJ /T — Oa
T T T T

where each differential

Orln, ... ne/m™ "+ 0, QZ%/T = Orn1, ..., me]/m" " 0, QkA_’f:/T

is induced by the “pro-connection”
Vi Orlny, oo fm" ™ = Ol o fm" ™ @0, Qe g 1] = 0} @dns.

From Lemma 5.14, the identifications given by (50) are compatible with differentials,
so Gro(§)5,¢)r is represented by (51). As X is of characteristic 0, so is U. As
U — T is surjective, T is also of characteristic 0, the result follows from Lemma
9.3. O

Lemma 9.3. Let A be a commutative ring of characteristic 0. Let J be an
ideal of A. Let B = Alm,...,m) be a polynomial algebra over A. Let m =
(n1,...,mt) C B. For everyn >0, let C,, = B/m"*1. Let K,, be the ideal of C,,
generated by J and m. For every q > 0, let F1(Cq ®p Q%/A) be a subcomplex of

Co®p 0%y € Ch(Mod(A)Y), where the k-th term of the n-th level complex is

KI5 (Coy @ ). Let M be an A-module. Let F1(M @4 Co @p Q)
be the image of

M @4 F1(Co®@pQ%/4) & M @4 Co®p Oy 4.
Then the A-linear complex
0—J9 M — FI(M®aCo®@pQy,4) (52)

is homotopic to zero.
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Proof. The n-th level of (52) is

0= J9M — KL (M®aCy) = K171 (M®4C, 10505 ,4) = -+ = Ki ;- (M®4Ch_ @505 ,4) —

First, we construct a homotopy for (52) with M = A and ¢ = 0, i.e., the
complex belonging to Ch(Mod(A4)Y)

0—A—Co®p Q4. (53)

For an ordered subset I = {i1,... iy} of {1,...,t}, let dn; = dng, A--- Ndn;,.
For p > 0, define an A-linear map

hp — hp(n) : Cnfp Xp Q%/A — Cn7p+1 B 9%7/114,

m"‘lnanlm @dni, A...dn; o Adng,,

where @ = (aq,...,a;) € N is a multi-index, and n® = nf"* ..., It is well-
defined as p + |a] is invertible in A. Define a morphism of A-algebras

hozho(n)icn—)A, ’170"—>0.
By computation, we prove that the he(n) form a homotopy for the complex
O—>A—>Cn—>Cn_1®BQ}B/A—>~-~—>Cn_t®BQtB/A—>O, (54)

which is the n-th level of the inverse system (53). Lete; = (0,...,0,1,0,...,0) €
N*, where 1 is at the j-th place. As an endomorphism C,_, ®p Q%,/A —

Ch—p ®B Q%/A, we have

d;v—l oh (7704 ® d771)

p
Z D (e, @ dngy A dnyg, e Adig,)

p+|04 =
p —
n | Z D™ ((as,, + Dn® @ dn,, Admiy, A..dn; - Ad,
Tptla] &
+Zaj7] TN, @ dny Adni, A.dn o Ad,)
J¢l
Sy
= ((ev,, + Dn® @ dny
p+lal &=
1)ym+1 i @ dns A dns dn. - Adn:
Y i, @ dny Adm, A dng, - Adn,).
J¢l
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‘We have

hpy10dP(n™ @ dnr)

=hpir | D (a9 @dn; Adn)
1<j<tigl

B T R E—,

aj
1<j<rger P Ltfa—el

+ ) ()™, @dny Adigi, A dn, e Adng,)

1<m<p

Therefore, we have

_ 1 z
(W1Mﬁmﬂwﬂwwmn251@'§]%m+U+ZFjW®®FﬂﬁMW
m=1 2

Thus, the family {h,(n)} is a homotopy for the complex (54).

By construction, for fixed p, the h,(n) are compatible, so they define an
A-linear morphism hy, : Ce_p, @p QZ]B/A — Ce_pt1 ®B Q%_/Ilq of inverse systems.
Tensoring with id,;, one gets a homotopy for the complex

O%M%M@AC.(X)BQ;B/A, (55)

which is (52) with ¢ = 0. For general g, since K¢ is generated by elements of
the form an® (|a| < ¢ and a € J971°1), h,(n) induces a morphism

K= - (M @4 Cpyy @p Q1) = KAZ011 - (M @4 Cppia @5 Q).

Therefore, the constructed homotopy for (55) restricts to a homotopy of the
subcomplex (52). O

10 Cech-Alexander complex of linearization

We compute the composition of the Cech-Alexander functor with the linearization
functor. Combined with Lemma 4.6, the computation for an immersion X — Y
over S implies that the linearization L(E) of a quasi-coherent sheaf E on Y is
acyclic for the functor u'y R

Remark 10.1. Let X — Y be a morphism over S. Let E be an Oy-module with
a stratification relative to S. Let £ be the induced crystal on Y Strat(X/S) via
(21). Let E ®o, 5,5 be the de Rham complex with coefficients in E as in
Remark 5.7. By Remark 8.5, there is a canonical isomorphism

Gro(E ®0y O} /5) = € @055 Cro(s)
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in Ch=°(AR Mod(Ox/s)). For every g > 0, it identifies the subcomplex F¥(E®o,
Gro(2},/g)) defined in (46) with a subcomplex

F9Gro(E ®o, Qy/g) C Gro(E ®o, y/g),

whose k-th term is K97% - Gro(E ®o, Qlf,/s). From (47), one gets a morphism
in Ch(AR Mod(Ox/,g)) on Y Strat(X/S)

Jg{/S-S%FqGro(E ®oy y/5)- (56)

Remark 10.2. Let X — Y be a morphism over S. For every ¢ > 0 and every Oy-
module M, define KWL(M) :=1im K9 - Gro(M), which is an Ox/s-submodule
of L(M) containing K9 - L(M). For every (U,T) € Y Strat(X/S), choose a
morphism h : T — Y over S with hly = gluy. As K, ) is the ideal sheaf
of the nilpotent thickening U — T < T xy A%Z(Y?) of schemes, and FE,, :=
h*(Py,s ®o, M) is a sheaf of module on T' xy AZ(Y?), one has

KYL(M)wr) = lim K )+ B
@)
= lim ker (En = PEHT xy AY(Y?) @0, ay s En) (57)

— lim ker (h*(P;;/S ®0y, M) = PLY(T xy AL(Y?)) ®0, M) :

n

where (a) uses Remark 10.3.

Remark 10.3. For a closed immersion X < Y of schemes, let I C Ox be the
corresponding ideal sheaf. Let ¢ > 0 be an integer. Let i : A% '(Y) = Y be the
inclusion. For every Oy-module M, I?- M is the kernel of the natural morphism
M — M ®o, PEH(Y) =i.i*M.

Let X — Y be an immersion of schemes over S. For every i > 0, let J; be
the ideal sheaf of the closed immersion X — A% (Y). Let J be the kernel of
the morphism Px(Y) — Ox induced by the inclusion X — Ax(Y), which is
an ideal of Px(Y), and an abelian sheaf on X.

Lemma 10.4. (a) Let E be an Oy -module. For every integer ¢ > 0, let

JUE = lim(J! - (PL(Y) @0, E)),

which is a Px(Y)-submodule of lim;(P%(Y) ®0, E). Then there is a
natural complex of abelian sheaves on X

JUE — CAY (KUY L(E))

that is homotopic to zero. In particular, for ¢ = 0, there is a natural
resolution 4
lim(P% (V) ®o, E) — CAY (L(E)). (58)
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(b) Letu: E — F be a differential operator of Oy -modules. Let

v: 1iZm(P;;(Y) ®E) — 1ilr_n(P§((Y) ® F)

be the morphism induced by u as in (32). Then under the resolution (58),
v is compatible with CAY, (L(u)) : CAY (L(E)) — CAS (L(F)).

Proof. (a) e First, we prove the case with ¢ = 0. Define a cosimplicial
object of Ab(X) as follows. For every v > 0, let

£":=lim PL(Y" ™ ®0, E.

For v > 0 and 0 < j < v, the projection Y**' — YV over S
skipping the j-th factor induces a system of morphisms {P%(Y?) —
P4 (Y""1)}50. Tensoring product with idz and passing to limits, the
system induces a morphism 47 : EY~1 — &Y. The closed immersion

YU+1 — Y’U+27 (y07 v ayv) = (yOa e Yi—1,Y55Y55 Y1, - - 7yv)

induces a system of morphisms {P% (Y?"2) — P%(Y*1)},50. This
system induces a morphism o7 : Evtl — €Y. From [Sta25, Tag
016K], one obtains £ € CoSimp(Ab(X)).

For every i > 0, let h: A% (Y1) — Y be the projection to the last
factor, which fits into a commutative diagram

X —— Al (YUH)

| J»

X ——Y.

By (35), one has
L(E)(x,ai (vvir)) = lim h*(Py;s@oy E) = lim Py (Y @0, Py s@0y E.

Then one has

CAV(L(E)) :=lim lim Py (Y"*) @ P}/ g ®o, E

i>0n>0
(a) , (59)
= lim Py (Y""%) @0, B =£"",
(=

where (a) uses (62).

For every integer v, let F¥ be £Y+! when v > —1, and be 0 when
v < —1. Define the differential morphism d” : F* — F¥t! as the
alternating sum of degeneracy maps Zié(—l)%g”. Then (F*,d*)
is a complex. By construction, the truncation (CAY (L(E)),d")v>0

of F* is exactly the cochain complex associated with the cosimplicial
object CAY (L(FE)) € CoSimp(Ab(X)). By [Ber74, V, Lemme 2.2.1],
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the complex F* is homotopy equivalent to zero, and a homotopy is
given by

B = (—1)”“031% S FUTh o P
Therefore, JI'E — CAS.(L(E)) is a resolution.

Now assume ¢ > 0. We compute an expression of K4 L(E). For
any i,v > 0, the pair (X, A% (Y?T1)) is an object of Y Strat(X/S).
Therefore, by (57) one has

(KML(E))

=lim ker (P;;(Yv“) ©oy PYs ®oy E = PEHAR(Y™) xy AL(Y?)) @0y E) .

A (v

Then one has
v la] —1 [a]
CAY (KL (E)) = lim (K L(E))Ag((ywl)

= lim ker (P;;(Yv“) Soy PYs ®oy E = P A (YY) xy AR(Y?) ®0y E)

— ker (lim (P;;(Yv“) ®0y P ®0y E) — lim (ngl(Ag((va) xy AL(Y2)) ®o, E))
(a) , |
— ker (nm Pi(Y"*2) @0, E — lim PL (AL (Y"12)) @0, E)
— lim ker (P;'((Y”?) ®0y E — PL AL (YY) @0, E) .
3

(60)
where (a) uses (63).
Similarly, one has

JY9E = lim(J9-(PL (Y)®0, E)) = limker (P;'((Y) R0y E — PLHAL(Y)) @0, E) .
3 (]

61
Therefore, d~* : £9 — CAY(L(E)) restricts to a morphism J[Q]E(' —)>
CAY. (KW L(E)). Hence, JUE — CA}.(KWWL(E)) is a subcomplex
of F*.
We check that the homotopy (hY;),ez of F* restricts to a homotopy
of this subcomplex. The closed immersion Y¥+2 — Y3 defining

ouT} induces a commutative diagram

AL AR (YTF2)) s AR (V")

| !

A (AR(H) s A (V)

of schemes over Y, and hence a commutative diagram
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P (Y"+) —— PYH (AL (V™))
J15 !
Py (Y"2) —— P (AL (Y+?))
of Oy-algebras. Therefore,
PL(Y'"?) ®o, E — Py (Y""?) @0, E
restricts to a morphism
ker(Py (Y""*) @0y E = P{HAK(Y'H)) ®oy E)
—ker(Py (Y"1 ®o, E — PE (AL (Y?)) @0, E).

From (60) and (61), passing to limits, hY, : F*T1 — FV restricts to a
morphism
CAVTHKUL(E)) —» CAY (KW L(E))

(when v > 0) and CAY (K L(E)) — JUYE (when v = —1).

(b) The proof is similar to that of [Ber74, V, Proposition 2.2.2 ii)].
O

Lemma 10.5. Let X — Y be an immersion of schemes over S. Let E be an
Oy -module. Then for any integers k, k' > 0, there is a canonical isomorphism

lim (PL(Y*) @0, PLOY™) @0, B) S5 lim(PE(YH ) @0, B) (62)
,)=2 n

of Oy -modules. For every integer ¢ > 0, there is a canonical isomorphism
lim (PLAR () xy AL(YH ) @0, B) S lim (PHAR (Y1) @0, E)

4,70
(63)
of Oy -modules.

Proof. Taking cofinal inverse subsystems does not change limits. For every
integer n > 0, the projection Yé”klﬂ — Yéf“ to the first k£ + 1 factors induces
a morphism A7 (YA +1) 5 A% (YA+1) Similarly, the projection Y;Jrklﬂ —
YEH to the last k41 factors induces a morphism A% (YFTE+1) 5 An (yK'+1),
Thus, one gets a morphism

Ar)L((ykJrk'Jrl) _> A}(ykﬂ) Xy Ar}z/(ykurl)
of schemes over Y. It restricts to a morphism

AL (AR () o5 A% (A% (YE) xy AR ().
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They induce morphisms
PR(Y*H) @0, PR(YNTY) = PRV,
PL (A% () sy AR (YET)) o PLAR (YD)

of Oy-algebras. Thus, one has morphisms
lim (P(Y*) o, PO ) @0, B) = lim (PR (Y4 @0, E),

. . (64)
lim P% (A}(Y’““) Xy Ag(yk’ﬂ)) ®0y E — lim (P)‘J((A}(Y“’“/“)) R0y E)

(65)

of Oy-modules. '

Conversely, for any integers i,j > 0, as Y — A, (Y**+1) is a thickening of
order < j, so is its base change A% (YF+1) — AL (YFT1) xy AL (VF 1), As
X — A% (Y**1) is a thickening of order < i, the composition

X = A (V) o Al (YY) sy A (YR

is a thickening of order < i + j. The inclusions A% (Y*+!) — YF+! and
AL (YFH) - Y;lﬂ induce a morphism

Al (YY) xy AL (YF ) — yiHE+

fitting into a solid commutative diagram

| AL (YFH1) xy A (YF+1)

X A;rj(yk+k’+1) N Y;—i—k'-i-l.
The diagram induces a morphism
A&(Ykﬂ) Xy A{,(Y’“l“) N Agzrj(yk+k’+1)
of schemes. It restricts to a morphism
A (Afx(YkH) Xy A{}(Y’“'“)) — AL (AT (YRR L))
They correspond to morphisms
PG (YR o PL(YETY) @0, PLOY ),
PLAYT (VFHE1) 5 L (A% (V) xy AL (VFH)).
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of Oy-algebras. Thus, one has morphisms

lim (P (Y4 @0, B) = lim (Pr(Y*) @o, PLYY ) @0, E),
,]Z 4] Z
(66)

¥ Y

(67)

By universal properties, (64) and (66) are inverse to each other, and so are (65)
and (67). O

11 Comparison of infinitesimal cohomology and
de Rham cohomology

Let X — Y be an immersion of schemes over a scheme S. Let E be an Oy-
module with a stratification relative to S. We prove a comparison isomorphism
between the de Rham cohomology with coeflicients in E and the infinitesimal
cohomology of the corresponding crystal £. In particular, for £ = Oy equipped
with the natural stratification, the result reduces to a comparison isomorphism
of H! ((X/S) and Hartshorne’s de Rham cohomology Hig(X/S).

For every n > 0, the stratification of E' together with the stratification of
the Artin-Rees system {P%(Y)}i>0 (Remark 7.5) induces a complex

P;(Y)Q@OYE - P)Téil(yv ®oy E®oy Q%//S - P)?iQ(Y) ®oy E®oy Q%’/S ..
(68)
They fit to an object (P%(Y) @0y, E ®0y Q%/5)nz0 of Ch=’(Mod(X, Og)").
Let
E&Q$, € Ch="(Mod(X, Os))

be the termwise limit complex, whose k-th term is
E&Q), = lim (P;;(Y) ®0y E ®0, Q’;/S) .

Remark 11.1. In Lemma 10.4, assume that Y is locally Noetherian, X — Y is a
closed immersion, and F is a coherent Oy-module. Then by [GDT71, Proposition
10.8.8 (ii)], the canonical morphism Px(Y) ®o, E — JIE is an isomorphism.
Suppose further that Y — S is locally of finite type. Then from [EGA IV 4,
Proposition 16.3.9], Q%,/S is a coherent Oy-module. Therefore, the morphism
Px(Y) ®o, E ®oy QI;//S = E®QY is also an isomorphism.

Let f : X — S be a finite type morphism of Noetherian Q-schemes. Let
X — Y be a closed immersion with Y smooth over S. Let E be Oy with the
natural stratification. Then E®Q$, coincides with Q)hg/s € D(X, Og) introduced
in [Bhal2, Construction 4.25].
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From (29), for any integers ¢ > k > 0, the differential

Py M(Y) ®oy E ®oy O35 = Py 1Y) ®oy E®oy Qs

in the complex (68) restricts to a morphism

Tk (PYF(Y) @0y E®oy Qs) = JIi 71 - (PYF 1Y) ®oy E®oy BH).

Thus, one gets a subcomplex
FYE2QY)) C EQQY,
whose k-th term is
JH(E @0, Of g) = lim JIE(PL(Y) @0y E @0y Q/g). (69)
Theorem 1.2 follows from Remark 11.1 and Theorem 11.2 (b) (where we take
g =0 and FE to be Oy with its natural stratification).

Theorem 11.2. Let i : X — Y be an immersion over S. Let E be a quasi-
coherent Oy -module with a stratification relative to S. Let £ be the crystal in
Ox/s-modules induced by E on Y Strat(X/S) via (21).

(a) Then for every q > 0, there is a canonical morphism
Ruly/5.(J%/s - €) = FI(BQY) (70)
in DT (X,0g). It induces a morphism
RT((X/S)y swrats Jx /5 - €) — RU(Y, F1(E&QD))
in DT (0g(9)).

(b) Assume further that X is of characteristic 0, and Y — S is smooth. Then
the morphisms in Part (a) are isomorphisms, and one can write Rux/g
for Rulx/s*; and RT((X/S)ins, —) for RT((X/S)y strats —)-

Proof. (a) From [Ber74, IV, Proposition 1.1.3], as F is quasi-coherent over
Oy, & is a quasi-coherent Ox/g-module. Then by Lemma 11.3, for every
v > 0, the inverse system ((Jg(/s &) (x,ai (yv+1y))izo satisfies Condition
(*). By Fact 4.8, it has vanishing R?lim; for all ¢ > 0. Hence by Lemma
4.6 and Remark 2.3, there is a canonical isomorphism

R“/X/s*(J)q(/s €)= CA;/(J)q(/s -€) (71)
in D(X, u’X/S*OX/S). For every v > 0, the canonical morphism

CAI{/(J;](/S . 5) = hanl(‘]g(/s : 5)A§((yv+1) (72)
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is an isomorphism.

For every i > 0, let h; : AL (Y""1) — Y be the last projection. Let
A € ChZ%(Pi (Y¥*1)) be the complex

K?

1,A%

(yu+1)'hr (Pﬁi//S®Oy E) - Kfjll’AiX(yuﬂ)'h?(P;7é®OyE®OY Q%’/S) .

The differential morphisms are constructed as follows. By (36), the stratification
on F turns the differential operator d : Q@ /s~ Q’;,J/ré to another differential

operator E ®o, Q5 = E ®o, Q’;,J/ré From (16), one gets a morphism

P;;g Koy E Koy QIXC//S — P}i,?g_l Koy E Koy QI;/—}_é

From (56), there is a canonical morphism
(x5 E)ag voiny = A (73)

in Ch="(P% (Y"*1)). For variable i > 0, the morphisms fit to a morphism
of inverse systems in Ch=°(Ab(X)). Therefore, there is a canonical morphism

RUm(JY )5 - €)ay (vorr) = RIm A (74)

in D (X, Px(Y""1)). By Lemma 11.4, for every k > 0, the inverse system
()i satisfies Condition (*), so it is right acyclic for the functor

lim. Then by Leray’s acyclicity lemma (see, e.g., [Sta25, Tag 015E]),
the termwise limit complex lim; %, represents Rlim; 7.°;.

For every k£ > 0, one has

. . —k * i—
hgn%’fi = 11?1Kiq_k7A§((Yv+l) : hi (Py/g ®Oy E ® QI;’/S)
. —k * n—k
:11,121 K»rq]l_k,Ag((Yﬂ‘Fl) “hj (Py/s ®oy E® Q136//5) (75)

= CAY (KM L(E 20, 0)).
Let lim; Z.%; be the cosimplicial object
A — Ch(Ab(X)), v~ h{n%’l
Together with Lemma 10.4, (75) implies that there is a quasi-isomorphism
FI1(E®QY}) = lilm K (76)

of complexes. As the diagram


https://stacks.math.columbia.edu/tag/015E

shows, combining (71), (72), (74) and (76), one gets a morphism (70).

(b) By Remark 8.2, as Y is quasi-smooth over S, £ is defined on Inf(X/S).
By the filtered Poincaré lemma, as Y is smooth over S and X is of
characteristic 0, for the object (X, A% (Y¥*1)) € Inf(X/S) the complex
(48) is locally homotopic to zero. Therefore, (73) is a resolution. Then
(74) is an isomorphism.

O

Lemma 11.3. Let X — Y be a morphism over S. Let £ be a quasi-coherent
Ox/s-module on'Y Strat(X/S). Then

(a) For anyi >0, q >0, every (U,T) € Y Strat(X/S) and every affine open
subset V of T, one has H'(V, (Jg(/s -E)r) = 0.

(b) Let w: (U,T) = (U,T'") be a morphism in Y Strat(X/S) such that T’ is
affine and w : T — T’ is a closed immersion. Then for every q > 0,
(J;J(/S SENT) — (Jg(/s -E)(T) is surjective.

Proof. (a) As & is quasi-coherent, r is a quasi-coherent Op-module. By
[Ber74, III, Proposition 1.1.5], one has (J;"(/S -E)r = (Ixs,7)? - Er, s0 it

is a quasi-coherent Op-module. The result follows from Serre’s vanishing
theorem.

(b) From [Ber74, IV, Proposition 1.1.3], as £ is quasi-coherent, it is a crystal.
Whence, the morphism u*Err — Er of Op-modules is an isomorphism. As
T" is affine, the map £(T") ®o(r+) O(T) — £(T) is an isomorphism. Since
w: T — T is a closed immersion, O(T") — O(T) is surjective. Thus,
E(T") — E(T) is surjective. By the four lemma, the commutative diagram

! I |

with exact rows shows that Jx,s(T") — Jx,s(T') is surjective. As T" is
affine, one has

(S5 ENT') = (Ixys(T))-E(T"), (S5 ENT) = (Ixys(T))"-E(T).

The surjectivity follows.
O

Lemma 11.4. Let X — Y be an immersion over S. Let E be a quasi-coherent
Oy -module. Fix integers k,v > 0. For everyi >k, let K; := i— k(X AL (YU+1))
be the ideal sheaf of the closed immersion X < A% (YUT1) xy ALF(Y?2). Then
for every q > 0, the inverse system

(K- (PL(Y"") @0, Pgé ®oy E)}izk
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in Ab(X) satisfies Condition (*).

Proof. Write (F;);>j for this system. As E is quasi-coherent, every F; is a
quasi-coherent sheaf on A% (Y1) xy AL (V2). For every affine open subset
U of X, the open subscheme of A% (Y1) xy AL*(Y?) with underlying set U
is a thickening of the scheme U. Then by [Sta25, Tag 06AD], it is also affine.
Therefore, by [Sta25, Tag 01XB], for every j > 0, one has H’ (U, F;) = 0.

Assume further that there is an affine open subset V' of Y containing the
image of U under X — Y. We prove that I'(U, F;11) — T'(U, F;) is surjective.
As U and V are affine, one has

I(U, K;) = ker (DU, Py (V")) @0, () T(V, P75) = Ox (U))
T(U, Fy) = T(U, K;)* - (D(U, P (YY) @0y () TV, PyE) @0, o) TV, B))
Since both

DU, PEH(Y ) = DU P (YPH), TV, Pyt = TV, Pyg)
are surjective, so is I'(U, K;4+1) — I'(U, K;). The surjectivity of I'(U, Fi4+1) —
(U, F;) follows. O

Remark 11.5. We discuss the comparison between the infinitesimal cohomology
and Hartshorne’s algebraic de Rham cohomology, from which the finiteness
and Kiinneth formula for infinitesimal cohomology follows. Let k be a field of
characteristic 0. Let X be a scheme of finite type over k, which is embeddable,
i.e., there is a closed immersion X — Y of schemes over k£ with Y smooth over k.
Hartshorne [Har75, p.24] defines H (X) := H9(X,QY,). From Theorem 11.2
(b), there is a canonical isomorphism Ruy ;. Ox i = Q. So up to isomorphism
in DY (X, k), Q% := Q;//k depends only on X and is independent of the choice
of the embedding X — Y. This gives a canonical isomorphism
Hi g (X/k) = Hpg(X).

Thus, one recovers [Har75, II, Theorem 1.4].

Hartshorne [Har75, Remark, p.28] sketches how to define H{,(Z) for a
(possibly non-embeddable) scheme Z of finite type over k, which is still canonically
isomorphic to H!.(Z/k). One can extend the finiteness result [Har75, II,
Theorem 6.1] to Hz(Z), so that H.(Z/k) is a finite dimensional k-vector
space.

Based on Geisser’s result, Huber and Joérder [HJ14, Remark 7.5] interpret
HJ (Z) in the h-topology when Z is moreover separated. From [HJ14, Proposition
7.29], given two schemes Z and Z’ separated of finite type over k, for every n > 0
the Kiinneth formula

Hipo(Z %k Z' k) = @arv—nHiy(Z/k) @1 Hiy(Z' k)

holds.
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Remark 11.6. In Theorem 11.2 (b), assume further that f : X — S is a
finite type morphism of Noetherian schemes, and that i : X — Y is a closed
immersion. Let £ be Oy with the natural stratification. Then 27, is the formal
completion Q;, /s of the de Rham complex €23, /s along X. For ¢ > 0, Hartshorne
[Har75, p.74] defines the g-th relative algebraic de Rham cohomology of X over
S as R} f«(X) := R1f,Q},, which is an Og-module. In particular, there is a
canonical isomorphism

Rifx/5:0x/s — Rhp fo(X).

They are the sheafification of the presheaf U +— Hl (X xgU/U) on S.

inf

Remark 11.7. Let k be a field of characteristic 0. Let f : X — S be a morphism
of finite type of reduced schemes over k. Then by Remark 11.6 and [Har75, III,
Theorem 5.1], there is an open dense subset U of S, such that for every integer
1 >0, RifX/S*OX/S is finite locally free on U. In this context, Hartshorne
[Har75, III, Proposition 5.2] establishes a flat base change theorem. Combined
with Remark 11.6, it implies the following. If further S is irreducible with
generic point 7, then for every ¢ > 0, the natural morphism

(R fx/5:0x/5) ®0s k(S) = Hi (X, /k(S))

is an isomorphism. In particular, the natural morphism colimy H! (X xg
V/V) — H.(X,/k(S)) is an isomorphism, where V runs through nonempty

inf
open subsets of S.

Remark 11.8. Let k be a field of characteristic 0. Let Y be a scheme smooth
of finite type over k. Let f: X — Y be an embeddable morphism over k, i.e., a
morphism of finite type that is the composition of a closed immersion X — V
and a smooth morphism V' — Y. Hartshorne [Har75, p.75] defines the Gauss-
Manin connection on R%R f+X. Using Remark 11.6, we rewrite his construction
in terms of infinitesimal cohomology to allow the non-embeddable case.

Let S be a Noetherian scheme of characteristic 0. Let X, Y be schemes of
finite type over S, with Y — S smooth. Let f: X — Y be a morphism over S.
We recall the construction of the Gauss-Manin connection on RYfx/y.Ox/y-
There is a spectral sequence

B = RUf(f* Qs ®ox Rux/v.Ox/y) = R f Rux/s.0x/s.
As Y is smooth over S, for any p,q > 0 the canonical morphism Qf,/s R0y
Rifx/y+Ox;y — Ef? is an isomorphism. The differential
i Rfx;v+Ox;y = R'fx)v+Ox/y ®oy Q%//S

is an integrable connection on the Oy-module RYfy /y,Ox/y relative to S.
Consider the special case S = SpecC. Assume further f : X — Y is

either smooth or proper. Then by [Del70, II, Théoréme 6.13] (in smooth

case) or [Har75, IV, Corollary 4.3] (in proper case), up to shrinking Y to a
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dense open subset, the following holds. For every ¢ > 0, R1f2"C is a local
system on Y, and R?fy,y.Ox/y is finite locally free over Oy. The vector
bundle R?fx/y.Ox,y equipped with the Gauss-Manin connection corresponds
the local system R?f2"C via the Riemann-Hilbert correspondence.

Corollary 11.9. Let X — S be a morphism of schemes. Let Sy — S be a
nilpotent thickening. Let Xg = X X g Sy. Then there is a canonical morphism

RUXO/S*OXO/SHQ;(/S (77)

in DT(X,0g). Assume further that X is of characteristic 0 and X — S is
smooth. Then (77) is an isomorphism, so up to quasi-isomorphism the de Rham
complex Q;(/S depends only on Xj.

Proof. As Xg — X is a nilpotent thickening, P}'(0 (X) = Ox when i > 0 is
an integer large enough. Then the result follows from Theorem 11.2, and the
canonical morphism Rux,/s.Ox,/s —* Ru'XO/S*OXO/S. O

Definition 11.10. Let X — S be a morphism of schemes. Let M be an
Ox/s-module on Inf(X/S). For any ¢,i > 0, let F1H{ ;(X/S, M) be the image
of the map Hj .(X/S, J;J(/SM) — Hl(X/S,M). The decreasing filtration
F*H! ;(X/S,M) on H} ;(X/S, M) is called the infinitesimal filtration.

We give an infinitesimal interpretation of the Hodge filtration.
Corollary 11.11. Let X — S be a morphism of schemes. Then for every
q > 0, there is a canonical morphism

R“X/S*ch/s — 0>¢0% /5 (78)

in DT (X, Og), which induces a morphism F1H .(X/S) — F1H}z(X/S). When
q=0, (78) becomes
Rux;s.0x/s = Qs
and induces a morphism
RT'ing(X/S) — RLar(X/9). (79)
If X is smooth over S and of characteristic 0, then the three morphisms are
isomorphisms.

Proof. Let X Strat(X/S) be the stratifying topos for id : X — X over S. Let
J&/S := j~'Jx/s, which is a sheaf on X Strat(X/S). Since (5) is a morphism
of ringed topoi, there is a canonical morphism

Rux)s.Jy s = Rux s, T3 g

From (69), one has F(QY,) = 0,0
canonical morphism

3(/5. Then by Theorem 11.2, there is a

Ru/X/S*J;?/S — 0>¢0%/5-

By composition, one gets (78), which is an isomorphism when X is smooth over
S and of characteristic 0. O
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Remark 11.12. Let Y be a scheme of characteristic 0. Let Y — S be a smooth
morphism. Let E € AR Qch(Y") be an object with a stratification relative to S.
Let £ € ProCris(X/S) be the Artin-Rees pro-crystal on Inf(Y/S) induced by
E via (20). Write I' : AR Mod(Ox,s) — AR Mod(Os(S)) for the AR-extension
of the left exact functor I' : Mod(Ox,g5) — Mod(Og(S)). Then similar to
Theorem 11.2, one can show that there is a canonical isomorphism

Rrinf(Y/Sa 5) l> RF(K D) ®OY Q;’/S)

in DT (AR Mod(Og(S))).

Theorem 11.2 concerns the infinitesimal cohomology of crystals induced by
stratified modules. The case with a general crystal follows.

Corollary 11.13. LetY — S be a smooth morphism of schemes. Leti: X —Y
be a closed immersion over S, with X of characteristic 0. Let F be a quasi-
coherent Ox/s-module on Inf(X/S). Then there is a canonical isomorphism

Rl“inf(X/S, .7:) = RF(Y, liTan]‘—A}(y) Roy Q;//S)‘
Proof. As each Q’;} /s is a finite locally free Oy-module,
(im Faz (v)) @oy Qs = Hm(Far (v) @0y D))
is an isomorphism. By Lemma 7.4, £ := A(F) is an Artin-Rees pro-crystal on
Inf(Y/S). By Remark 6.6, it is induced by a stratified Artin-Rees pro-module
E = Eyy). From (23), £ = (Far (v))n>0 is in ARQch(Y). By Lemma 11.3,

for every k > 0, the inverse system (.FA»;((Y) ®0y Q’f//s)nzo satisfies Condition
(*). Then by Fact 4.8, the termwise limit complex limy, (E®o, €25, g) represents

Rliyrbn(E ®0y Q;//S).
One has
RTUine(X/S, F) = RTine(Y/S, Riing « F)

(a)
= RT;ne(Y/S, Rlim €)
=Rlim RT¢(Y/S, €)

(b)

S R1im RT(Y, E @0, Q%)

©

=RT (Y, Rlim(E ®o, Q;//s))
=RT (Y, li}ln(]:Ag((y) X0y Q;//S)) J

where (a) uses Lemma 7.2 (d), (b) relies on Remark 11.12, (c) uses [Sta25, Tag
0BKP). 0

o1
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Remark 11.14. From Theorem 11.2 and Corollary 11.13, one can derive cohomological
finiteness for quasi-coherent crystals, the smooth base change theorem [Ber74,
V,3.2.4,3.2.7,3.5.1, 3.5.2], as well as perfectness [BO78, 7.16, 7.24] for infinitesimal
cohomology.

12 Algebraic infinitesimal topos

Let X be a scheme locally of finite type over a field k. The infinitesimal site
Inf(X/k) contains objects (U, T') with T' non-Noetherian. We introduce a subsite
of the infinitesimal site, consisting of objects with finiteness condition.

Let Inf(X/k)*8 be the full subcategory of Inf(X/k) of objects (U,T) with
T separated of finite type over k. Let Inf(X/k)*" be the full subcategory of
Inf(X/k) of objects (U, T) admitting a morphism

U,T) = (V,2)

in Inf(X/k) with (V,Z) € Inf(X/k)*8. Endow Inf(X/k)*& and Inf(X/k)
with the topology induced by Inf(X/k) in the sense of [SGA4I, 111, 3.1], so that
both are sites. Let (X/k)™% be the topos associated with the site Inf(X/k)?.

inf
Lemma 12.1. The restriction functor Sh(Inf(X/k)) — Sh(Inf(X/k)'*) is an
equivalence of categories.

Proof. By [SGAA4I, III, Théoréeme 4.1], it remains to prove that every (U,T) €
Inf(X/k) can be covered by objects in Inf(X/k)°®. Thus, one may assume
that T is affine. As X is locally of finite type over k, one may choose a closed
immersion U — A} over k for some integer n > 0. Since A} is formally
smooth over k and U — T is a nilpotent thickening of affine schemes, there is a
morphism 7" — A} fitting into a commutative diagram

U——T

| I

U —— A} —— Speck.

Then there is an integer m with 7" — A} factoring through the affine variety

AT (AT). Then (U, A(AD)) € Inf(X/k)*e, and (U, T) — (U, AT} (A})) is a

morphism in Inf(X/k). Hence (U, T) is in Inf(X/k)°t. O
The inclusion functor u : Inf(X/k)2!¢ — Inf(X/k) is continuous and cocontinuous.

By [Sta25, Tag 00XO], it defines a morphism of topoi

okt (X/R)2S = (X/K)ing

inf
with L;(}k = u®. Let O?}fk = L;(}kOX/k.. Then for every (U,T) € Inf(X/k)*e,
(O;l‘c/;k);p = Op. Moreover, ((X/k)?é%,O;lfk) is a ringed topos, and tx/ is a
morphism of ringed topoi.
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Lemma 12.2. The inclusion u : Inf(X/k)e — Inf(X/k) defines a morphism
of ringed topoi px /i : (X/k)int — (X/k)™&. Furthermore,

Px/ke = u° = txyy + Sh(Inf(X/k)) — Sh(Inf(X/k)™#)

is an exact functor, and px i otx/k = id(X/’f)ii% up to a canonical isomorphism.
Proof. The functor u factors through a continuous functor u : Inf(X/k)*& —
Inf(X/k)®. We prove that it induces a morphism of sites Inf(X/k)f* —
Inf(X/k)e. For every object (U,T) € Inf(X/k)*®, let Ir be the category
of morphisms h : (U,T) — (V,Z) in Inf(X/k) with (V,Z) € Inf(X/k)2.
By [Sta25, Tag 00X5], it remains to prove that I7 is a filtered category. By
definition of Inf(X/k)°, I is nonempty. By Lemma 3.7, it is connected. Then
from Lemma 3.5, I7” is filtered.
The constructed morphism of sites Inf(X/k)*®* — Inf(X/k)2® induces a
morphism of topoi
Sh(Inf(X/k)™) — (X/k)ing.
Combined with Lemma 12.1, it defines a morphism of topoi px /i : (X/k)int —
(X/ k)i

inf "

Fix a sheaf F' € Sh(Inf(X/k)*#). Define a functor
Fr: I = Set, (h:(UT)— (V,2))— F(V.,Z).
Then by construction, p;(} oI is the sheafification of the presheaf
Inf(X/k)°" — Set, (U, T) > colimyer Frp.

As every object ¢ : (U, T) — (W, S) of Iy induces a map Og(S) — O (T), there
is a natural morphism p;(}kOigfk — Oxyk- Thus, px /i« (X/E)ine — (X/k);ﬁ% is
a morphism of ringed topoi.

Let 11 be the category of morphisms ¢ : (V, Z) — (U,T) in Inf(X/k) with
(V,Z) € Inf(X/k)*8. Consider the functor

oF:pI? — Set, (¢:(V,Z)—= (UT))— F(V,2).

By construction, one has (tx 3. F)(U,T) = lim, jo» 7F. When (U, T) € Inf(X/k),

Idw,ry is a final object of 71, so (tx/kf)(U,T) = F(U,T). This shows
: e 3
PX/kxbX [hx = Ux b X ke = Idsn(me(x/k)e)- O

Restricting from the small infinitesimal topos to the algebraic infinitesimal
topos preserves the cohomology.

Corollary 12.3. Let A be a sheaf of rings on Inf(X/k). Let F be a bounded
below complex of A-modules on Inf(X/k). Then there is a canonical isomorphism
RL((X/k)int, F) <> RU((X/K)ing, 1), F)

in DY (D((X/k)ing, A)).
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Proof. Tt follows from Lemma 12.2 and the canonical isomorphism of functors
RU((X/k)iar,-) = RU((X/R)5E. ) 0 Bpxyie = DF(A) = DT (L((X/K)int, A)).

O

13 Analytic infinitesimal topos

Given an algebraic variety X, we do not know how to construct a comparison
morphism between the infinitesimal cohomology H:f (X /C) and the Betti cohomology
H*(X? C) directly. Instead, we introduce an auxiliary site Inf(X?"), which is a
complex analytic analog of the infinitesimal site, and compare both cohomology
groups with the cohomology group H;: .(X?") defined by the site Inf(X?").

Let M be a complex analytic space in the sense of [Gro60, Définition 2.1].
Let M, be the topos associated with the topological space underlying M. Let
Inf(M) be the category of pairs (U, T), where U is an open subset of M, and
U — T is a nilpotent thickening of complex analytic spaces. Morphisms and
covering families are defined similar to the infinitesimal topos Inf(X/S) for
schemes. Similar to Ox/g, there is a structure sheaf Opzing on Inf(M). Let
Mins be the topos corresponding to Inf(M). Parallel to Remark 2.2, every
(U,T) € Inf(M) and every t € T define a point of topos &ry : P — My,
and the family of points {5T7t}(U,T)eInf(M),teT is conservative. Similar to the
construction of uy,g : (X/S)int = Xzar, there is a canonical morphism of topoi
upr 2 Mine — M.

Let X be a scheme locally of finite type over C. Let ¢x : X3" — Xgzar
be the morphism of topoi induced by the continuous map X?" — X. Let
Inf(X?®)°f be the full subcategory of Inf(X?") of objects (U,T) admitting a
morphism (U, T) — (Var, Z2%) for certain (V, Z) € Inf(X/C)*8. Endow it with
the topology induced by Inf(X?2").

Lemma 13.1. The restriction functor Sh(Inf(X?")) — Sh(Inf(X?*")®) 4s an
equivalence of categories.

Proof. The proof is similar to that of Lemma 12.1. We prove that every (U, T) €
Inf(X?") can be covered by objects in Inf(X "), Shrinking X, one may assume
that X is affine. Since X is of finite type over C, one can choose a closed
immersion X — AZ for some integer n > 0. As U — T is a nilpotent thickening,
locally on 7', there is a morphism h : T' — C™ fitting into a commutative diagram

U——T
[ b
Xanc—><Cv”.

There is an integer m > 0 such that h : T — C”" factors through A%..(C"),
which is the analytification of A% (A™). Then (X, A%(A")) € Inf(X/C)%#, and
there is a morphism (U, T) — (X?", (AR(A™))*") in Inf(X?"). O
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Lemma 13.2. The analytification functor
w: Inf(X/C)*8 — Inf(X™), (U,T) > (U™, T™)

induces a morphism of ringed topoi € : X% — (X/C)™8

inf inf -

Proof. By [SGAL1, XII, 1.2], the analytification functor ® from the category of
schemes locally of finite type over C to the category of complex analytic spaces
commutes with finite projective limits. So u : Inf(X/C)*& — Inf(X2m)°ft is
a continuous functor. For every (U,T) € Inf(X?"), let Iy be the category of
morphisms ¢ : (U, T) — (V2 Z%%) in Inf(X*") with (V,Z) € Inf(X/C)e.
Assume (U,T) € Inf(X®)°!| so that I7 is nonempty. By Lemma 3.7, as ®
preserves finite products, I is connected. From Lemma 3.5, as ® preserves
equalizers, I7¥ is a filtered category. Then by [Sta25, Tag 00X5], the continuous
functor u : Inf(X/C)*# — Inf(X?")°f* defines a morphism of sites

Inf(X®*0)°f — Inf(X/C)s.

alg
inf>

Together with Lemma 13.1, it induces a morphism of topoi € : X2} — (X/C)
such that for every sheaf G € Sh(Inf(X?")), €.G is the sheaf

Inf(X/C)¥&°P — Set, (V,Z) — G(V", Z21),
For every (U, T) € Inf(X®") and every F' € Sh(Inf(X/C)2#), define a functor
Fr:I? — Set, (¢:(UT)— (V™ Z*)— F(V,Z).
Then e 1 F is the sheafification of the presheaf
Inf(X*")°" — Set, (U, T) > colimer Fr. (80)

For every object ¢ : (U,T) — (V3*,Z2) of Ip, there is a canonical ring map
Oz(Z) — Or(T). Thus, for F = Ox/c one gets a ring map

COlimI;p FT — OT(T).

. . . _1 al .
Whence, there is a canonical morphism e 10?{%«: — Oxan jnf of sheaves of rings

on Inf(X)®*. Thus, € is a morphism of ringed topoi. O

Lemma 13.3. The diagram

X Sy (X/C)M8 S (X/C)ing

inf inf

luxan lux P (81)
Xan $x X

cl Zar

of topoi is commutative.
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Proof. We construct a canonical morphism of functors
€ X jclxye = Uxmdyx : Sh(X) — Sh(Inf(X™")) (82)
as follows. For every F' € Sh(X) and every (V, Z) € Inf(X/C)*#, one has
(3yeuxteF) (V. 2) = (ugho F)(V. 2) = F(V),
(extixamdy' F)(V, Z) = (uxamdx F)(V?", 2°) = (65" F)(V™).
The natural maps F(V) — (45" F)(V*") induce a morphism in Sh(Inf(X/C)#)
I,X/(CUX/CF — G*UXdr,d)XlF

By adjunction, it induces a morphism

-1,-1

1
€ LX/CUX/(CF—)UX“ x F

in Sh(Inf(X?®")) which is functorial in F.

We prove that (82) is an isomorphism. As the family of points {{r,} is
conservative, it suffices to prove that for every (U,T) € Inf(X?") and every
t € T, the induced morphism

—1,-1,~ 1, -1 ,—1
& 1€ LX/CUX/CFﬁthuXa" x F

is an isomorphism. Let x € U C X" be the preimage of ¢. Define a category I,
whose objects are Zariski open neighborhoods of z in X, and whose morphisms
are inclusions. Define a functor

F;: I[® = Set, V= F(V).
Then
Tilxmdx F = (uxumdyx F)r), = (¢x' F)a = Fp = colimer Fyr.  (83)

Similarly, let Ir be the category of morphisms (U,T) — (V?*,Z") in
Inf(X?) with (V, Z) € Inf(X/C)*8. Define a functor

Fr I = Set, ((U,T) = (V*, 2°%)) — F(V).

From (80), € 1L;(}CUX/(CF is the sheafification of the presheaf

Inf(X*")"P — Set, (U, T) v colimsp Fr.

Define a category It as follows. An object of it is a morphism (Up,Tp) —
(van Z2*) in Inf(X?"), where T is an open neighborhood of ¢ in T, Uy :=
U x1 Ty and (V, Z) € Inf(X/C)#. There is a forgetful functor

Ity — I,  ((Uo,To) — (V*,Z2°%)) = V.
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Define a functor

Fry: I, — Set,  ((Uo,To) — (V*,2°%)) = F(V),
which is the composition 177, — I;” 4 Set. Then
filte—lL;(}(cu;(}CF = colimp, coliml;g Fr, = coliml;p:t Fry, (84)

where Ty runs through the open neighborhoods of ¢ in T.

By [Sta25, Tag 04E7], to show that the right hand sides of (83) and (84)
coincide, it suffices to prove that for every (U,T) € Inf(X?") and every t € T,
the forgetful functor Iz, — I; is initial.

(a) For every V € I, we need to find an object (Uy,Tp) — (W?",52%) of
Ir; with W C V. Shrinking V to an affine neighborhood of = in X, one
may assume that V is affine. The remaining proof is similar to that of
Lemma 13.1. Choose a closed immersion V' — AZ over C. Take Uy = V*".
Let Ty be the image of Uy — U < T, which is an open subset of T.
Then Uy — Tp is a nilpotent thickening of complex analytic spaces. As
C™ is smooth, shrinking Ty one may assume that there is a morphism
h : Ty — C™ extending Uy = V2" — C". Then h factors through some
AP (A™)* and (Ug, Tp) — (V*", AT (A™)?") is an object of Iz .

(b) For every W € I, and any two objects ¢ : (Up,Tp) — (V,Z)*" and ¢’ :
(U, T4) = (V',Z") of Ip, with V. C W and V' C W, we shall find an
object ¥ : (Uy, Ty ) — (V",Z")* of Ip, with two morphisms ¢ —
and " — 1’. This follows from Lemma 3.7.

O

The proof of Theorem 13.4 is similar to that of Theorem 11.2. We use
Cartan’s Theorem B instead of Serre’s vanishing theorem.

Theorem 13.4. Let X — Y be a closed immersion of complex analytic spaces,
with Y smooth. Let E be a finite locally free Oy-module with an integrable
connection. Let € be the crystal in Ox ing-modules on Inf(X) defined by E.
Let Q25 be the complex of sheaves of holomorphic differential forms on Y. Let
Q{, be its formal completion along X. Then there is a canonical isomorphism
Rux.£ = E®o, Q% in DT(X,C).

14 Comparison of infinitesimal cohomology and
singular cohomology

We finish the proof of [Gro68, Conjecture 4.2].
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Theorem 14.1. Let X be a scheme locally of finite type over C. Then the
canonical morphisms in DT (C)

Rl (X/C) — RTins (X*") <~ RT'(X*",C) (85)

are isomorphisms. In particular, for every i > 0, there exists a canonical
commutative diagram

Hi(X™,C) —— Hi,(X/C)

| 1 g

Hgg (X™") ¢—— Hgg(X/C) —— H'(X,Ox).

Proof. We use the notation in Diagram (81). From Lemma 13.2, there is a
natural morphism in D (Inf(X/C), Ox/c)

OX/(C — R(LX/(CG)*OXau’inf.
By Lemma 13.3, it induces a morphism
« RUX/(C*OX/(C — R(bX*RuX““*OXﬂ“,inf

in DT (X,C). By adjunction, the morphism u)_f}m(C — Oxan jne in Sh(Inf(X?"))
induces a morphism C — Ru xan, O xan juf in DF (X C), and hence a morphism

/8 : Rd)X*C — R(bX*RUXan*OXan)inf
in DT (X,C).

We prove that a and § are isomorphisms. It remains to prove that for every
integer ¢, both morphisms of sheaves on X

q(q q
HqRUX/C*Ox/C H# ) HngbX*RuXaH*OX“H,inf H<_(ﬁ) HqR¢X*C

are isomorphisms. By [Sta25, Tag 0BKJ], it suffices to prove that for every
affine open subset U of X, the maps

H(U, Ruxc.0x/c) % HY(U, Réx s RuxanOxon ins) & HI(U, Rpx.C)

are isomorphisms.

The formation of ux/c : (X/C)int = Xzar and ¢x @ Xo — Xz, commutes
with restriction to open subsets of X, so we may assume that X = U is affine,
and we need to prove that the maps

qunf(X/(C) O‘_(; HqRF( o OXan,inf) <ﬂ_q Hq(Xanv (C)

inf>

are isomorphisms.
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As X is affine, one may choose a smooth algebraic variety Y and a closed
immersion X — Y over C. By Theorems 11.2 (b) and 13.4, a? and /7 are
identified with the functorial maps

HI(X, 05 0) & HI(X™, Qyan) & HI(X™,C).

By [Har75, IV, Theorem 1.1], both are isomorphisms.

For a general X, applying R['(X,-) : DT(X,C) — D™ (C) to the isomorphisms
a and 3, one gets the isomorphisms in (85). The second statement follows from
(79). O

Remark 14.2. Let X be a scheme separate of finite type over C. Deligne [Del74,
Proposition 8.2.2] shows that the singular cohomology H*(X?®",Z) carries a
natural mixed Hodge structure. Using the isomorphism H*(X?*",C) = H/(X/C)
from Theorem 14.1, we compare the Hodge filtration on H*(X?* C) and the
infinitesimal filtration on H(X/C).

(a) Assume that X is smooth over C. We show that the infinitesimal filtration
is coarser than the Hodge filtration. From Corollary 11.11, the isomorphism
H;(X/C) = H}x(X/C) identifies the infinitesimal filtration with the
naive Hodge filtration.

By [Gro66, Theorem 1’], as X is smooth over C, for every ¢ > 0 there is a
natural isomorphism

H{(X™ C)= Hix(X/C). (87)

The logarithmic de Rham complex in [Del71, p.31] is the analytification of
a C-linear complex of algebraic coherent sheaves on X, which by [Del71,
Théoréme 3.2.5 (1)] defines the Hodge filtration on H*(X?",C). Therefore,
(87) restricts to an injection F4H! (X, C) C FIHi(X/C). As [EZT14,
Example 3.4.9] shows, there is a smooth affine curve X such that the
inclusion is strict.

(b) Assume that X is proper over C. By Remark 11.1 and [Bhal2, Proposition
5.2], the infinitesimal filtration is finer than the Hodge filtration. More
precisely, for any ¢,i > 0, the isomorphism H .(X/C) = H'(X*",C)
restricts to an injection

FiH! (X/C) — FIH (X, C). (88)

By properness and GAGA, the canonical map FYH iz (X/C) — FIH}z(X™)
is an isomorphism. Then by [AK11, Example 4.5], there is a projective
curve X over C such that the map H'(X**,C) — Hiz(X/C) in (86)
does not send F'H'(X* C) inside F'H}z(X/C). For this curve, (88)
(with ¢ = ¢ = 1) is a strict inclusion. Such an example with X a normal
projective surface is in [BVS94, p.39].
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