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Abstract

Let k be an algebraically closed field of characteristic 0. Let B be an
irreducible variety over k with generic point 7. Given a normal proper
morphism f : X — B, we show the existence of b € B(k) whose Picard
number p(X3) equals p(X57). This generalizes the smooth case proved
by André (using complex analytic methods), Maulik and Poonen (using
p-adic methods). Our approach combines both aspects. We use the
Gauss-Manin connection on Hartshorne’s relative de Rham cohomology
sheaves for singular morphisms, Lawrence-Venkatesh’s observation on the
corresponding horizontal equation, as well as Mantova and Zannier’s weak
approximation theorem. A crucial result that may be of independent
interest is a variational Lefschetz (1, 1)-theorem for infinitesimal cohomology
in the singular setting.

1 Introduction

Given an algebraic variety X over an algebraically closed field k, two line bundles
L, I € Pic(X) are algebraically equivalent if there is a connected scheme T of
finite type over k, a line bundle M € Pic(X xj T), and points tg, t1 € T(k)
such that M|xx¢, = L and M|xxs, = L’. This defines an equivalence relation
on the Picard group Pic(X). Let NS X be the group of algebraic equivalence
classes of line bundles on X, called the Néron-Severi group of X. If X is proper
over k, then NS X is a finitely generated abelian group, and its rank p(X) is
called the Picard number of X.

Our main result concerns the Néron-Severi groups of a family of normal
proper varieties. A flat morphism f : X — B of finite type of schemes is
normal, if every fiber X}, is geometrically normal over k(b).

Theorem 1.1 (Theorem 6.5). Let k be an algebraically closed field of characteristic
0. Let B be an irreducible variety over k with generic pointn. Let f : X — B be

a proper morphism. Assume either f: X — B is normal or all geometric fibers
are integral. Then the set of b € B(k) with p(X5) = p(Xy) is Zariski dense in
B.



Normal varieties constitute a large class of algebraic varieties allowing singularities,

and this class is stable under more operations than the class of smooth varieties.
For example, a symmetric power of a smooth projective surface may not be
smooth, while a symmetric power of a normal variety is normal. In Theorem 1.1,
if the condition that f : X — B is normal is strengthened to smoothness,
then it is first proved by André [And96, Théoreme 5.2 3)] (for f : X —
B projective), Maulik and Poonen [MP12, Thm. 1.1]. Theorem 1.1 is less
precise than Theorem 6.5, where we show that in the normal case, there is
a specialization isomorphism NS(X;) = NS(X;); in the integral case, we give
a similar result ignoring the torsion subgroup of the Néron-Severi group.

Remark 1.2. A closed point b € | B| is called NS-generic if there is a specialization
isomorphism NS X; = NSX;. If f : X — B is moreover smooth, then the
jumping locus

{bc B(k) : p(Xp) > p(X5)}

is a countable union of strict closed subvarieties of B (see, e.g., [MP12, Corollary
3.9]), so a very general closed point b € |B| is NS-generic. In particular, when
k is moreover uncountable, the existence of NS-generic k-points is relatively
elementary.

When f : X — B is normal, even if £k = C, we do not know how to prove
Theorem 1.1 using such cardinality consideration. In fact, in the smooth case,
given a specialization of points ¢t ~~ s on B, there is a specialization morphism
NS X7 — NS X5 ([MP12, Proposition 3.6]). This construction for an arbitrary
specialization ¢t ~» s is important in the proof of [MP12, Corollary 3.9]. When
smoothness of X — B is relaxed to normality, however, we do not know how to
construct the specialization of Néron-Severi groups for ¢ ~» s. Instead, we can
only construct it for a specialization of points 7 ~» s starting from the generic
point (Lemma 2.4 (a)). This prevents us from generalizing [MP12, Corollary
3.9] to the normal case directly.

André’s proof is complex analytic, Maulik and Poonen’s proof is p-adic, while
our method has both complex analytic aspects and p-adic aspects. Both proofs
of André and of Maulik-Poonen use certain versions of “variational Lefschetz
(1,1) theorem”. The proof of Theorem 1.1 also leans on a singular version of it,
which is an analog of [BO83, Theorem 3.8] in characteristic 0. As a replacement
of the crystalline cohomology, we adopt Grothendieck’s [Gro68] infinitesimal
cohomology.

Theorem 1.3 (Theorem 4.5). Let V' be a Noetherian complete local ring of
characteristic 0. Let X be a scheme proper over V. Let L be a line bundle on the
special fiber Xo. Assume that H'(X,0x) — H*(Xo,Ox,) is surjective. Then
L lifts to Pic X if and only if the canonical morphism Tine : H2(Xo/Spf V) —
HZ.(X/V) maps the first Chern class in infinitesimal cohomology ¢y ing(L) into
FLH2, (X/V).

As a byproduct of our proof of Theorem 1.1, we show that a family of
projective varieties is generically projective.



Theorem 1.4. Let B be an algebraic variety over a field k of characteristic 0.
Let f : X — B be a proper morphism such that all closed fibers are projective.
Then for every b € B, X, is projective over k(b). In particular, there is a Zariski
dense open subset V' of B, such that Xy — V is projective.

Remark 1.5. In Theorem 1.4, when f : X — B is moreover smooth, Maulik
and Poonen [MP12, Theorem 7.1] deduce the result from the smooth case of
Theorem 1.1. We prove Theorem 1.4 by the proof of Theorem 1.1 instead of
the statement, so that we do not need f : X — B to be normal. As [MP12,
Example 7.5] shows, the analog of Theorem 1.4 over k = pr fails.

Proof strategy

The proof of Theorem 1.1 involves three important ingredients: Lawrence and
Venkatesh’s result [LV20, Sec. 3.3] on convergence of power series associated
with Gauss-Manin connection, a p-adic result [MP12, Proposition 5.1] on the
linear independence of values of linearly independent power series, Mantova and
Zannier’s [MZ14] weak approximation theorem on algebraic varieties.

First, locally in the p-adic analytic topology, we construct convergent power
series such that the jumping locus for f : X — B is contained in a countable
union of their zero loci (Lemma 6.4). The construction makes use of the Gauss-
Manin connection for singular morphisms. In fact, for a morphism X — B of
algebraic varieties over a field of characteristic 0, the infinitesimal cohomology
group H ;(X/B) is canonically isomorphic to Hartshorne’s de Rham cohomology
group H{j (X/B) ([Liu25a, Theorem 1.2]), and Hartshorne [Har75, p.75] introduces
the Gauss-Manin connection on his relative de Rham cohomology sheaves Hi, (X/B).
Given b € B(k) and a line bundle L € Pic X;, we extend ¢y inf(L) € H g (Xp/k)
to a formal local section of H3 (X/B) which is horizontal relative to the Gauss-
Manin connection. In local coordinates, this formal section is expressed as
formal power series. Given a place v of k, Lawrence and Venkatesh observe that
in the smooth case, the corresponding formal power series converge locally in the
analytic topology associated with v. We extend their observation to the singular
case, to show the convergence of the constructed power series at archimedean
places as well as a suitably chosen finite place p. Given a point b € B(k) outside
the so defined union of zero loci, to prove that b is outside the jumping locus,
we apply Theorem 1.3 to the projection X x g Spec OAB,b — Spec OAB7b.

To finish the proof of Theorem 1.1, given a proper morphism f : X — B,
we show the existence of a closed point b € |B| outside a countable union of
zero loci of power series (Lemma 6.1). We choose a prime p such that the
de Rham cohomology sheaf H%y(X/B) and its Gauss-Manin connection are
defined over Z,. Under the complex Riemann-Hilbert correspondence, up to
shrinking B, Hig (X/B) with the Gauss-Manin connection corresponds to the
local system R’ f2C on B(C). We choose a small complex analytic open subset
Q C B(C) trvializing R?f2"C. Using the underlying Q-local system R?f2"Q,
we get a finite dimensional vector space of convergent power series. Applying
[MP12, Proposition 5.1] to this space, we obtain a p-adic analytic open subset



U C B(C,) outside the zero loci. Finally, the weak approximation theorem
shows the existence of by € B(k) lying in © and U simultaneously.

Comparison with proofs of André, Maulik and Poonen

André (see, e.g., [MP12, Theorem 8.3]) shows that the set of closed points
b € |B| with NS(X3) not isomorphic to NS(Xj) is sparse, which implies the
existence of NS-generic points. Inspired by André’s strategy, Ambrosi [Amb23,
Corollary 1.7.1.3] gives an analog for a smooth proper morphism f : X — B
in positive characteristic. André’s proof is Hodge theoretical as it relies on the
fixed part theorem [Del71, Théoréme 4.1.1] and the Lefschetz (1, 1) theorem.

These two arguments do not extend obviously to the singular case. For
one thing, when X is a normal projective variety over C, the natural map
H?(X* C) — H3z(X/C) may not send the Hodge filtration F*H?*(X?*",C) of
the mixed Hodge structure inside the naive Hodge filtration F*H32, (X/C). For
another, the generalization of the Lefschetz (1, 1) theorem for normal projective
varieties X [BS00, Theorem 1.1] necessitates the subgroup of H?(X?®% Z) of
Zariski locally trivial cohomology classes, a condition we do not know how to
verify in this case.

Maulik and Poonen give a completely new p-adic proof, which inspires
ours. In the case of good reduction, they [MP12, Theorem 1.7] strengthen
the existence of NS-generic points to p-adic nowhere density of jumping locus.
To this end, an intermediate result is [MP12, Lemma 4.2], where they construct
the power series cutting out the jumping locus using convergent isocrystals and
Ogus’s relative comparison isomorphism between the crystalline cohomology
and the de Rham cohomology. There are three aspects of its proof we do not
know how to extend to the singular case. For a scheme X normal proper (but
not necessarily smooth) over Z, with generic fiber X, and special fiber Xj,
there may not be an isomorphism between HJj(X,/Q,) and the crystalline
cohomology H}.(Xs/Zy)[1/p]. As there may be no specialization morphism
NS(X5) — NS(X5), we cannot take the reduction of a line bundle as in the
proof of [MP12, Lemma 4.2]. Given a singular proper morphism f : X — B
of algebraic varieties, a priori we do not know whether a very general point is
NS-generic neither. Additionally, the way we apply Theorem 1.3 is also different
from how Maulik and Poonen use its p-adic inspiration [BO83, Theorem 3.8].

Remark 1.6. Slightly more general than the mere existence in Theorem 1.1,
we use the weak approximation theorem to prove the potential Zariski density
of the set of NS-generic points (Remark 6.7). Potential density of NS-generic
points is weaker than both sparsity and p-adic nowhere density of the jumping
locus. Due to our use of the complex Riemann-Hilbert correspondence in the
proof of Lemma 6.1, we do not prove p-adic nowhere density in the singular case.
In fact, we rely on the local constancy of the complex Q-local system R?f2"Q
to construct a finite dimensional vector spaces of power series to which [MP12,
Prop. 5.1] can be applied. By contrast, on a smooth rigid analytic variety V over
Qp, a p-adic étale lisse sheaf is not necessarily locally constant in the analytic
topology.



Notation

For a local ring R with maximal ideal m, let R be the m-adic completion of
R. By an algebraic variety over a field k, we mean a scheme separated of
finite type over k. The spectrum of a discrete valuation ring is called a trait.
Given a finite locally free module E over a scheme X and a point € X, let
E(x) := E, ®0y., k(x) be the fiber of E over x.

For a scheme X of finite type over a field k, let |X| be the set of closed
points of X. For an integer d > 0, let X=¢ := {x € |X| : [k(z) : k] < d}.
Let NS(X) := Pic(X)/Pic’(X) be the group of line bundles on X modulo
algebraic equivalence, known as the Néron-Severi group of X. Let Br(X) be
the torsion subgroup of H éQt(X ,G,), called the cohomological Brauer group of
X. By [Sta25, Tag 0A2]], if X is a quasi-projective variety over k, then Br(X) is
the group of equivalence classes of Azumaya O x-algebras. For an integer i > 0
and a morphism of schemes X — S, let Hip(X/S) := H'(RT'(X,Q%/g)) be
the i-th de Rham cohomology group. For an integer ¢ > 0, let F1Hig (X/S) :=
Im(H!(X, 0>402%/5) = H!x(X/S)) be the g-th Hodge filtration.

Let X be a scheme proper over an algebraically closed field k. Two line
bundles L, L’ € Pic(X) are numerically equivalent if for every closed integral
curve C' C X over k, one has deg(L|c) = deg(L'|¢). Let Num X be the group
of line bundles on X modulo numerical equivalence. The first statement in
Fact 1.7, known as the theorem of the base, is a special case of [SGA 6, XIII,
Thm. 5.1]. The second follows from [SGA 6, XIII, Thm. 4.6].

Fact 1.7. Let X be a scheme proper over an algebraically closed field k. Then
NS(X) is a finitely generated abelian group. The quotient of NS(X) by the
torsion subgroup is Num X.

In Fact 1.7, the rank p(X) of NS(X) is called the Picard number of X. The
proof of [MP12, Prop. 3.1] proves Fact 1.8.

Fact 1.8. Let K/k be an extension of algebraically closed fields. Let X be
a proper scheme over k. Then the natural morphisms NS X — NS(Xg) and
Num X — Num(Xg) are isomorphisms.

2 Specialization of Néron-Severi groups

Given a proper morphism f : X — B, we show that up to shrinking B, one can
define specialization of the Num group of the geometric fibers. If f: X — B is
furthermore normal, then one can also define specialization of the Néron-Severi
groups. Different from the smooth case, we can only construct such morphisms
starting from the geometric generic fiber. Using f-adic étale cohomology, we
show that the specialization morphisms are injective.

We say that algebraic (resp. numerical) equivalence spreads universally for a
morphism f : X — B of schemes, if the following holds. Let B’ be an irreducible
locally Noetherian scheme with generic point 7. Let 77 be a geometric point over
n. For every line bundle L on X xp B’ and every geometric point b on B’,
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if L|x, € Pic(Xy) is algebraically (resp. numerically) equivalent to 0, then
L|x, € Pic(Xj) is also algebraically (resp. numerically) equivalent to 0.

Lemma 2.1. Let B be an irreducible, locally Noetherian scheme. Let f : X — B
be a proper morphism of schemes.

(a) If f + X — B is normal, then there is a nonempty open subset U of B
such that algebraic equivalence spreads universally for X xg U — U.

(b) Assume that f : X — B is flat, locally projective with integral geometric
fibers. Then numerical equivalence spreads universally for f : X — B.

(¢) If every geometric fiber of f : X — B is integral, then there is a nonempty
open subset V' of B such that numerical equivalence spreads universally
for X xpV = V.

Proof. Let Picx be the absolute Picard functor in the sense of [FGIO05, Def. 9.2.1].
Let Picx — Pic(x/B)(ppr) be the sheafification morphism in the fppf topology.
By Fact 1.8, one may replace B by the reduced induced scheme Bieq. So one
may assume that B is integral.

(a) By Grothendieck’s generic representability theorem [FGI05, Thm. 9.4.18.2],
as f : X — B is proper, shrinking B, one may assume that the relative
Picard scheme Picx,p exists and represents the relative Picard functor
Pic(x;p)(ppr)- Let Pick,p := Use Pick, /4 (s)- From [Gro62, Cor. 2.3, as
f : X — B is a normal morphism, Picg(/B is a closed subset of Picx,p.
By [FGI05, Exercise 9.4.4], the formation of Picx,p commutes with base
change in B. By [FGI05, Lem. 9.5.1], so does the formation of Picg(/B.

(b) By Grothendieck’s theorem [FGI05, Theorem 9.4.8 (1)], under the assumption,
the Picard scheme Picy,p exists. Set Pick g := Un>0n*1(Picg(/B). Then
by [FGI05, Theorem 9.6.16], it is an open and closed group subscheme of
Picx/g, and its formation commutes with base change in B.

In case (a), shrink B as above. Let B’ — B be a base change morphism. To
prove that algebraic equivalence (in case (a)) or numerical equivalence (in cases
(b) and (c)) spreads for the projection X xp B’ — B’, one may assume that
B’ — BisIdg. Aline bundle L on X corresponds to an element [L] € Picx (B).
Let s € Picx/p(B) be its image. Denote by 1 € B the generic point. Let
sy € Picx, /() (k(n)) and s; € Picx, /x(y) (k(77)) be the restrictions of the section
s: B — Picx/p. From [FGI05, Exercise 9.2.3], as k(7)) is algebraically closed,
the morphism

Pic(Xy) = Picx, /x(n (k(7))

is an isomorphism, which sends [L|x,] to sj.
(a) Assume that L|x, = 0 in NSXj;. Then by [FGIO5, Prop. 9.5.10], one

has s; € Picg(n/k(n)(k(ﬁ)) and hence s, € Picg(n/k(n)(k(n)). Because s :
B — Picx/p is continuous, s~ 1(Pic% /B) is a closed subset of B containing



1. This implies s(B) C Picg(/B and hence s; € Picg(b/k(b)(k(l;)) for all
geometric points b on B. By [FGI05, Prop. 9.5.10], L|x, is algebraically
equivalent to 0.

The proof is similar to the case (a), except that we replace Pick /B by
Pick g, and use [SGA 6, XIII, Thm. 4.6] in stead of [FGI05, Prop. 9.5.10].

By Chow’s lemma, shrinking B, one may assume that there is a proper
surjective morphism 7 : X’ — X, such that fr : X’ — B is projective.
As f: X — B has integral geometric fibers, shrinking B one may assume
that fr : X’ — B has integral geometric fibers. From generic flatness,
as B is integral, shrinking B one may assume that fr : X’ — B is flat.
Assume that L|x, = 0 in Num X. By [SGA 6, XIII, Proposition 4.5 (i)],
one has (7*L)|x; = 0 in Num X7. From Part (b), for every geometric
point b on B, (7r*L)|Xé = 0 in Num Xj. From [SGA 6, XIII, Proposition
4.5 (ii)], as Xj — Xj is surjective, one has L|x, = 0 in Num Xj.

O

Lemma 2.2. Let B be a Noetherian Japanese scheme with generic point n.
Choose an algebraic closure k(7}) of k(n) and let 77 be the corresponding geometric
point over n. Let f : X — B be a proper morphism.

(a)

Assume that f : X — B is normal. Then there is a dense open subset
U of B such that for every geometric point b on U, one may choose a
specialization morphism sp; i : NS Xy — NS Xy fitting into a commutative

diagram preC)
/ _ \ (1)

NS X, ------m-ool SR » NS X5

Assume that f : X — B has integral geometric fibers. Then similar result
holds for Num instead of NS.

Assume that f : X — B is normal with integral geometric fibers. Then
there is a dense open subset U C B with the following properties. For
every b € U, one may choose specializations making the square

NS X; —2— NS X,

! }

Num X7 —2 5 Num X3

commutative. Let p > 1 be the characteristic exponent of k(b). Then
sp[1/p] : NS X3[1/p] — NS X3[1/p] is an isomorphism if and only sp[1/p] :
Num X5[1/p] — Num X;[1/p] is an isomorphism.



Proof. We prove Part (a), and in the resp. case in parentheses we indicate
modifications to prove Part (b). First, we prove that there is an integral scheme
V' with generic point 77/, a dominant morphism V’ — B of finite type, such that
the morphism
. /
PlC(X xgV ) — NS(Xﬁ/), E— [E|Xﬁ/] (2)

is surjective, and that algebraic equivalence (resp. numerical equivalence) spreads
universally for X xg V' — V.

By Fact 1.7, as Xj; is proper over k(77), one may choose a finite set {L1,..., Ly}
of line bundles on Xj generating NS(X5). This set also generates Num Xj.
By [Sta25, Tag 0B8W (2)], for every line bundle L on X5, there is a finite
subextension k(1) C k(7) and a line bundle L' on X, ®j, k(n') whose scalar
extension is L. One may choose k(n’) such that the finitely many L; are defined
over k(n'). Let v : B’ — B be the normalization of B in k(n'). As B is
Noetherian integral and Japanese, v : B’ — B is finite. By [GW20, Prop. 12.43
(1) and (2)], B’ is an integral normal scheme with function field k(n’), and
v: B’ — B is surjective.

By [Sta25, Tag 0B8W (2)], there is a nonempty open subset V' of B’ and line
bundles {L},...,L,} on X xp V' whose restrictions to X, are {Lq,...,Ly}
in order. From Lemma 2.1 (a) (resp. (c)), shrinking V' one may assume that
algebraic equivalence (resp. numerical equivalence) spreads universally for X x g
V' — V'. By Fact 1.8, as X, is proper over k(n), NS(X;) — NS(Xy) is
an isomorphism. Then the image of (2) contains a generating set, so (2) is
surjective. The composition V' < B’ % B is separated dominant quasi-finite
and of finite type.

Then v(B’\ V') is closed in B and

dimy(B"\ V') <dim B'\ V' < dim B’ = dim B.

Let U := B\ v(B'\ V'), which is a dense open subset of B. For every b € U, we
define a morphism sp; j : NS(Xj) — NS(Xj) (resp. sp : Num Xj; — Num Xj )
as follows. Choose & € B’ with v(V') =b. Asb ¢ v(B’\V’), one has b’ € V'. For
every L € Pic(Xj5), choose a preimage L’ of [L] under the surjective composition

Pic(X x5 V') 2 NS(X,) = NS(X;).

Let sp;;(L) be the preimage of [L'|x;,| under the isomorphism NS(Xj) =
NS(X3) (resp. Num(Xj;) = Num(Xjp)) in Fact 1.8. By Lemma 2.1, the
construction of specialization is independent of the choice of L', and Sp;p is a
group morphism fitting into the diagram (1) (resp. the similar diagram with
Num instead of NS).

Now we prove Part (c). The first statement follows from the proof of Parts
(a) and (b). The second follows from Lemma 2.4 (c). O

Lemma 2.3 shows that on proper varieties, algebraic equivalence coincides
with homological equivalence for Cartier divisors.
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Lemma 2.3. Let X be an algebraic variety over an algebraically closed field k.
Fiz a prime £ invertible in k.

(a) Letcy : Pic(X)®zZe — H?*(X,Z¢(1)) be the map induced by the ¢-adic first
Chern class map. Then it factors through a morphism ¢1 : NS(X)®zZ¢ —
H?(X,Z(1)) and induces a morphism ¢, : Num X ®7Q, — H?(X,Q.(1)).

(b) Assume that NS(X) is finitely generated. Let T, Br(X) := lim,, HZ,(X, G,,)[("].
Then there is a short exact sequence

0 — NS(X) ®z Z¢ = H*(X,Z(1)) = Ty Br(X) — 0.

In particular, ¢; : Num X ®z Qp — H?(X,Qq(1)) is injective and hence
p(X) S dier H2(X, Qg)

Proof. (a) Let L be line bundle on X which is algebraically equivalent to 0,
and we prove ¢1(L) = 0. By [MRM74, Lemma, p.56], there is a connected
smooth proper curve C over k, a line bundle M on X xj C, points a,b €
C(k) such that [L] = [iXM] — [ M] in Pic(X). Here for xz € C(k), iy :
X — X xj C denotes the product of z : Speck — C with Idx. By the
Kiinneth formula (see, e.g., [Mill3, Thm. 22.4]), since H'(C,Zy) is free
over Zy for all integers 1, there is a canonical isomorphism

> H'(X,Z) @z, H*(C, Ze) = H*(X %, C, Zy).
r+s=2

Then i% : H*(X x1,C, Z¢) — H?(X,Zy) is the composition of the projection
H*(X x;, C,Z¢) — H*(X,Z¢) @ H°(C,Zy)
followed by
Idp2(x,z,) ®@2* : H*(X,Z¢) ® H°(C, Zg) — H*(X, Zy).

As C is connected, one has a* = b* as maps H(C,Z;) — Z,. It implies
it =iy as maps H*(X xy C,Z¢) — H?(X,Z). One has

(L) =c1(iiM) —er(igM) = iler (M) —ijen (M) =0,

where the second equality uses [SGA5, VII, Prop. 3.4 (ii)]. Therefore,
c1 : Pie(X) — H?(X,Z,) factors through NS(X).

(b) For every integer m > 0 invertible in k, let
0= pim =G, 3G, =0

be the Kummer exact sequence [Tam94, Thm. 4.4.1] of étale sheaves on
X. It induces an exact sequence of étale cohomology groups

HY(X,Gp) B HY(X,Gp) S HX(X, i) — H*(X,Gpn) B HA(X,Gp),



and hence a short exact sequence
0 — Pic(X)/m 3 H%(X, i) — Br(X)[m] — 0. (3)

By definition of the ¢-adic Chern class [SGA5, VII, Proposition 3.4 (i) and
Section 3.9], for every n > 0, the diagram

Pic X —2— H?(X,Z(1))

l |

Pic X/ —2— H2(X, jupn)

is commutative. So Pic X/¢" — NS X/¢" is an isomorphism. By the
Chinese remainder theorem,

Pic X/m = NS X/m (4)

is an isomorphism. As {NSX/¢"}, > is a surjective system, taking limit
of (3) one gets an exact sequence

0 — limNS X /" & H?(X, Z(1)) — Ty Br(X) — 0.

Now assume that NS(X) is finitely generated. Then NSX ®z Z;, —
lim,, NS X/¢™ is an isomorphism.
O

Let B, n and 7 be as in Lemma 2.2. Let f : X — B be a proper morphism.
By generic local acyclicity [Org03, Théoreme 3.3 a)], shrinking B to a dense open
subset, one may assume that for every finite set F, f : X — B is universally
locally acyclic relative to the constant sheaf E . Then by [SGA 4 1/2, Arcata,
V, Théoreme 3.1], as f : X — B is proper, for every prime ¢ invertible on B and
any n,q > 0, R1f,Z/¢" is locally constant. Therefore, R%f,Z; is a lisse sheaf
on B.

Lemma 2.4. Consider the above setting.

(a) Assume further that f : X — B is normal (resp. has integral geometric
fibers). Then there is a dense open subset U of B with the following
property. For every Henselian trait S = Spec R with generic point & and
closed point s, every dominant morphism ¢ : S — U and every prime {
invertible on B, the specialization sp,, : H?(X5,7) = HQ(XE7 Zy) is an
isomorphism fitting into a commutative square

NS(X;) @z Zy —2— H?(Xy,Zo(1)) Num X; ®7 Qr —— H?(X5, Qq(1))
lspﬁj spéT (resp. J{Sp spéT
NS(XI‘)) Rz Ly N HQ(XI—”ZZ(D), Num Xz ® Qp LN H2<X5,@g(1))7

where b := ¢(s) € B.
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(b) Assume that f : X — B is normal. Let U be as in Part (a). For every
b € U with chark(b) = 0, there is a surjective specialization of Brauer
groups Br(X;) — Br(Xj) such that for every m > 0, the diagram

0 —— NS X;/m —2— H%(X;, i) — Br(

X

4\ |

[ ; |
X,

b

0 —— NS X;/m —2— H2(Xj, jt) — Br(

)m] —— 0

)m] —— 0

is commutative and has ezact rows. In particular, if sp;; : NS Xz —
NS X3 is an isomorphism, then so is Br(X5) — Br(Xj).

(¢) Letp > 1 be the characteristic exponent of k(b). Let U be as in Part (a).

1) Assume that f : X — B is normal. Then for every b € U, sp[l/p] :
NS(X5)[1/p] — NS(X3)[1/p] is injective with cokernel torsion-free
over Z[1/p].

2) Suppose that f : X — B has integral geometric fibers. Then for every
beU, sp[l/p| : Num(X5)[1/p] = Num(X3)[1/p] is injective.

In particular, in both cases p(X5z) < p(X3).

Proof. (a) By [FK88, I, Lem. 8.12], as we assume universal local acyclicity for
f : X — B, the specialization of cohomology groups is an isomorphism.
From Lemma 2.2 (a) (resp. (b)), one may choose U over which one
can define the specialization morphism of NS (resp. Num). Choose an
algebraic closure k(€) of k(£), and let S be the normalization of S in it.
As S is Henselian, S is the spectrum of a (possibly non Noetherian) local
domain of Krull dimension 1. Let ¢ be the generic point of S, which
is identified with a geometric generic point of S. Let s be the unique
closed point of S. By the Krull-Akizuki theorem [Sta25, Tag 00PG], for

every finite subextension K, of k(§), the normalization S, of S in K, is
Noetherian. As S is a Henselian trait, S, is a trait.

Let T be a trait with generic point 7 and closed point ¢. By [SGA5, VII,
Prop. 3.4 (ii)], for every scheme Y proper over T, the diagram

Pic(Y;) +——— Pic(Y) ——— Pic(V})

lcl l l (5)

H2(Yy, Zy(1)) «—— H2(Y, Zo(1)) —— H2(Y;, Zy(1))

is commutative. Given a scheme Z proper over S, the diagrams (5) for the
proper morphisms Z xg S, — S, form an inductive system. By the proof
of [Sta25, Tag 0CDT], the Picard group functor turns the limit of schemes
to colimit of groups. From [SGA4II, VII, Cor. 5.8], taking inductive limit
of the diagrams, one gets a commutative diagram
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Pic(Zg) +——— Pic(Z x5 §) —— Pic(Zs)

H?(Zg, Ze(1)) H2(Zs, Zo(1)).

sp

Then the commutativity of the stated square follows from the construction
of specialization morphism.

(b) By chark(s) = 0, (3) and (4), the rows in the stated diagram are exact.
By the proof of [Sta25, Tag 0CON], one can choose a strictly Henselian
trait for the specialization n ~» b on U. Then from Part (a), as f :
X — B is normal, the left square is commutative. Therefore, there is a
unique morphism sp[m] : Br(Xy)[m] — Br(Xj;)[m] keeping the diagram
commutative. By definition, the cohomological Brauer group is torsion, so
there is a unique morphism Br(Xj;) — Br(Xj) restricting to the morphisms
sp[m] : Br(X5)[m] — Br(X3)[m] for all m > 0.

(c¢) In both cases, the injectivity follows from Part (a) and Lemma 2.3 (b).
Consider only case 1). From Fact 1.7, G := coker(sp : NS X; — NS X3)
is a finitely generated abelian group. By the four lemma, for every prime
{ # p, because the commutative diagram

NS X; ®z Z —2— NS X3 ®z 2 —— G @z %y — 0

| [ l

0 — NS X, @z Zy — H2(Xy,Zs) — Ty Br(X5) — 0

has exact rows, the right vertical morphism is injective. By construction,
Ty Br(Xj) is a torsion-free Zgy-module. Therefore, the ¢-primary torsion
G[¢*°] is zero. Then the finite Z[1/p]-module G[1/p] is torsion-free.

O

Remark 2.5. In the setting of Lemma 2.4 (c) 1) (resp. 2)), up to shrinking U,
the cokernel of sp[1/p] : NS(X5)[1/p] = NS(X3)[1/p] (resp. of sp : Num Xz —
Num X3) is independent of choice.

We only prove the case of 1), and the case of 2) is similar. By [EGA IV
2, Corollaire 6.13.3], as B is Japanese, its normal locus is open in B. Thus,
shrinking U one may require further that U is normal. Then by [Sta25, Tag
0BQM], m1(n) — m(U,7) is surjective. By Lemma 2.3 (b), for every prime
L # p, as Xj; is proper over k(7), the 7 (n)-equivariant morphism ¢; : NS(X5)®z
Ze¢ — H?*(X;,Z(1)) is injective. Because R?f.Z; is a lisse sheaf on B, the
Galois action of m;(n) on NS(X5) ®z Z, factors through 71 (U,7). To prove
independence, let ¢’ : S — U be another morphism from a Henselian trait for
the specialization 7 ~ b. Then sp¢,sp;1 s H* (X5, Ze(1)) = H*(X5,Z4(1)) is
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the action of an element of (B, 7), so it preserves NS(X5) ®z Z;. Hence, the
images of the morphisms

sp(z,,sp;lcl, c1: NS(Xy) ®z Ze — H* (X5, Ze(1))

coincide. By Lemma 2.4 (a), the two specializations NS(X5)®zZ¢ — NS(X;)®z
Zy have the same image. In case 2), as Num Xj is finite free over Z, the two
specializations Num X3 — Num Xz have the same image.

3 Review of infinitesimal cohomology

We recall the infinitesimal cohomology and the construction of infinitesimal
first Chen class. Let X — S be a morphism of schemes. Let Inf(X/S) and
(X/S)int be the associated infinitesimal site and infinitesimal topos (introduced
in [Gro68]) respectively. Let Ox,g be the infinitesimal structure sheaf on
Inf(X/S). Let Jx;s C Oxys be the infinitesimal ideal sheaf. Let ux/g :
(X/8S)int = Xzar be the projection from the infinitesimal topos to the Zariski
topos. Let ix/s : Xzar — (X/S)int be the immersion of the Zariski topos
into the infinitesimal topos. We refer the reader to [Liu25a, Sections 2-4] for
fundamentals of infinitesimal cohomology.

3.1 Infinitesimal first Chen class

For every object U — T of Inf(X/S), (Jx,s)w,r) € Mod(Or) is the ideal sheaf
corresponding to the finite order thickening U — T'. In particular, J% /S,(UT) =
0 for some integer n > 0. Therefore, the short exact sequence

0— JX/S — OX/S — iX/S*OX —0
induces a multiplicative exact sequence
0—)1+Jx/5—>0;(/s—>ix/5*0;(—>0 (6)

in Ab(Inf(X/S)) and hence a morphism 0 : ix,s.O0%[~1] — (1 + Jx/s) in
DP(Ab(Inf(X/S))).
Assume that X is of characteristic 0. Then one may define a morphism

log : 1+ Jx/s = Jxss, log(l+x):= Y (=)™ '™ /m. (7)
m>0

The series is a finite sum as Jx,s is a sheaf of nilideals. Similarly, one may
define a morphism by a finite sum

l,m
exp:Jx/g = 1+ Jx/s, exp(z)= Z g (8)

m>0
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The logarithm morphism (7) and the exponential morphism (8) are isomorphisms
inverse to each other. Denote by ¢ inf the composition

Pic(X) = H'(X,0%) = Hy¢(X/S,ix/5.0%)
S HZ (XS, 1+ Jx/s) % H2(X/S, Tx/s) — H2g(X/S).

inf

The group morphism ¢y inf : Pic(X) — H2(X/S) is called the infinitesimal first

Chen class map. It takes values in the first infinitesimal filtration F'H2(X/S).

Lemma 3.1. Let k be an algebraically closed field of characteristic 0. Let X
be a scheme separated of finite type over k. Then ci inf : Pic(X) — H2,.(X/k)
factors through NS(X).

Proof. Asin the proof of [Kle68, Prop 1.2.1], the result follows from the Kiinneth
formula for infinitesimal cohomology ([HJ14, Proposition 7.29] and [Liu25a,
Remark 11.5]). 0

For line bundles on a complex algebraic variety, we show that the infinitesimal
first Chern class is compatible with the topological first Chern class.

Lemma 3.2. Let X be a scheme locally of finite type over C. Then the
isomorphism from [Liu25a, Theorem 14.1] fits into a commutative square

Pic(X) —— Pic(X®)

lcl‘inf lQm’-cl

H{¢(X/C) == H*(X*,C).
Proof. By [BI70, Proposition 2.3], the left triangle in the diagram

o~

HE(X/C) H*(X*,C)

27mi-Ccq
C1,inf

Pic(X) — Pic(X")

C1,dR
C1,dR

Hip(X/C) Hip (X™)

is commutative. By construction, the lower trapezoid is commutative. From
[Huy05, Proposition 4.4.12] and the proof of [Del71, (2.2.5)], the right triangle is
commutative. From [Liu25a, Theorem 14.1], the outer rectangular is commutative.
From the Bloom-Herrera theorem [BH69, Theorem 3.11] (see also [SGAA4II,
Vbis, Proposition 5.2.8]), since X is locally of finite type over C, H (X", C) —
HQR(X”) is injective for every i > 0. Therefore, the upper trapezoid is also
commutative. O
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3.2 Stratifying topos and linearization functor

For a morphism X — Y of schemes over S, let Y Strat(X/S) (resp. (X/S)y strat)
be the stratifying site (resp. stratifying topos) in the sense of [Liu25a, Definition
4.1]. Let 7 : (X/9)y strat = (X/S)int be the natural morphism of topoi [Liu25a,
(5)]- Denote by u'y 5 the composition

(X/S)Y Strat i> (X/S)inf “gs XZar~

Let Diff(Y/S) be the category of Oy-modules with differential operators of
finite order relative to S as morphisms. Let L : Diff(Y/S) — Mod(Ox/g) be
the linearization functor ([Liu25a, Definition 8.1]). Let K be the kernel of the
natural morphism L(Oy) — j*ix/s.Ox from [Liu25a, Lemma 8.6]. Lemma
3.3 is an infinitesimal analog of [Liu25b, (19)]. Different from the crystalline
case, L(Oy) may not be a crystal nor locally quasi-coherent. For (U,T) €
Y Strat(X/S), we do not know whether the ideal sheaf Ky, ) of L(Oy)w,r) is
locally nilpotent on T'.

Lemma 3.3. Let X — Y be a morphism of schemes over a scheme S. Assume
that X is of characteristic 0. Then there is a canonical exact sequence 0 —
1+ K — L(Oy)*" = j ix;s.0% — 0 of abelian sheaves on Y Strat(X/S).

Proof. For every n > 0, let Py} /s be the sheaf of principal parts of order n on
Y in the sense of [EGA IV 4, Définition 16.3.1]. Let H,, be the kernel of the
natural projection Py, ¢ — Oy. For an object (U,T) € Y Strat(X/S), choose a
morphism h : T — Y with h|y = g|y. By [Liu25a, (44)], for as the (n + 1)-th
power of H, vanishes, K, 1) is a nilpotent ideal of h* Py /s Therefore, the

sequence
0— 14K, wr — (W"Pys)" — Oy —0 (9)

of abelian sheaves on T is exact. As X is of characteristic 0, so is 7. Then one
can define a logarithmic isomorphism

og,, wr) : 1+ Knwr) = Kn -

The isomorphisms (log,, (7, r))n>0 fit to an isomorphism of inverse systems of
abelian sheaves on 7'. By [Liu25a, Example 4.9 (b)], because (K, (,1))n>0 is a

surjective system of quasi-coherent Op-modules, the system satisfies condition
(*). Then by [Sta25, Tag 0BKS], one has

R? lirrln(l + K1) =0

in Ab(T). From [Liu25a, (35)], one has L(Oy){y ) = lim,(h*Py,5)*. Thus,
taking limit of the sequences (9), one obtains that the sequence

0—1+ K(U,T) — L(OY)?U,T) — O*U — 0

is exact. O
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3.3 Cohomology of linearization of differential complex

We prove Lemma 3.7, an analog of [Liu25b, Lemma 3.1.5] in infinitesimal
cohomology.

Lemma 3.4. Leti: X — Y be an immersion of schemes over a scheme S. Let
M?® be a graded quasi-coherent Oy -module bounded below. For every integer
i, let d° : M — Mt be a differential operator relative to S. Suppose that
L(M?®) := (L(M"),L(d")); is a complex of Ox,g-modules on Y Strat(X/S).
Then lim, (P} (Y) ®o, M?®) is naturally a complex over the abelian category
Mod(X,Og). There is a canonical isomorphism

lim(PY(Y) @0, M*) 2 Ruls. L(M")

in DT (X,0g). It induces an isomorphism

RI((X/S)y strat, L(M?®)) = RT (X, lim(Px (Y) ®o, M*))

in DY(0g(S)). In particular, for every quasi-coherent Oy -module E, L(E) is
right acyclic for “lx/s*-

Proof. By [Liu25a, (32)], for every i, the differential operator d* : M* — M**!
induces a morphism

lim(PY(Y) @0, M) — lim(PL(Y) ©0, M)

in Mod(X, Og). For every sheaf F on Y Strat(X/S), let CA} (E) be the Cech-
Alexander complex of F on X ([Liu25a, Sec. 4]). From [Liu25a, Lemma 10.4],
asi: X — Y is an immersion, for every integer k, there is a natural resolution

lim(PE(Y) @0, M") — CAS(L(M")),

and the resolutions are compatible with the differential operators of M*.
As L(M?*) is a complex, CAS, L(M*®) is a bicomplex that is a natural resolution
of the complex lim,, (P (Y) ®o, M*). Thus, there is a quasi-isomorphism

11511(13;(1/) ®oy M*®) — CAY (L(M?®)).

By Lemma 3.5 (b), for any integers v > 0 and k, as the Oy-module MF is
quasi-coherent, the inverse system (L(Mk)(X’Aé((YUH)))i satisfies condition (*).
Then by [Liu25a, Lemma 4.6], as M*® is bounded below, there is a canonical
isomorphism

Rul g, L(M?®) = CAS (L(M*)) (10)
in D+(X,u’X/S*OX/S). Let f : X — S be the structure morphism. By
[Liu25a, Remark 2.3], there is a canonical morphism u}/sf’lOS — Ox/s-
By adjunction, the composition

wy,sf '0s = Oxys = juj~ Oxys
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induces a morphism f~'Og — u'y / 5+0x/s of sheaves of rings on X. Therefore,
(10) is also an isomorphism in D* (X, f~1O0g). O

Lemma 3.5. Leti: X — Y be an immersion of schemes over S. Let M be a
quasi-coherent Oy -module.

(a) Let (U,T) € Y Strat(X/S). Regard L(M)w,r) as an abelian sheaf on U.
Then for every integer ¢ > 0 and every affine open subset Uy of U, one
has Hq(Uo,L(M)(U,T)) = 0

(b) For every integer v > 0, the system (F;) := (L(M)(x ai (yo+1y))izo in
Ab(X) satisfies condition (*).

Proof. (a) Choose a morphism h : T'— Y with h|y = i|y as a morphism U —
Y. By [Liu25a, (35)], as M is quasi-coherent, the Op-module L(M ) 1y is
the inverse limit of the surjective system {h*(Py, 5 ®0, M)}n>0 of quasi-
coherent sheaves on T. Then by [Sta25, Tag 0BKS], for every affine open
subset Ty of T and every integer ¢ > 0, one has H9(Ty, L(M)y,r)) = 0.
Let Ty be the open subscheme of T' with underlying set Uy. From [Sta25,
Tag 06AD], as Uy is affine, so is Ty. Thus, one has H(Uy, L(M)w 1)) =
HY(Ty, L(M)w,r)) = 0.

(b) Let B be the set of affine open subsets U of X, such that i(U) is contained

in an affine open subset of Y. Then B is base for X. By Part (a), it
remains to prove that for every U € B, the system (F;(U)) is surjective,
i.e., for every ¢ > 0, the morphism F;1(U) — F;(U) is surjective.
By [Sta25, Tag 06AD], as U — A} (Y?T!) is a finite order thickening,
Al (YV+!) = Spec B is affine. Moreover, A} (Y *1) is the open subscheme
of AL (Y"H1) with underlying set U. Let h : AL (Y""1) — Y be the
morphism induced by the last projection Yg“(: Y xgx---xgY) =Y.
Then h|x = 4 as morphism X — Y. Choose an affine open subset
V = Spec A of Y containing g(U). Then V contains h(Spec B;). Let
A — B; be the ring morphism induced by h : AL (Y**!) — V. One has

F((]7 Fz) == F(Spec Bi, L(M)(X,A&(Y"f*l)))
:1i7anF(SpecBi,h*( V/s ®oy M))
=lim (r(v, P} s ®0, M) @4 Bi)

—lim (F(V, PP ) ©aT(V, M) ©4 Bi) .

n

As V is affine, and (Py /s)nZO is a surjective system of quasi-coherent
sheaves on Y, the system {T'(V, PQ/S)}nzo is surjective. The closed immersion
AL (YY) — AUFH(YUFY) over Voinduces a surjective morphism B;jq —
B; of A-algebras. By Lemma 3.6, for every n > 0,

LV, Pyg) @a T(V,M) ®a Bit1 = T'(V, P¢/5) @4 D(V, M) @4 B;
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is surjective, so the morphism of A-modules F;1(U) — F;(U) is also
surjective.
O

Lemma 3.6. Let A be a commutative ring. Let (M;);>o0 be an inverse system
of A-modules that is satisfying the Mittag-Leffler condition. Then for every
surjective morphism F — G of A-modules, the induced morphism lim;(M; & 4
F) = lim;(M ®4 G) is surjective.

Proof. Let K = ker(F — G). The functor (-)®4 K : Mod(A) — Mod(A) is right
exact, so the system (M; ® 4 K);>o also satisfies the Mittag-Leffler condition.
For every ¢ > 0, the sequence

is exact, so M; @ K — ker(M; ® F — M; ® G) is surjective. Thus, the system
{ker(M; ® F — M,; ® G)}; satisfies the Mittag-Leffler condition. Then from
[Sta25, Tag 03CA], the sequence

0 — limker(M; ® F - M; ® G) = lim(M; ® F) — lim(M; ® G) — 0

is exact. O

Using Lemma 3.3 and Lemma 3.4, one can prove Lemma 3.7 similarly to
[Liu25b, Lemma 3.1.5].

Lemma 3.7. Let S be a scheme. Let Sy — S be a nilpotent thickening. Let
f: X — S be a morphism of schemes. Assume that X is of characteristic 0.
Let Xo = X x5 So. Then the natural morphism Rfx,;s:O0x,/s — Rf*Q;(/S
from [Liu25a, (77)] fits into a commutative diagram

. « lo
Rfx,/s+1x0/5+0%, [—1] —2 Rfxyse(14 Jxy/s) —2 Rfxo/sedxo/s — Rfxy/5:0x0/5

log® J/

REOY,[-1] ——2—— RfK} g ———— Rfudy s —— REO% g

in D*(Ab(S)).

3.4 Infinitesimal cohomology over an adic ring

By [Liu25a, Remark 11.6], for an integer ¢ > 0 and a finite type morphism
of Noetherian schemes f : X — S, H{.(X/S) coincides with the higher
direct image of the infinitesimal structure sheaf R?fx,5.0x/s. Compared
with Hartshorne’s de Rham cohomology, infinitesimal cohomology has the extra
flexibility which provides a characteristic 0 analog of the crystalline cohomology
over an adic ring.
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Setup 3.8. Let A be a Noetherian ring with an ideal I. Assume that A is
I-adically complete and separated, hence an adic ring. For every integer n > 0,
let A, = A/I"*! S, = Spec A,,, S = Spec A and S = Spf A.

Let X be a scheme over Sy. For any integers 0 < m < n, the inclusion
Umn : Inf(X/Sy,) — Inf(X/S,)

is a continuous and cocontinuous functor. It defines a morphism of sites fi,, :
Inf(X/S,) — Inf(X/S,,) and hence a morphism of topoi

Hmn - (X/Sn)inf — (X/Sm)inf-
From [Sta25, Tag 00XO)], ty,, defines another morphism of topoi
imn * (X/Sm)int = (X/Sn)int-

For every (U,T) € Inf(X/S,,), let hy be the corresponding representable sheaf
on Inf(X/S,). By [Sta25, Tag 00XR (1)], for every (V,Z) € Inf(X/S,,), one
has

mn

(tmnh)(V, Z) = Homug(x/s,)((V, 2), (U, T)) = Homua (2, T) = (Idx T)(V, Z).

Therefore, by [Liu25a, Theorem 3.3], i, = (Idx )int is the morphism induced by
functoriality. By [Sta25, Tag 03L5], the morphisms (imn)o<m<n are compatible
with composition.

Remark 3.9. The functor
Umn : Inf(X/S,) — Inf(X/S,,), (U, T)w— (U,T xs, Sm)

is continuous. It induces a morphism of sites tmy, : Inf(X/S,,) — Inf(X/S,).
The corresponding morphism of topoi is 4,,y,.

Definition 3.10. Define the infinitesimal site Inf(X/S) of X over S as follows.
An object of Inf(X/S) is a finite order thickening U — T over S, where U is
an open subset of X and I"t! . O = 0 for some integer n > 0. A morphism
(U, T) = (U',T') in Inf(X/S) is a morphism in Inf(X/S,,) for some n such that
both pairs belong to Inf(X/S,,). A family of morphisms {(U;, T;) = (U, T) }ier
in Inf(X/S) is a covering, if {T; — T}y is a Zariski open covering of T. Define
the infinitesimal structure sheaf on Inf(X/S) as a sheaf of rings Ox,5:(UT)—
Or(T).

Then Inf(X/S) is a site, and (Inf(X/S’),OX/S) is a ringed site. Similar to

the infinitesimal sites, a sheaf on Inf(X/S) can be described as a compatible
family of Zariski sheaves on objects. Let (X/S)int be the corresponding topos.

Remark 3.11. Define a category Inf(X/S,) as follows. An object of it is a triple
(n,U,T), where n > 0 is an integer, and (U,T) € Inf(X/S,). A morphism
(m,U",T") — (n,U,T) refers to an Idx-morphism 77 — T in the sense of
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[Liu25a, Definition 3.1]. The existence of such a morphism implies m < n and
U’ Cc U. View N as a small category, where Homy(m, n) is a singleton when
m < n, and is empty otherwise. The functor

p:Inf(X/Se) = NP (n,UT)—n

defines a fibred site in the sense of [SGA4II, VI, 7.2.1]. For every morphism
m — n in N, the inverse image functor is wm, : Inf(X/Sn) — Inf(X/S,).
Then Inf(X/S) is the projective limit of this fibred site in the sense of [SGA4II,
VI, Définition 8.2.5]. From [SGAA4II, VI, Théoreme 8.2.3 2)], (X/S)ins is the
projective limit of the inverse system of topoi ((X/Sy)int, fimn) in the sense of
[SGA4II, VI, Définition 8.1.1]. Let Tot be the total site associated with the
fibred site p : Inf(X/S,) — N°P in the sense of [SGA4II, Définition 7.4.1]. Then
by [SGA4II, Exercice 7.4.15], there is a canonical isomorphism of functors

RT'(Tot,-) = R hé% RT((X/Sn)int ()lme(x/s,)) : DT (Ab(Tot)) — DT (Ab).
For every integer n > 0, the inclusion functor u,, : Inf(X/S,) — Inf(X/S)
is continuous, cocontinuous and fully faithful. Let
(un)p : PSh(Inf(X/S,)) — PSh(Inf(X/S))

be the functor defined in [Sta25, Tag 00VC]. Then for every G € PSh(Inf(X/S,,))
and every (V, Z) € Inf(X/S), one has

((un)pG)(V, Z) = colim (V,2)—(U,T), GU,T).
(U,T)€eInf(X/Sn)

If I"™1 0y # 0, then the colimit is over an empty diagram, so ((u,),G)(V, Z) =

0. If I""1Oz = 0, then (V,Z) € Inf(X/S,) and the diagram underlying the
colimit has a final object Id v,z : (V, Z) — (V, Z). Thus, one has ((u,),G)(V, Z) =
G(V,Z). In particular, (u,), restricts to an exact functor

(n)s : Sh(Inf(X/S,)) — Sh(Inf(X/S)).
Therefore, u, defines a morphism of sites f,, : Inf(X/S) — Inf(X/S,,). Let
fin : (X/S)int — (X/Sn)int

be the induced morphism of topoi.

For every n > 0 and every (U,T) € Inf(X/g), the nilpotent thickening
U — T factors through T'x ¢ S,,, and U — T'x ¢ Sy, is also a nilpotent thickening.
Thus, (U, T x ¢ Sp) € Inf(X/S,,). The functor

v, : Inf(X/S) = Inf(X/S,), (U,T)+ (U,T xg5Sy)
is continuous. The induced functor

(vn)p : PSh(Inf(X/S)) — PSh(Inf(X/S,,))
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sends G € PSh(Inf(X/S)) to the presheaf
V., Z)— GV, Z).
In particular, (vy), restricts to an exact functor
(vn)s : Sh(Inf(X/S)) — Sh(Inf(X/S,)).

Thus, v, induces a morphism of sites ¢, : Inf(X/S,) — Inf(X/S). Since v, o
upn = Idine(x/s,,), one has fy, o1, = Idme(x/s,) as morphism of sites. Let

in : (X/Sn)inf — (X/S)inf

be the morphism of topoi induced by ¢,,. Then i,_LlOX/g = Ox/s,,» i;lJX/S =
Jx/s, and i, is naturally a morphism of ringed topoi.

By Remark 3.11 and [SGAA4II, VI, (8.1.4.1)], passing to limit, the inverse
system of morphisms of topoi (ux/s, : (X/Sn)int = Xzar)n>0 induces a morphism
of topoi R

uX/S : (X/S)inf — Xzar-

The diagram of topoi

(X/Sn)int —2 (X/8)int —L% X
A
\ de uxys,
Ng ~
(X/Sn)int

is commutative. Similarly, the inverse system of morphisms of ringed topoi
(ix/s, : Xzar = (X/Sn)int)n>0 induces a morphism of ringed topoi

iX/S' : XZar — (X/S)inf

satisfying Uy /g © iX/S‘ =Idx,,,-

Using Remark 3.11, one can prove Lemma 3.12 similarly to [BO78, Proposition
7.22].
Lemma 3.12. Let E be an Oy, g-module. Assume that for every (U, T) €
Inf(X/5), Ew.) is a quasi-coherent Or-module. Then there are canonical
isomorphisms

Ruys, B = Rlim Rux/s, i, B, RI(X/S,E) = Rlim RT(X/S,,, i, ).

Let JX/S be the kernel of the canonical morphism OX/S — iX/S*OX' Then

for every object (U,T) € Inf(X/S), Jx 5w, is the ideal sheaf of the closed
immersion U — T. In particular, it is nilpotent. Similar to (6), there is a short
exact sequence

0—=14Jyg— O}/g —ix/5.0x = 0.
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Suppose that X is of characteristic 0. Then similar to (7), one can define an
isomorphism of abelian sheaves

log: 1+ Jyg =I5 1+am Y (1) 'a™/m.
m>0

As every ‘]X/S' T is nilpotent, the series is a finite sum.
Applying Ruy g, : D (Ab(Inf(X/S))) = D*(Ab(X)) to the composition

. * 7] lo
ix6:0x[=1] = 1+ Jy /g -+ Ix/5 = Oxs

one gets amorphism O [1] = Ruy, 5,0y g in DT (Ab(X)). Taking cohomology
groups, one gets a morphism

c1int 1 Pic(X) — H2:(X/9),

called the first Chern class morphism of X over S.

4 Cohomological criterion of lifting line bundle

Given a complete local ring A of characteristic 0 with residue field k, a scheme
X proper over A and a line bundle L on the special fiber X, we prove a
cohomological criterion of when L extends to X. The condition is that the
infinitesimal first Chern class ¢y inf(L) € H2;(Xs/k) maps inside F'H3p (X/A)
under the comparison morphism HZ;(Xo/k) — H3g(X/A). This criterion is
a characteristic 0 analog of [BO83, Theorem 3.8]. We first establish it in the
context of formal schemes (Theorem 4.4). Using Grothendieck’s algebraization
theorem, we deduce the case with usual schemes (Theorem 4.5). In the smooth
case, the results reduce to [LP19, Theorem 6.9] and the local case of the
variational Hodge conjecture (stated in [Morl9, p.3469] without proof) respectively
when A = k[[x1,...,x,]] is a formal power series ring. We draw a consequence
(Lemma 4.12) of this criterion, which is what we need to prove Theorem 1.1.

4.1 Proof of Theorem 1.3

Let S be as in Setup 3.8. We prove Theorem 4.5 which extends Theorem 1.3 to
the more general base S. For every formal scheme X proper over S and every
n > 0,let X, := Xx¢S,. Lemma 4.1 is a counterpart of [Liu25b, Lemma 3.2.2].
It follows from [Liu25a, Corollary 11.9] and Lemma 3.12.

Lemma 4.1. Let S be as in Setup 3.8. Let f : X — S be a proper morphism of
Noetherian formal schemes. Then there is a natural morphism

Tint : Rline(X0/S) = RTqr(X/5). (11)

For every integer i > 0, (11) induces a morphism H: (Xo/S) — Hig(%X/S).

1
They are isomorphisms if f : X — S is smooth and if X is of characteristic 0.
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Remark 4.2. Let f : X — S be a proper morphism of Noetherian formal schemes.
Assume that S is of characteristic 0. Then the ideal I of A admits a unique
divided power structure. It gives rise to a logarithm morphism

log:14+1-0Ox —1-0Ox% (12)

similar to [Liu25b, (31)]. In this case, the logarithm morphism is an isomorphism,
with an inverse given by the exponential morphism.

Lemma 4.3 is parallel to [Liu25b, Lemma 3.2.7], which can be deduced
similarly from Lemma 3.7.

Lemma 4.3. Let f : X — S be a proper morphism of Noetherian formal
schemes. Let ane/.é‘ be the multiplicative de Rham complex

dlog
0% x5 & Q
Let KX/S (resp. x/s) be the kernel of Qae/s — O%, (resp. Qx/s — Ox, ).
Then the diagram
Pic(Xp) Hi(Xo/S)

; -

* o 1 . ~
H'(X,0%,) —— HX, K[ ) —— log”, H(X,13,5) — Hip(X/9)

T | | |

H* (2,13 o) —— H*(X,0%).

1s commutative.

Let S be as in Setup 3.8. For an integer ¢ > 0 and a proper morphism
f:X% — S of Noetherian formal schemes, we say f satisfies (CF) in degree g, if
the map H4(X,0x) — H(Xy, Ox,) is surjective. From [EGA III 1, Corollaire
3.4.4], as A is Noetherian and f : X — S is proper, (CF) in degree q is equivalent
to that for every integer n > 0, the canonical map H4(X,,Ox, ) = H?(Xy,Ox,)
is surjective.

Theorem 4.4. Let S be as in Setup 3.8. Assume that S is of characteristic 0.
Let f : X — S be a proper morphism of Noetherian formal schemes satisfying
(CF) in degree 1. Let Lo € Pic Xo. Then Lo lifts to PicX if and only if the
image of c1,nf(Lo) under the morphism Tins : lnf(XO/S) — HgR(X/S) 18 in
the Hodge filtration FngR(%/S). Equivalently, there is an exact sequence

Pic(X) — Pic(Xo) — H?*(X,0x%),
where the second morphism is the composition

Pic(Xo) 5" Hip(Xo/S) ™ Hig(X/S) — H*(X,0x).

1nf
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Proof. We only prove the “if” part. The short exact sequence 0 — I - Ox —
Ox — Ox, — 0 of Ox-modules induces an exact sequence

HY(X,0%) = H'(X,,0x,) — H*(X,I-Ox) > HX(X, O%).
From Remark 4.2, the logarithm isomorphism (12) induces an isomorphism
log: H*(X,1+1-0x) = H*(X,1-Ox%).
By [Liu25b, Lemma 3.2.5], there is an exact sequence
H'(%,0%) — H'(X,0%,) % H*(X,1+1-Ox).

Then by Lemma 4.3, Tint(c1int(Lo)) € FYH2,(%/S) implies i o logod(Lo) = 0
in H%(X,0x). By (CF) condition in degree 1, the map i : H?(X,I - Ox) —
H?(X,0x%) is injective. Thus, one has d(Lg) = 0 in H*(X,1+1-0Ox), so Ly lifts
to a line bundle on X. O

Theorem 4.5. Let S be as in Setup 3.8. Assume that S is of characteristic 0.
Let f: X — S be a proper morphism of schemes. Assume that the map

HY(X,0x) - H'(X,,0x,) (13)

is surjective. Let Lo € Pic(Xo). Then Lg lifts to Pic X if and only if the image
of ¢1,int(Lo) under the morphism Tins : H2;(Xo/S) = H3x(X/S) is in the Hodge
filtration F*H325(X/S).

Proof. Tt follows from Theorem 4.4 and [Liu25b, Lemma 3.2.1 i)]. O

Remark 4.6. The assumption that (13) is surjective is necessary in Theorem 4.5.

4.2 Lifting line bundles for cohomologically flat morphism

As an application of Theorem 4.5, we deduce the key ingredient Lemma 4.12
used in the proof of Theorem 1.1. Roughly speaking, it gives a criterion of when
a line bundle on a closed fiber of a cohomologically flat morphism of algebraic
varieties admits a global lift. We first review basic properties of cohomological
flatness, and explain how it is related to (CF) condition that we introduce.

Definition 4.7. Let f : X — Y be a proper morphism of locally Noetherian
schemes. Let F' be a coherent sheaf on X. For an integer ¢ > 0, F is
cohomologically flat in degree ¢ if the formation of R?f,F commutes with base
change in Y. If Ox is cohomologically flat in degree ¢, then f : X — Y is called
cohomologically flat in degree q.

By definition, if f : X — Y is cohomologically flat in degree ¢, then for every
locally Noetherian scheme Y’ and every morphism Y’ — Y, the base change
X xy Y’ — Y’ is also cohomologically flat in degree q.
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Remark 4.8. Let S be as in Setup 3.8. Fix an integer ¢ > 0. Let f: X — Sbea
proper morphism cohomologically flat in degree q. Then for every integer n > 0,
the canonical map H4(X,0x) ®4 A/I""! — H(X,,,Ox,) is an isomorphism,
which implies surjectivity of (13) when ¢ = 1. Let f : X — S be the induced
morphism of formal schemes. Then by [EGA III 1, Théoréme 4.1.5], it satisfies
(CF) in degree q.

Remark 4.9. Let f : X — Y be a smooth proper morphism of schemes of
characteristic 0. Then by Deligne’s theorem [Del68, Théoréme 5.5 ()], f: X —
Y is cohomological flat in all degrees. Similarly, every smooth proper morphism
g: X — S of formal schemes satisfies (CF) in all degrees.

Lemma 4.10 shows that generic cohomological flatness holds.

Lemma 4.10. Let f : X — Y be a proper morphism of schemes, with Y reduced
and Noetherian. Let F be a coherent sheaf on X. Then there is an open dense
subset U of Y, such that F|x, is cohomologically flat over U in all degrees and
flat over U.

Proof. By [Sta25, Tag 08E2], as f : X — Y is proper and Y is Noetherian, one
has Rf.F € Db, (Oy). From generic flatness (see, e.g., [Sta25, Tag 052B]), as
Y is reduced, shrinking Y one may assume that F' is flat over Y, and that for
every q > 0, R1f,F is flat over Oy.

Shrinking Y, one may assume that Y = Spec A is affine. Then by [MRM74,
Theorem, p.46], as A is Noetherian, there is a finite complex K*® of finite

projective A-modules, such that for every ¢ > 0, there is an isomorphism

HY(X xy Spec B, F ®4 B) = HY(K® @4 B)

~

of functors on the category of A-algebras B. In particular, one has HY(K*®)
HY(X,F). AsY is affine, one has H4(X, F) = T'(Y, R1f.F). Therefore, H1(K*)
is flat over A. Every projective module is flat, so K*® is a complex of flat A-
modules. Then by Lemma 4.11, one has an isomorphism

HI(K*)®s B = HY(K®*®4 B)
and hence an isomorphism
HIY(X,F)®4 B = HI(X xy Spec B, F ®4 B). (14)

To prove that F' is cohomologically flat over Y in degree ¢, let g : Y/ — Y
be a morphism of schemes . Consider the cartesian square
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and we show that the base change morphism ¢*RIf,F — RIf.g"*F is an
isomorphism. This property is local in Y, so one may assume that Y’ = Spec B

is affine. Both sheaves are quasi-coherent over Y’. One has
LY, g*RIf,F)= H (X, F)®aB, T(Y' Rif.g"F)= HYXxySpecB, F®B),
so (14) proves the result. O

Lemma 4.11. Let R be a commutative ring. Let K* € Ch'(R) be a bounded
above complex of flat R-modules. Suppose that H1(K) is flat over R for every
integer q. Then for every R-module M, the natural morphism H'(K) ®p M —
HY(K ®@gr M) is an isomorphism for every integer i.

Proof. As each term of K* is flat, one has K®* ®* M = K*® ® M. Similarly,
as every H9(K) is flat, one has HY(K) ®* M = HY(K) ® M. By [Sta25, Tag
0662], as K* is bounded above, there is a spectral sequence

ED? = HP(HY(K) @" M) = HPY(K @" L).

Since EY? = 0 whenever p # 0, the spectral sequence degenerates at page Es.
It implies H (K @ M) = H'(HY(K) ®* M) = H(K) ® M. O

Lemma 4.12. Let f : X — B be a proper morphism of algebraic varieties over
a field k of characteristic 0. Assume that f : X — B is cohomologically flat
in degree 1. Fiz a closed point 0 € B. Let L € Pic(Xy). Set A := Op. Let
S = Spf(A) and X := X xp S. Suppose that c1,inf(L) s in the kernel of the
composition

Hiy(Xo/S) ™ Hip(X/S) = H*(X,0%).

inf

Then there is a connected open neighborhood By of 0 in B, a quasi-finite étale
morphism 7 : U — By with U connected, a point u € U over 0 with k(0) =
k(u), such that letting Xy := X xgU, there is L' € Pic(Xy) with L|x, = L'|x,
in Pic(X,).

ProofStep 1 We extend L over A.

The Noetherian local k-algebra A is complete. Let S := Spec A, Xg :=
X xp S. Because f : X — B is cohomologically flat in degree 1, so
is the projection fs : Xg — S. Then by Remark 4.8, H'(Xg,Ox,) —
H'(Xo, Ox,) is surjective. Therefore, by Theorem 4.5 and the supposition,
as chark = 0 and fs : Xg — S is proper, there is L; € Pic(Xg) with
Li|x, = L.

Step 2 We extend L over the henselization 0%70 of Op.

By [Sta25, Tag 07QU], Op o is an excellent ring. Then by Greco’s theorem
[Sta25, Tag 0AH3], 0%70 is a G-ring. By [Sta25, Tag 03QM], the inclusion
O%,o — A is the completion map, so it is a regular map of rings. Consequently,
by Popescu’s theorem [Sta25, Tag 07GC], one may write

A= COlimie[ Az
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Step 3

as a filtered colimit of smooth O%’O—algebras. For every i € I, let X; =
X xp Spec 4;. Then Xg = lim; X;. By [Sta25, Tag 0B8W (2)], there is
io € I and a line bundle Ly € Pic(X;,) with La|x, = L.

From [Mil80, Exercise 4.13], as O},  — A;, is smooth and O’ , is Henselian,
there is a morphism o : A;, — Of, of O} (-algebras fitting into a
commutative diagram

o h
Ay ===+ » OB

I

A — k(0).

Let X" := X x g Spec O%,()' Then ¢ induces a morphism ¢, : X" — X,
of schemes, depicted in the commutative diagram

T

Xo Xg Xt oo 5o Xy —— X
| g | | Jf
Speck(0) —— S —— Spec O%,O fffff » Spec A;;, —— B,

such that ¢,|x, : Xo — Xj, is the inclusion. Therefore, L3 := ¢} Ly €
Pic(X") satisfies L3|x, = L.

We extend L3 over an étale neighborhood of 0 in B.

From [EGA I, Lemme 6.1.8], shrinking B to an open neighborhood of 0,
one may assume that every open neighborhood of 0 in B is connected.
Let N be the category of elementary étale neighborhoods (V,v) — (B,0)
with V affine. By the proof of [Sta25, Tag 05KS], one has

0%70 = Colim(vjv)e‘/\/'or) O(V)

Then Spec 0%70 = lim(y,,yen V. Therefore, there is an elementary étale
neighborhood 7« : (U,u) — (B,0), a line bundle L' € Pic(Xy) with
L'|xn = Lg. Then L'|x, = L|x,. Shrinking B and U to open neighborhoods
of 0 and u respectively, one may assume that every open neighborhood of
w in U is connected and that 7 : U — B is of finite type. Then by [Sta25,
Tag 03WS], the étale morphism U — B is quasi-finite.

O
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5 Initial value problem and Gauss-Manin connection

5.1 Sections horizontal for an integrable connection

Recall that our strategy to Theorem 1.1 is using the Gauss-Manin connection to
construct the power series defining the jumping locus. Given a smooth proper
family of algebraic varieties with good reduction, Lawrence and Venkatesh
[LV20, Sec. 3.3] study the formal solutions to the equation induced by the Gauss-
Manin connection. We slightly extend their work to integrable connections not
coming from a smooth morphism.

Let R be a discrete valuation ring (DVR) or a field. Let K be the fraction
field of R. Let k be the residue field of R. Let ¢ : ) — AR be an étale morphism
of schemes over R. It induces a morphism R[Zi,...,Z,] — T'(YV,0y) of R-
algebras. Let z; € I'(), Oy) be the image of Z; (i = 1,...,m). By [Sta25, Tags
06B6 and 02H9], one has Qi,/R = @ ,0ydz;. Let yo € Y(R) be a preimage
of 0 € AZ(R). Let 5o € Y(k) be its reduction. Let Y be the generic fiber of
Y — Spec R. Let gp € Y(K) be the point corresponding to yo.

Lemma 5.1. There is a natural injective morphism Oy z5 < R[[z1,- ., Zm]] of
R-algebras.

Proof. The image of yo under ¢ : Y — A% is 0 € A% (k). The morphism of
residue fields k& — (7o) is an isomorphism. From [Sta25, Tag 039N], as R
is Noetherian, OA;;L,() — Oy gy is an étale homomorphism of local rings. By
[Sta25, Tag 039M], as it is essentially of finite type, it induces an isomorphism
on completions OAAE’G s Oy g5. Then OAAE’G = R[[Z, ..., Zm]]. Similarly, one
has Oy, = K[[z1,...,2m]]. Since Tg is a specialization of §io on Y, there is a
localization Oy zz — Oy g5,. As Y is smooth over R, it is regular. By [Sta25,
Tag 00NP], Oy 57 is a domain. Therefore, Oy 7 — Oy j, is injective. Because
Ris a DVR, Y is open in ) and hence Oy 5, = Oy j,. From K N R = R, one
has Oy 75 C R[[z1, ..., 2m]| N K[[21, ..., 2m]] = R[[21, .. ., 2m]]. O

Let H be a finite free Oy-module. Choose a basis {v1,...,v.} C T'(V,H)
forit. Let V : H — H ®o0,, Q%}/R be an integrable connection relative to R. For

every 1 < i < r, write Vu; = 22:1 v; ® Ag, where AZ € F(y,ﬂi,m). A local
section s := ., fiv; of H (with f? local sections of Oy) is horizontal exactly

when i

dff +3 Alfi =0forall 1 <i<r. (15)

j=1

Lemma 5.2. Assume that R = K is a field of characteristic 0. Then for every
so = Yy favi(yo) in the K-vector space H(yo), there exists a unique formal
solution f', ..., f" € K[[z1,...,2m]] to (15) with initial condition f*(0) = f§ for
alll <i<r. Let M := H(Jo)®0y ;,Ov.5,- Thus, one gets an injective K -linear
map H(yo) — M which is independent of the choice of the basis {v1,...,v,}.
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Proof. The K|[z1, ..., zm|]-module M is finite free and equipped with an integrable
connection for the continuous K-derivations on K[[z1,...,z,]]. Let MY be
the set of horizontal elements of M. By [Kat70, Proposition 8.9], as K is of
characteristic 0, the composition

MY < M — M Qklz1,....zm)) K = H(yo)

'1Zm

is an isomorphism. Therefore, there exists a unique s € MV lying over sg. As

H(7o) = ®j—1 Oy g,vi, one has M = ®j_, K[[z1, ..., zm]]v;. Then one can write
s as 21:1 fiv; in a unique way. 0
Let K be the fraction field of R, which is a complete DVF. Let [ -] : K —

[0,4+00) be an associated nonarchimedean absolute value.

Lemma 5.3. Suppose that R is a DVR of mized characteristic (0,p). Then the
formal solution in Lemma 5.2 for ¢ 1 Y — AR absolutely converges on the open

polydisc P(0, |p|"/®= D) :={(z1,...,2m) € K™ : |z1],.. ., |2m| < [p|"/®P~D}.
Proof. Set C := maxi<i<, |f}|. For a multi-index I = (i1,... i) € Z7,,
denote -

m
|I|::E ij, IVi=igloig), 2T =20 g
Jj=1

We write f¢ = Yrezn, fizl with fi € K. Write A7 = Y7, a}*dz, with
>0

s=1"

ag’:s € I'(Y,Oy). By Lemma 5.1, one has (a7*)gs € Rl[21,- -, 2m]]. Then write
(@7°)g5 = Yrezm, (@7°)12" with (af*); € R.

By inductiori we prove maxi<i<, |fi| < % for all I € ZZ,,. By choice of
C, it holds when I = 0. Fix [ = (i1,...,1m) and assume the inequalities for all
multi-indices J < I. Given 1 < s < m, we proceed to show the inequality for
I+ 1s:= (i1,... 051,45 + 1,dg11,-..,0m). Taking the coefficient of z'dz, in
(15), one has

A+i)fip, +>, >, (a7°)fl =0

j=1 J+L=I,
JLELT,

for every 1 < i < r. For each L < I, one has L!|I!, so |I!| < |L!|. By the
inductive hypothesis, one has
; ; ; C C
i\ £J j

As (K .| -]) is non-archimedean, it implies

- C e
TN lis 41 [+ 1)

i,
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The induction is completed. By Legendre’s formula, for every integer n > 0,
7]

one has |nl| > [p|?-T, so \Tl'l < |p|”?-T. For every point (z1,..., zy,) in the disk

and every 1 < ¢ < r, one has

maxi <i<m | %il )

‘f;zl|<C( 1
p|r=t

It implies |fiz’| — 0 when |I| — 400. Because K is a complete valued field,
the result follows. O

Remark 5.4. Assume R = C. By the Riemann-Hilbert correspondence [Del70,
Théoréme 2.17], there is an open neighborhood Q2 of yg in Y*", such that for
every initial value so € H(yo), the formal solution in Lemma 5.2 converges
absolutely on © and defines an element of H (9, (H, V)™®).

5.2 Gauss-Manin connection for singular morphisms

We review Hartshorne’s de Rham cohomology sheaf and the Gauss-Manin connection
on it. Given an integer ¢ > 0 and a morphism f : X — B of finite type of
Noetherian schemes of characteristic 0, set

éR(X/B) = R'f. 3(/B'

Hartshorne [Har75, Definition, p.74] introduces the relative de Rham cohomology
sheaf Hi, (X/B), which is an Og-module admitting a natural O g-linear morphism

Lr(X/B) — Hig(X/B). For an embeddable f : X — B, i.e., when there is
a closed immersion ¢ : X — Y over B with Y a scheme smooth over B, denote
by Q;,/ p the formal completion of the de Rham complex 23, /B along X. In
this case, Hhr(X/B) is defined as Rif*Q;,/B. In particular, if f : X — B
is smooth, then Hiy(X/B) — Hiz(X/B) is an isomorphism. For a general
f: X — B, the definition of Hj(X/B) can be globalized by a Cech process
similar to [Har75, pp.28-29]. By [GD71, 10.8.7], formal completion along X
coincides with that along X;eq. Therefore, Hip (X/B) — Hig(Xrea/B) is an
isomorphism, so one can remove the reducedness assumption on X in [Har75,
ITI, Theorem 5.1] to get Fact 5.5.

Fact 5.5. Let k be a field of characteristic 0, B be a reduced scheme of finite
type over k, and f : X — B be a finite type morphism. Then there is a dense
open subset U C B such that every Hig (X/B) is finite locally free over U.

If B is smooth of finite type over a field k of characteristic 0, even if f :
X — B is singular, Hartshorne [Har75, p.75] defines a canonical Gauss-Manin
connection V : Hyp (X/B) = Hiyr(X/B) @0, Qg/k which is integrable.

Lemma 5.6. Let f : X — B be a morphism of algebraic varieties over C,
with B smooth over C. Fiz an integer n > 0, and assume that Hpi (X/B) is
coherent over Op.
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(a) Then Hpr(X/B) is locally free, and its Gauss-Manin connection V has
reqular singularities.

(b) If R™ f2"C is a local system on B*", then it corresponds to (HEg(X/B), V)
under Deligne’s Riemann-Hilbert correspondence. In particular, the canonical
morphism

Hpr(B, Hpr(X/B), V) — H*(B*, R" f"C)
18 an tsomorphism.

(c) Up to shrinking B to a dense open subset, the formation of Hpr(X/B)
commutes with any base change in B.

Rajognd (c) By [Kat70, Proposition 8.8], as Hpr (X/B) is coherent equipped

with an integrable connection, it is locally free. As B is smooth, one may
assume that B is irreducible. For every dense open subset U of B, the
morphism 71 (U?") — 71(B?") is surjective. So to determine the local
system corresponding to (Hpg(X/B), V), one may shrink B to a dense
open subset. From [Del70, II, Proposition 4.6 (iii)], to prove regularity,
one may also shrink B. Let n € B be the generic point. Let n := dim X,.
The isomorphism HB(X/B) = H¥g(Xrea/B) is compatible with the
Gauss-Manin connection. Let fi.q be the composition X,eq — X — B.
As X2 — X" is a homeomorphism, R"f2"C = R" 2, ,C as sheaves
on B, Therefore, one may assume that X is reduced. From [Sta25,
Tag 054Z], as X is reduced, so is X,. By [Gui+88, I, Théoreme 2.15]
(see also [PS08, Theorem 5.26]), since k() is of characteristic 0 and X,
is reduced, separated of finite type over k(n), there is an (n + 1)-cubical
hyperresolution (in the sense of [Gui+88, I, Définition 2.12]) (X;) of X,
with dim X; <n+1—|I| for all I.
Let ¢, : X, o — X, be the associated semi-simplicial resolution. By
cohomological descent [Gui+88, III, Théoreme 1.3], for every i > 0, the
canonical morphism H} g (X,/n) = Hig(X,.e/n) is an isomorphism. By
definition, every X, , is proper over X, and smooth over k(n). There are
only finitely many p > 0 with X,, , nonempty. Therefore, by shrinking B
and spreading out, one may assume that there is a cubical variety X, over
C with an augmentation € : Xo — X, such that

1) there are only finitely many p with X, nonempty;

2) for every p > 0, X, — X is proper, and the structure morphism
fp + Xp — B is smooth;

3) the pullback of e : Xg — X along X, = X is e, : X;; 0 = X3
4) for every s € B(C), Xo xp s — X, is a cubical hyperresolution.

From [Del70, II, Théoréeme 6.13 and 7.9], by Assumptions 1) and 2),
shrinking B one may assume that for all p,q > 0,
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— RIf7IC is a local system on B*", and its formation commutes with
any base change in B;

— HERr(Xp/B) is finite locally free, and its formation commutes with
any base change in B;

— the Gauss-Manin connection on H{) (X, /B) is regular, and the associated
local system is R f'C.

*

By the spectral sequence

P = 13 o(X,/B) = HLH(Xe/B)
of Op-modules, HAE? (X, /B) is coherent over O, and its formation commutes
with any base change in B. Let MIC(B/C) be the category of Og-modules
with integrable connection. From [ABC20, 4.3.8], as B is smooth over
C, MIC(B/C) is an abelian category. By construction, the differential
morphisms are horizontal for the Gauss-Manin connections, so it is a
spectral sequence in the abelian category MIC(B/C). Then by [HTO07,
Proposition 5.3.4], for every n > 0, Hjr(Xe/B) is locally free and its
Gauss-Manin connection is regular. From the spectral sequence

E"" = R1f3IC = RVIfIIC,,

the local system associated with Hpn (Xe/B) is R™ f2?C,, and the formation
of R"f&!C, commutes with any base change in B.

For every n > 0, the canonical morphism ¢ : Hpp (X/B) = Hpg(Xe/B)

is Op-linear and horizontal for Gauss-Manin connection. By Fact 5.5 and
[Har75, III, Proposition 5.2], the generic fiber of H i (X/B) is Hfg (X5, /).
Similarly, by Assumption &), the generic fiber of H}j (Xe/B) is Hr (Xy,e/7)-
Therefore, ¢ restricts to an isomorphism of generic fibers. Let Conn(B) be
the category of finite locally free O g-module with an integrable connection.
By [Sta25, Tag 01B9], shrinking B one may assume that ¢ is an isomorphism
in Conn(B). Therefore, Part (c) holds, and the Gauss-Manin connection
on Hpr(X/B) is also regular.

Up to shrinking B,
¢ : (Hpr(X/B),V) = (Hpr(Xe/B), V)

is an isomorphism in Conn(B). Therefore, the local system associated with
Br(X/B) is also R™ f¢?C,. It remains to prove that up to shrinking B
to a dense Zariski open subset, the natural morphism

1 R f&C — R" f2C,

of sheaves on B*" is an isomorphism. From Deligne’s generic base change
theorem for complex varieties (see, e.g., [Cat09, Theorem 3.16]), shrinking
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B one may assume that the formation of R" f2*C commutes with arbitrary
base change. Then for every s € B(C),

(P (Rnffn(c)s — (Rnf;:(CO)s

is identified with H™(X2",C) — H"((Xe xp 5)**,C). By Assumption 4)
and cohomological descent [Gui+88, I, Théoréme 6.9], it is an isomorphism.
Therefore, v is also an isomorphism. Then from Part (a) and the comparison
theorem [Del70, II, (6.1.1) and Théoréme 6.2], H{g (B, HEr(X/B)) —
H*(B*, R™ f2"C) is an isomorphism.

O

Remark 5.7. In fact, Lemma 5.6 (c) holds over general fields. Let k be a field
of characteristic 0. Let f : X — B be a morphism of algebraic varieties over k,
with B reduced. Then for every n > 0, up to shrinking B to a dense open subset,
the formation of Hj, (X/B) commutes with any base change B’ — B which is
a morphism of algebraic varieties over k. We only sketch a proof. First, assume
that f : X — B is smooth, so that Hpz(X/B) = Hiz(X/B). Then the result
follows from the generic base change theorem [ABC20, Theorem 26.2.1]. One
can prove the general case using cohomological descent similarly to Lemma 5.6

(c).

6 Existence of NS-generic points

Given a normal proper morphism f : X — B over an algebraically closed field
k of characteristic 0, we show the existence of an NS-generic point b € B(k).
First, in Lemma 6.1 we show the existence of a point outside the zero loci of
the convergent power series defining the jumping locus. Such power series are
constructed from the Gauss-Manin connection on Hartshorne’s relative de Rham
cohomology sheaves. Then we show that such point are NS-generic (Lemma 6.4).
The proof is a mixture of complex analytic and p-adic methods.

Let k be a field of characteristic 0. Let f : X — B be a proper morphism of
algebraic varieties over k, with B is smooth over k£ and irreducible. By Fact 5.5,
shrinking B one may assume that H3, (X/B) is a finite free Op-module. From
Remark 5.7, shrinking B one may assume that the formation of H3y(X/B)
commutes with any base change in B. In particular, for every b € B, the fiber
HER(X/B)(b) over bis HER(Xp/k(b)).

By [Sta25, Tag OFLY], as f : X — B is proper, Hir(X/B) is coherent
over Op. Let F'H3;(X/B) (resp. H"*(X/B)) be the image (resp. cokernel)
of the morphism Rgf*Q)Z(}B — H3R(X/B) of Op-modules. Then both are
coherent. The composition Q)Z(}B — QB(/B — QB(/B — Ox vanishes, so
the natural morphism H3,(X/B) — R?f.Ox factors through H°?*(X/B). By
generic freeness, as B is integral, shrinking B one may assume that H%?(X/B)
is finite free over Op. Choose bases {v1,...,v,} C I'(B,H}x(X/B)) and
{wy,...,w} C T(B,H"(X/B)) for H}r(X/B) and H°?(X/B) respectively.

33


https://stacks.math.columbia.edu/tag/0FLY

For every 1 < i < r, write E;Zl glw; for the image of v; in (B, H*(X/B)),
with ¢/ € T(B,0p).

From [Sta25, Tag 054L], for every b € B(k), as B is smooth at b, there is
an affine open neighborhood By of b in B and an étale morphism (21, ..., 2y,) :
By — AJ]" mapping b to 0. We refer to such a choice as an étale coordinate
centered at b. By chark = 0 and Lemma 5.2, for every initial condition sg €
H3,(Xp/k), there is a unique formal solution (f1,..., f") in k[[z1, ..., 2] such
that the formal section Y ;_, fiv; of HAz(X/B) is horizontal for the Gauss-
Manin connection and takes value sg at b. Define

M= Zlfi(gg)b € k[[z1,- -, 2m]]-

Then "', fiv; is mapped to the “formal” section Z;Zl Nuw; of H*?(X/B).
By [Liu25a, Remark 11.5], Hartshorne’s de Rham cohomology is identified with
the infinitesimal cohomology.

Now assume that k is algebraically closed. For b € B(k), let

Ay CE[[z1,. .., zm]]t = HO?(X/B) ®0, Opp

be the subgroup of tuples A = (A!,..., \!) determined by initial conditions sg
in the image of ¢y inf : Pic(Xp) — HZ¢(Xp/k). In Lemma 6.1, we find a point
bo € B(k) such that for every L € Pic(X,,), the formal section of H3y(X/B)
determined by the initial condition ¢ inf(L) € Hg (Xp,/k) is a formal section

of F1H2,(X/B).

Lemma 6.1. Let k be an algebraically closed field of characteristic 0. Let B
be a smooth irreducible variety over k with generic point . Let f : X — B
be a proper morphism of schemes. Then there is by € B(k) with the following
property. For every étale coordinate (&1,...,6m) : Bo — A centered at by, one
has Ay = 0 in k[[E1, ..., Em]]".

Proof. Shrinking B, one may assume that B is affine. Choose a prime /.
Shrinking B, one may assume that R?f,Q, is a lisse sheaf on B. By generic
flatness and Katz’s generic base change theorem [Kat70, Thm 8.0], as f : X — B
is proper, shrinking B, one may assume that HZg(X/B) and H"?(X/B) are
finite free over Op and their formation commutes with base change in B. In
particular, for every b € B, there is a short exact sequence

0 — F'Hg (Xo/k(b)) — Hig(Xp/k(b)) = H™(X/B)(b) = 0. (16)

Step 1 We find an integral model of the Gauss-Manin connection.

As k is algebraically closed, one may choose b; € B(k). Then choose an
étale coordinate ¢ = (21,...,%m) : B — A} centered at b;. Choose a
finitely generated Z-subalgebra A of k, such that

— B is the base change along A — k of an irreducible scheme By4
smooth separated of finite type over A;
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- f:X — Band ¢ : B — A}’ are the base change of a proper
morphism X4 — B4 and an étale morphism By — A]ix over A
respectively;

— by is also defined over A, and that there is a finite free Op ,-module
H with an integrable connection V : H — H ®o,, Q}BA/A, whose

pullback to B is H? g (X/B) with the Gauss-Manin connection.

Then the fraction field F' of A is a finitely generated extension of Q.
Choose a basis {v1,...,v,} of H and {w,...,w;} of H'?(X/B).

Step 2 We consider a complex place and find a complex analytic open neighborhood
Q of b; trivializing the Gauss-Manin connection.

Let F be the algebraic closure of F in k. Given a point b € B(F), let
b € B(k) be the corresponding point. By Lemma 3.1 and Fact 1.8, one
has A, = Ay . Therefore, one may shrink k to F. Then there is a field
embedding ¢ : £k — C. From Remark 6.2, as f : X — B is proper,
R2f3Q is a local system on B*'. Then by Lemma 5.6 (b), the local
system R? f22C corresponds to (H3 g (X/B), V) under Deligne’s Riemann-
Hilbert correspondence [Del70, Théoreme 5.9]. By the proper base change
theorem, as f : X — B is proper, one has (R?f*C), = H*(X",C) for
every b € B(C).

By [SGA1, XII, Remarque 3.3 a)], because (z1,...,2m) : B — A}l is
an étale morphism, there is an open neighborhood €2 of b; in B®*" such
that (€, z1,...,2m) is a holomorphic chart in the complex manifold B*".
Shrinking {2 one may assume that it is identified with a polydisc in C™
with center 0. In particular, {2 is connected and simply connected. Thus,
for every b € (,

Hpg (2, Hpr(X/B)™, V) = T(Q, R*f2"C) = H*(X,,C)

is an isomorphism. Every so € H3g(X,/C) = H?*(X,,C) extends to a
unique horizontal section s € HJ (2, Hi g (X/B)™). Writes = >_;_, fiv;,
where every f?: ) — C is a holomorphic function. Let Z;zl Mwj; be the

formal section of H"2(X/B) determined by the initial condition so. Then
for every 1 < j < t, M € C[[z1,...,2py]] is the Taylor expansion of the
holomorphic function Y°;_, fig/ : @ — C at b. When b = by, as Q is a
polydisc with center by, A7 converges to >;_; f"gf at every point of Q.

Step 3 We add periods defined by X3, into k, to get a field containing the
coefficients of the formal solutions with initial value in the Betti cohomology.

Since H Q(X;jl“, ) is of finite dimension over Q, we may choose a basis
{71,...,7a4} of it. Using the comparison isomorphism [Har75, ITI, Proposition
5.2 and IV, Theorem 1.1]

Hjr(Xy, /k) @x C = Hpg(Xs, /C) = H*(X{",C),
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we write each 7; as a finite sum Zf;l 8ij ® a;j with 6;; € HRR(Xs, /k)
and a;; € C. Let A’ C C be a finitely generated Z-subalgebra containing
A and all the a;;. Let F' D F be its fraction field. Let &’ D k be the
algebraic closure of F” in C. The inclusion H*(Xg",Q) — H*(X{",C)
maps the ; inside H3 g (Xp, /k') C HRg(Xp, /K ) @) C. From Q C £/, one
has H?(X{", Q) C Hig(Xs, /k'). Let

ACK [z, .., 2m)

be the subset consisting of A = (\!,..., A!) determined by initial values
sp € H 2(Xg‘ln7 Q). Then A is a finite dimensional Q-vector subspace.

Step 4 We consider a nonarchimedean place and find a p-adic analytic open subset
outside the jumping locus.

By [Cas86, Ch. 5, Theorem 1.1], because F'/Q is a finitely generated
extension, there is a prime p and a field embedding F’ — Q, which
restricts to a morphism A’ < Z, of rings. It extends to a field embedding
k' < Q. By the implicit function theorem [Igu00, Theorem 2.1.1], as C,,
is complete, one may choose ¢ € (0, [p|*/~Y) such that the closed and
open polydisc

D= {(21,---,2m) € C}" : |z;| < ¢}

is analytically isomorphic to an open neighborhood of b in B(C,) via

¢ : B — A}", and that for every gf € I'(B, Op), the local expansion of the
corresponding analytic function gf : B(C,) — C, at by converges on D.

By Lemma 5.3, as (H, V) is defined over A, for every initial condition sg €
H3 i (Xp, /Q,), the corresponding formal solutions f1, ..., f" € Qp[[z1,- -, 2m]]
converge on {(z1,...,2m) € C' @ |z] < Ip|'/P=D}. Because of ¢ <
Ip|/®=1 for every 1 < j < t, the formal power series M := >7_, fig] €
Qpl[#15- -+, zm]] converges on D.

Let A, be the Q,-vector subspace generated by A C Q,[[21, ..., zn]]t. Tt
is of finite dimension over Q,. Then by [MP12, Proposition 5.1], there is
a nonempty open subset U of D such that for every u € U, the evaluation
map

evy t Ap — (C;7
is injective. From [MP12, Lemma 6.1], because Q is dense in Cp, and

because U is identified with a nonempty analytic open subset of B(C,),
U N B(k) is nonempty.

Step 5 We show that a k-point in Q and in U satisfies the result.

From Fact 6.3 (b), as k is algebraically closed and B is quasi-projective
and irreducible, there is by € B(k) which lies in © and U simultaneously.
For every initial condition sy € H?(Xp,, Q) such that the corresponding
power series A € C[[&1,...,&n]]t satisfies A(0) = 0, we prove A = 0.
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Because of by € €2, the map I'(Q, R? f2"Q) = H?(X,, Q) is an isomorphism.
Let s be the preimage of sg under this map. Let ¢ be the image of s under
the map

D(Q, R £"Q) < Hpr(Q, Hpr(X/B)™) — T(Q,H™(X/B)™).

Then the assumption A(0) = 0 is equivalent to o(by) = 0 in the fiber
H2(X/B)(by) = H?(X},/C). Let s1 be the image of s under I'(Q, R2 f22Q) =
H?%(X,,,Q). Let A1 € A be the element determined by the initial condition

s1. Then each X] € k'[[z1,...,2m]] converges to a holomorphic function

X Q- Cando=3"_) Mw,. It implies A;(by) = 0 in C'. By by € U,

one has A\; = 0 in A. For every 1 < j <, because M € C[[&1,...,&,]] is

the Taylor expansion of A] at by, one has A/ = 0.

Consider the diagram

. 4 Abo

Pic(Xp, ) - m,;f Hp (Xoy /k) —— klé1,... . &nl]t —"— HO*(X/B)(bo) = ®f_1k - w;(bo)

lal \[1/(2771’) \[1/(27‘7) \[

H*(X§2, Q) —— H*(X}2,C) —— Cl&y,... . &nll" — H*(Xc/Bc)(by) = 4=, C - w;(bo),

where the horizontal morphisms in the middle take the corresponding
formal solutions A with given initial values. By Lemma 3.2, the square
on the left is commutative. By [BI70, Proposition 2.3|, for every L €
Pic(Xy, ), the map HR g (X, /k) — Hig(Xp,/k) maps c1 int(L) to c1,ar(L) €
F'H2. (Xp, /k). Therefore, by (16), the corresponding element A, € Ay,
satisfies A (0) = 0. From the commutative diagram, one has Ay, = 0.

O

Remark 6.2. Let f : X — B be a proper morphism of algebraic varieties over
C. Let £ be a prime. Let i > 0 be an integer such that R’f,Qy is a lisse sheaf
on B. We recall why R f2"Q is a local system on B*". For a scheme S of finite
type over C, let S be the topos associated with the topological space S*". Let
€ : Sa — S¢ be the morphism of topoi. Then €* restricts to a functor from
the category of Qg-lisse sheaves on S to the category of Q-local systems on
San. By [Ver76, Corollaire 2.7.6], the analytification of Rf,Qy is R f2"Qy, so
it is locally constant. From the proper base change theorem and the universal
coefficient theorem, as f : X — B is proper, (R’ fa"Q) ®g Q; — R f2"Qy is an
isomorphism of sheaves on B*". Therefore, R! f2*Q is also locally constant.
Fact 6.3 from [MZ14, Theorem 1.2 and p.2955] is an Artin-Whaples approximation

theorem for algebraic varieties. The authors consider projective varieties, which
implies the case with quasi-projective varieties. An equivalence class of absolute
values on a field k is called a place of k.
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Fact 6.3. Let X be a quasi-projective, geometrically irreducible variety over a
field k of dimension n. Let k be an algebraic closure of k. Let S be a finite set
of places of k. For every v € S, extend it in some way to k, and let k, (resp.
k) be the completion of k (resp. k) at v.

(a) Choose a geometrically irreducible closed subvariety X C P{CV of degree d
containing X as an open subscheme. For every v € S, fix Q, € X (k)

and let Q, C X (ky) be an analytic open neighborhood of Q,. Then there

is P € X(k) with
[k(P) . k} < d#S-(min(2,n)+l)—1
such that P € Q, for allv e S.

(b) In particular, if k is algebraically closed, then the diagonal inclusion X (k) <
[I,cs X (ky) has dense image.

Lemma 6.4. Let k be a field of characteristic 0. Let B be a smooth, geometrically
wrreducible variety over k. Let f : X — B be a proper morphism that is
cohomologically flat in degree 1. Let by € B(k) be such that a geometric point

bo € B(k) over it satisfies the result of Lemma 6.1.

(a) Then for every L € Pic(Xy,), there is a smooth integral variety U, a quasi-
finite étale morphism U — B over k and a point u € U(k) over by, such
that letting Xy := X xp U, there is L' € Pic(Xy) with L|x, = L'|x,, -

(b) Let n be the generic point of B. Suppose that f : X — B is normal (resp.
has integral geometric fibers) and satisfies the results of Lemma 2.2 (a)
(resp. (b)) and Lemma 2.4 (¢) 1) (resp. 2)). Then there is a specialization
isomorphism

NS X; — NS Xj, (resp. Num X; = Num Xj, ).

Proof.  (a) Let
S = SpeCOAB,bO, S:Z SpfOABybo, XS =X Xp S, X::XXB S

Consider the commutative diagram

Tinf

HEp(Xp /b))~ H2 (X /8) ———— 7 HIg(X/§) ——————— H2(XS,()XS)

Jon [

HER(X/B) ®op OB.b > HIR(X/B) ®op OB,b, > ®92(x/B) ®op OB,b, > (R?f+0x) ®0p OB by

where the .
GM : H{ (X, /k) = Hpr(X/B) ®05 OB s,

1

is from Lemma 5.2. Because of Ay, = 0, ¢1inf(L) € H2;(Xp,/k) maps to
0 in H*2(X/B) ®0, Op.p, and hence also in H*(Xg, Ox,). As chark =0
and f: X — B is cohomologically flat in degree 1, the result follows from

Lemma 4.12.
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(b) By assumption, the specialization map is defined and injective. As chark =
0, it remains to prove that for every L € Pic(Xj ), [L] lies in the image
of the specialization morphism. There is a finite extension k'/k with L
defined on X3, ® k. Base changing along k — k', one may assume
L € Pic(Xp,) so that one can take U — B, u € U(k) and L’ as in Part
(a). Let ' € U be the generic point, which is over 5. By construction of

the specialization, one has sp(L'|x,,) = [L'|x,] = [L].
O

It is relatively formal that an NS-generic point also admits a specialization
isomorphism of Brauer groups.

Theorem 6.5. Let k be an algebraically closed field of characteristic 0. Let B
be an irreducible variety over k with generic pointn. Let f : X — B be a proper
morphism.

(a) If f : X — B has integral geometric fibers, then the set of b € B(k) with a
specialization isomorphism Num(X ;) — Num(Xy) is Zariski dense in B.

(b) If f :+ X — B is normal, then the set of b € B(k) with specialization
isomorphisms

NS(X5) = NS(Xs), BrXj S BrX,
1s Zariski dense in B.

Proof. Let U be a nonempty open subset of B, and we prove that it contains
such points. Shrinking B to U, one may assume B = U. By Fact 1.8, replacing
B by Bieq one may assume further that B is reduced. Then shrinking B, one
may assume that B is smooth over k. From Lemma 4.10, as f : X — B is
proper, shrinking B one may assume that f : X — B is cohomologically flat in
degree 1. Shrinking B one may assume that it satisfies the results in Lemmas
2.2 and 2.4. The result follows from Lemmas 6.1 and 6.4 (b). O

Remark 6.6. Assume k = C in Theorem 6.5. As we only construct specialization
of Néron-Severi groups for specializations of the generic point (Lemma 2.4 (a)),
a priori we do not know whether the jumping locus

B(F)jumping := {b € B(k) : p(Xp) > p(X5)}

is contained in a countable union of strict closed analytic subsets of B?". By
contrast, in the smooth case over general k, the jumping locus is a countable
union of strict closed algebraic subvarieties (see, e.g., [MP12, Corollary 3.9]).

Remark 6.7. The set of NS-generic points is potentially Zariski dense in the
following sense. Let k be a field of characteristic 0. Consider the setting of
Lemma 6.1 over k. Fact 6.3 (a) can be used to show that there exists an explicit
constant d > 1 depending only on B, such that {b € BS?|A; = 0} is Zariski
dense in B. Then the result of Theorem 6.5 remains true if one requires b € B<¢

instead of b € B(k).
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Proof of Theorem 1.4. One may assume that B is irreducible. Let 1 be the
generic point of B. We only prove that the generic fiber X, is projective. One
may base extend to a finite extension k’/k and select an irreducible component
of By, thus one may assume that B is geometrically irreducible. By [Sta25, Tag
0BDG], replacing B by Byeq one may assume that B is reduced. Then shrinking
B, one may assume that B is smooth over k. Shrinking B, one may assume
that f : X — B is cohomologically flat in degree 1. By Lemma 6.1, one may
choose by € B(k) with Ay, = 0. As Xy, is projective over k, it admits an ample
line bundle L. From Lemma 6.4 (a), there is a smooth integral variety U over
k, a quasi-finite étale morphism U — By, over k, a point u € U(k) over by and a
line bundle L' € Pic(Xy) with L|x, = L'|x,. Then from [EGA III 1, Théoréme
4.7.1], shrinking U to an open neighborhood of u, one may assume that L’ is
ample relative to Xy — U. Let £ € U be the generic point of U, which is over 7.
Then L'|x, is ample, hence X¢ is projective over k(&). By [Sta25, Tag 0BDG],
X, is projective over k(n). O
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