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Abstract

Given a scheme X proper over a complete DVR of mixed characteristic,
and a line bundle L on the special fiber X, we consider cohomological
conditions under which L lifts to a line bundle on X. This result removes
the smoothness assumption in the Berthelot-Ogus theorem. Our criterion
involves the crystalline first Chern class ¢1,cris(L) € Hfris (Xs) in the case
of low ramification, and the rigid first Chern class c1ig(L) € Hjg(Xs) in
general case.

1 Introduction

Given a formal scheme proper over a complete discrete valuation ring (DVR)
of unequal characteristic (such as Z,), we study the obstruction of lifting line
bundles.

Setup 1.0.1. Let V' be a complete DVR, with fraction field K of characteristic
0 and perfect residue field k of characteristic p > 0. Let S := SpecV. Let s, n
be the closed point and the generic point of S respectively. Let W be the ring
of Witt vectors with coefficient k.

Given an integer i > 0 and a scheme Z over K, let Hip(Z/K) := H'RI(Z,Q% 1)
be the i-th de Rham cohomology group. Let F'Hip(Z/K) be the first Hodge
filtration, i.e., the image of H*(Z, 0190y ) — Hiz(Z/K). For a scheme Y
over k to which the divided power structure on W extends, let H’ . (Y/W) be
the i-th crystalline cohomology which is defined as in [BO78, 7.26.1]. Given a
line bundle L € Pic(Y), let ¢; eis(L) € H2,.(Y/W) be its crystalline first Chen
class, reviewed in Section 2.2. Let m € V be a uniformizer. Let ¢ > 0 be the
absolute ramification index of V, i.e., the integer with pV" = 7€V . In the case of
low ramification e < p, we give a cohomological criterion of when a line bundle

on the special fiber lifts to a global line bundle.

Theorem 1.0.2 (Corollary 4.2.2). Let V be as in Setup 1.0.1. Assume e < p.
Let X be a scheme flat proper over V. Let L € Pic(X). Then L lifts to an
element of Pic(X)[1/p] if and only if the image of c1,eris(L) € HZ (Xs/W)
under the natural morphism

. 2
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lies in F*H3R (X, /K).

Remark 1.0.3. Let X be a scheme smooth proper over V. For every ¢ > 0,
Berthelot and Ogus [BO83, Theorem 2.4] construct a canonical isomorphism

Ocris * HZIR(XW/K) — Héris(XS/W) Qw K,

using which they obtain the criterion [BO83, Theorem 3.8] without restriction
e < p. Weakening smoothness to semistable reduction, one has the Hyodo-Kato
isomorphism between Hg(X,/K) and the i-th log-crystalline cohomology of
X;. In the semistable case, Yamashita [Yam11, Theorem 3.1] obtains a similar
criterion involving the log-crystalline first Chern class of L. In Theorem 1.0.2,
we use the assumption e < p to construct the morphism 7..5. Contrary to the
two previous results, as X, may be singular, 7¢;is may not be an isomorphism.

Berthelot [Ber86, p.19] introduces rigid cohomology as a generalization of
crystalline cohomology. Using rigid cohomology, we give a result similar to
Theorem 1.0.2 which removes the hypothesis e < p. For an integer ¢ > 0
and an algebraic variety Y over k, let Hriig(Y/ K) be the i-th rigid cohomology.

Petrequin [Pet03, Définition 4.1] defines the first Chern class in rigid cohomology

C1rig : Pic(Y) — H3

rig

(Y/K).

Theorem 1.0.4. Let S be as in Setup 1.0.1. Let f : X — S be a flat
proper morphism of schemes. Let L € Pic(X). Then L lifts to an element
of Pic(X)[1/p] if and only if the image of c1rig(L) under the natural morphism
Hfig(Xs/K) — H3g(X,/K) lies in F*H3; (X, /K).

Notation

A scheme separated of finite type over a field k is called an algebraic variety over
k. For an integer ¢ > 0 and a morphism of schemes X — S, let Hiz(X/S) :=
HY(RI'(X, Q;(/S)) be the i-th de Rham cohomology group. For an integer g > 0,
let FYHiR(X/S) = Im(H'(X,0>40%/5) — Hig(X/S)) be the g-th Hodge
filtration.

2 Review on crystalline Chern class

2.1 Nilpotent case

We recall the construction of crystalline first Chern class in [BI70].

Let (S,1,7) be a divided power scheme in the sense of [Sta25, Tag 0713].
Let p be a prime nilpotent on S. Let f : X — S be a morphism of schemes.
Assume that v extends to X. As p is nilpotent on .S, the small crystalline site
Cris(X/S) defined in [Ber74, III, Définition 1.1.1] coincides with that in [BI70].
Let

iX/S : XZar — (X/S)Crisa fX/S : (X/S)cris — SZar
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be the morphisms of topoi in [Ber74, Propositions III 3.3.2 and V 3.5.2]. Let
Jx;s C Oxyg be the canonical divided power ideal in [Ber74, p.184]. Then
there is a short exact sequence

0_>JX/S_>OX/S_>7;X/S*OX_>O (1)

in the abelian category Mod(Ox/g) of Ox/g-modules on Cris(X/S). By [Ber74,
ITI, Remarques 1.1.2 i)], as p is nilpotent on S, for every object (U,T,0) €
Cris(X/S), U — T is a thickening. Hence, Jx /g is a sheaf of nilideals, and (1)
induces a short exact sequence

04)1+JX/54>O;(/54)Z.X/S*O;(4)0 (2)

of abelian sheaves in the crystalline topos (X/S)cis. This multiplicative sequence
induces a coboundary morphism

. . P
ix/s5:0%[=1] = 1+ Jx/s

in D(Ab(Cris(X/5))).
Let d be the canonical divided power structure on Jx,g. Define a logarithmic
morphism of abelian sheaves in (X/.S)eris

log : 1+ Jx/s — Jxss, log(l+z) = (=1)"'(m —1)16,(z). (3)

m>0

As p is nilpotent on S, the series is a finite sum. Then there are morphisms
* . * 0 lo
Rf.O%[~1] = Rfx/s.ix/5:0%[~1] = Rfx/s.(1+JIx/s) = Rfx/seJx/s = Rfx/s:0x/s
(4)

in D(Ab(S)). Applying the functor RT'(S,—) : D(Ab(S)) — D(Ab) and taking
cohomology, one gets a group morphism called the first crystalline Chern class

C1,cris - PIC(X) = Hl(Xa O;{) — H2 (X/S)

cris

2.2 P-adic base

We review the construction of the crystalline first Chern class over a P-adic
base.

Setup 2.2.1. Fix a prime p. Let A be a Noetherian ring. Let (I,~) be a divided
power ideal of A. Let Iy C I be a sub divided power ideal, containing a power
of p. Assume that A is separated and complete for the Iy-adic topology. In
particular, A is an adic ring. For every integer m > 0, set A,, = A/Ig““,
Sm = SpecA,,. Write v for the induced PD structure on I/I{Jn“. Then

(S, I/ 1" ~) is a PD scheme. Set S := Spf A.

Let X be a scheme over Sy to which v extends. Let Cris(X/S) be the site
defined in [BO78, p.7-22]. Then one can define the crystalline first Chern class
over S

C1,eris ¢ Pic(X) — HZ

cris

(X/9)



in a way parallel to Section 2.1. Let Jy, s be the kernel of the canonical
morphism OX/S — ix/g*OX in the abelian category of OX/S-modules on the
site Cris(X/S). By definition of Cris(X/S), for every object (U, T, ) of it, p is
nilpotent on 7. Therefore, the exact sequence

0— JX/S’ — OX/S’ — iX/S*OX —0
induces an exact sequence
0=1+Jx/5 = O0%/g = ix/5.0x = 0. (5)

One can define a logarithm morphism log : 1 + JX/S — JX/§ by a formula
similar to (3), which is again a finite sum as p is nilpotent on every object of
Cris(X/5). R

For every integer n > 0, let i, : (X/Sn)ais — (X/S)eris be the canonical
morphism of topoi. From [BOT78, p.7-22], for a sheaf F" on Cris(X/S), 4, F' is the
restriction of F to Cris(X/S,). Thus, ¥ : Ab(Cris(X/S)) — Ab(Cris(X/S,))
is exact, and

indxss = Jx/8,- (6)

The exact sequence (5) induces a morphism 0 : iy s, O%[-1] = 1+ Jy /g5
in D(Ab(Cris(X/S))), which is turned to Oy * ix/s,0x[—1] — 1+ Jx/s,
constructed in Section 2.1 by ¢ . By construction, ¢ also turns log : 1+ JX/S‘ —
JX/S to IOg(n) 14 JX/S,,, — JX/Sn-

3 Crystalline Chern classes in de Rham cohomology

3.1 Nilpotent case

The goal of Section 3.1 is to prove Lemma 3.1.5, an intermediate result helping
to compare the de Rham first Chern class of a global line bundle L and the
crystalline first Chern class of the restriction of L to the special fiber.

Let (S,I,v) be a divided power scheme. Let p be a prime nilpotent on S.
Let f : X — S be a morphism of schemes such that v extends to X. By [BOT8,
p. 3.9], such an extension is unique. Let 4 be the divided power structure on
I-0Ox.

Let Y be another scheme over S and g : X — Y be a morphism over S. Let
Y -HPD-Strat(X/S) be the site in [Ber74, III, Définition 1.2.1], which is a full
subcategory of Cris(X/S). Let (X/S)y _npp-strat be the associated topos. Let

Jx=yys : (X/8)y npp-strat — (X/S)eris

be the morphism of PD-ringed topoi from [Ber74, III, (1.2.1)]. Let U/X/S and
I /s be respectively the compositions

(X/S)Y—HPD—Strat ]X1‘>’/5 (X/S)cris uﬂs XZar;

i X f
(X/S)y -mpD-strat =" (X/S)exis 57 Szar



of morphisms of topoi. By adjunction, there are canonical morphisms of functors
Rux)s. — Ru,X/Sj;(—A//S : DT (Ab(Cris(X/S))) — DT (Ab(X)), (7)
1d — Rl 5% ysix/se : DH(AB(X)) = D*(Ab(X)) (8)

respectively. (By [Ber74, III, Proposition 1.2.3], if Y is quasi-smooth over S,
then jx_,y/s is an equivalence of categories, and (7) is an isomorphism.)

Remark 3.1.1. From [Ber74, V, Théoreme 1.2.5], by computing the Cech-Alexander
cosimplicial complex and its associated cochain complex, one proves that if ¢ :

X — Y is an immersion, then (8) is an isomorphism of functors on D (Ab(X)).
Because of RT'(X, Rulx/s*_) = RT'((X/S)y -upD-Strat, —), it induces an isomorphism
of functors

RI(X,") = RT((X/S)y -upD-Strat, Jx -y six/8%) : DT (Ab(X)) — D" (Ab).

Remark 3.1.2. By [Ber74, IV, Lemme 1.6.11)], there is a natural functor from the
category of Oy-modules with HPD stratification relative to S, with morphisms
being horizontal, to the category of Ox,s-modules on Y -HPD-Strat(X/S). The
image of Oy equipped with the natural HPD stratification is Ox/s.

Let Sp = V(I) be the closed subscheme of S defined by I. Let Xg = X X g.5p.
By [Sta25, Tag 07GR], as p is nilpotent on S and I is quasi-coherent, So — S
is a finite order thickening. Then one has 1 +1-Ox C O% and Xy — X is a
thickening. Therefore, the sequence

0—=14+71-Ox -0% = 0%, —0 9)

of abelian sheaves on X is exact.
Let Q)X(/S be the multiplicative de Rham complex

Ox ™l /s % Qys
where dlog(a) = da/a. Set
IC)X(/S = ker(Q)X(/S = 0%, [0]), I%/g:=ker(Q%,5 — Ox,[0]) (10)

in the abelian category of complexes Ch(Ab(X)). Then Kx/gx,0 (resp. Ig(/s)
is the kernel of the morphism O% — O%, (resp. Ox — Ox,) in Ab(X) (resp.
Mod(Ox)). In particular, as ideal sheaf I?{/s equals I - Ox. By (9), one has
Kx;sx,0=1 +I§(/S’ Kx/sn = I;l(/s for every integer n > 0, and the sequence
in Ch(Ab(X))

0—>K§/S—>Q§/S—>O§(O[O]—>O (11)
is exact. It induces a morphism 0 : O% [-1] — IC)X(/S in D(Ab(X)).
We define a morphism log : 1 + 1 -Ox — I - Ox of Zariski abelian sheaves

on X as follows. For every affine open subset U = Spec A of X and every local
section x € T'(U, I - Ox), let

log(1+ ) := Y (=1)""(n — 1)!9,(x). (12)

n>0


https://stacks.math.columbia.edu/tag/07GR

As p is nilpotent on X, the sum is finite. Thus, the local maps glue to a
morphism of sheaves. Then log : Kx/sx,0 — Ig(/s and Id : Kx/9n — I;L(/S for
n > 0 fit to a morphism log® : IC;;/S — I%,s in Ch(Ab(X)).

Let Dx,(X) be the structure sheaf of the divided power envelope Dx,(X)
of Xy in X defined in [Ber74, I, 4.1.3]. As the divided power structure v on I
extends to X, and the ideal sheaf of Xy — X is I - Ox, the morphism

Ox — Dx,(X) (13)

is an isomorphism. Then by Remark 3.1.2 and [Ber74, V, (2.3.2)], for the
immersion Xo — X over S, there is a canonical morphism RU‘/XO/S*OXO/S —

Q% /s in D" (X¢ zar, Og). From the composition

RUXO/S*OXO/S — RuiXO/S*OXo/S — Q;(/S

where the first morphism is from (7), one has a morphism
RfXO/S*OXO/S — Rf*QS(/S (14)

in D*(X,0g).

Remark 3.1.3. The morphism (14) induces a comparison morphism
RFcris(XO/S) — RFdR(X/S)v (15)

which has an equivalent construction as follows. From [BO78, Theorem 5.17],
as p is nilpotent on S and I is a sub divided power ideal of I, there is a natural
isomorphism

RUis(X/S) =5 RT1i5(X0/9) (16)

By [Ber74, V, Corollaire 2.3.7], as p is nilpotent on S, there is a canonical
morphism RTi5(X/S) — RT4r(X/S). Its composition with the inverse of (16)
is (15). For every integer ¢ > 0, (15) induces a canonical morphism between
crystalline cohomology and de Rham cohomology H{ . (Xo/S) — Hir(X/S).

Let C be the category of O x-modules, where morphisms are HPD differential
operators (in the sense of [Ber74, II, Exemple 2.1.3 c)]) relative to S. Then C
is an additive category. Let D be the category of crystals in Ox,,s-module
on the site X -HPD-Strat(Xy/S). Let L : C — D be the linearization functor,
constructed in [Ber74, IV, Sec. 3.1.3]. Then L(Ox) is a sheaf of rings on the
site X -HPD-Strat(X,/S).

Remark 3.1.4. We recall that the linearization of the de Rham complex is a
complex. For every n > 0, let Pg /s be the sheaf of principal parts of order n of
the S-scheme X defined in [EGA IV 4, Définition 16.3.1], and let Dx/gs(n) be
the sheaf introduced in [Ber74, p.75]. From [Ber74, II, 2.1.4 b) and Proposition
2.1.5], the connecting maps of the de Rham complex can be viewed as HPD
differential operators. More explicitly, by [EGA IV 4, 16.8.1], as for every
integer ¢ > 0, the differential d : QlX /s QfX*/lS is a differential operator of



i+1

order < 1, it corresponds to an O x-linear morphism P}(/S ®0ox Qé{/s — QX/S.

The composition

is a HPD differential operator from Q?X/S to Q’;'/ls By [Ber74, IV, Proposition

3.2.7], the linearization of the de Rham complex

d)

L( L(d)
L(Ox) = L(Qxs) = L(Q%/s) = .-

is a complex of Ox,/s-modules on X -HPD-Strat(Xo/5), denoted by L(Q2% 4).

Lemma 3.1.5. The diagram

. * lo
Rfx,/s¢1x0/5+0%,[—1] 2, Rfx,/sx(1 4+ Jx,/5) —2 Rfx,/sxdx0/s — Rfx,/5«0x,/s

J{(M)
0 lo

Rf.0%,[-1] ———— Rf.KY,§ ————— Rf.I%, — Rf.O% g

in DT (ADb(S)) is commutative, where the first row is from (4).
Proof. we shall unfold the definition of (14) via the linearization functor.

Step 1 We recall some properties of an ideal sheaf X C L(Ox).

From [Ber74, V, (2.1.0)], there exists a natural morphism Ox,,5 — L(Ox)
in the category D and a co-augmentation morphism

Ox,/s — L(Q%/s)
in D ((Xo/S)x—HPD—strat: Ox,/s). Write j for the morphism of topoi
Jxo—x/s * (Xo/9)x -HPD-Strat — (X0/S)cris-
By [Ber74, V, (2.1.5)], there is a natural surjective morphism
L(Ox) = j"ix,/5:0x,

of L(Ox)-algebras on X -HPD-Strat(X,/S). Let K be its kernel in the
abelian category of L(Ox)-modules on X -HPD-Strat(X,/S). There is a

commutative diagram

0 —— j*JXO/S — OXO/S — j*iXO/S*OXO —0

o &

0 K L(Ox) Emd j*iXo/S*OXo — 0




with exact rows in the abelian category of Ox, /s-modules on X -HPD-Strat(Xo/S5).
By [Ber74, pp.298-299], K has a natural structure of divided power ideal
such that

(Oxy/553"Ix4/5) = (L(Ox),K) (18)

is a PD morphism. As p is nilpotent on S, K is a sheaf of nilideals. Thus,
the bottom of (17) induces an exact sequence

0—=14+K = L(Ox)" = j%ix,/s:0%, = 0 (19)
of abelian sheaves on X -HPD-Strat(X/S).

Step 2 We construct a natural subcomplex K£® C L(Q2% / g) and a multiplicative

version KCX.

Let K°® be the subcomplex
koo KM L@k " L©ks) - .
of the complex L(Q;(/S) from Remark 3.1.4. The morphism
L(Ox)" = L(Q/s), o~ L(d)(a)/a

fits into a complex of abelian sheaves on X -HPD-Strat(X,/.5)

L*: L(Ox)" = L(%s) S L% )s) = ...
Let K* be the subcomplex

K 14K = L s) Y L% 5) = ...

of L*. Then (2) and (19) induce a commutative diagram with exact rows

0 —— ]*(]—+JX0/S) —_— O}O/S —_— j*iXU/S*Oj(O — 0

| ! |

0 Kx L* Jrixys:0%, — 0
(20)

of complexes of abelian sheaves on X -HPD-Strat(X/.9).

Similar to (3), as p is nilpotent on S, one can define a morphism log :
14+ K — K of abelian sheaves on X -HPD-Strat(X,/S). Together with
Id: L(Q% g) = L(Q%,g) for n> 0, it gives rise to a morphism

log® : K* — K*



Step 3

of complexes. By (20), the left square in the diagram

- % Y0 lo -
J ZXO/S*OXO[_l] j4> J (1+JX0/S) 4g> J JX()/S - OXo/S

| | | |

. log®
Jixgs40%,|-1] —F— K~ = K L(Q%/s)

(21)
of complexes on X -HPD-Strat(Xy/S) is commutative. From the PD
morphism (18), the square in the middle is also commutative.

For the complex K% /s defined in (10), we construct a comparison morphism
IC)X(/S — Ru’XD/SICX.

By [Ber74, V, Corollaire 2.2.4] and the isomorphism (13), for every integer
1 > 0 there exist canonical isomorphisms

Ru'y, /5. L% /s) = Q/s,  Ruly, /5. L(Q%/5) = Q% /s (22)

in DV (X0 zar, Os). When i = 0, the isomorphism “/XO/S*L(OX) = Ox
is compatible with ring structures, so it induces an isomorphism

Ok = uy, ;5. L(Ox)"
of abelian sheaves on X. By (22), it fits into an isomorphism of complexes
Q;/S — u’XO/S*LX.

As
'y, /g. + AD(X -HPD-Strat(Xo/S)) — Ab(Xo)

is the direct image of a morphism of topoi, it is left exact. Then there is
a commutative diagram

0 K% Qg ———— 0%, ———— 0

Pk -

li X / X / =k » *
0—— uXO/S*IC — uXO/S*L — Uy, /5] ix,/5+0%,

(23)
with exact rows, where the firs row is (11), the second row is induced
by the bottom of (20), and the vertical isomorphism on the right is from
Remark 3.1.1. The diagram induces an isomorphism IC)X( /s = u’XO / 5.~
of complexes and hence a morphism

IC;((/S — RU’){O/S*KX (24)

in DT (Ab(X -HPD-Strat(X,/S))).



Step 4 Using complexes K® and K£* we decompose the stated diagram to show
its commutativity.

From [Ber74, V, Théoreme 1.2.5, Proposition 2.2.2], as Xy — X is an
immersion over S, there are isomorphisms

I35 = Ruly, 5K, (25)
T35 = Ry, 5,K° (26)
in the abelian category of quO/S*OXO/S—modules on Xo, and in D (X0 zar, ufxo/s*OXo/S)

respectively. The morphism (25) is compatible with the divided power
structures, so the diagram

log® .
K)qu » I%/s
J(24) l(ze) (27)

is commutative.

One has a diagram

. . ) log
Rfxo/s+ix0/5O0%,[—1] —— Rfxy/s«(1 + JIxo/s) — Rfxy/s«Jxo/s — Rfxy/5+0x0/s

l l | l

A * 6] log® . .
Rfé(o/s*] ixq/5x0%, [—1] —— Rf;(o/s*lcX — Rf;(O/S*’C — Rfé(o/S*L(QX/S) (14)
[ 9 T log* T T.

Rf.O%, [-1] ——— Rf*IC)X(/S —® RfiI%)s — RfQ%/s

in D (Ab(S)). The isomorphism Rf,O%_ [-1] = Rf, /5.0 1x0/5:O%,[—1]

on the left is from Remark 3.1.1. The isomorphism Rf,Q% ¢ — Rf%O/S*L(QB(/S)
on the right is induced by (22). By (21), the squares on the top are
commutative. From (23), the square in the lower left corner is commutative.

By (27), the square in the middle of the bottom is commutative. Therefore,

the outer rectangular is commutative.

O

3.2 P-adic base

We shall compare the de Rham first Chern class and the crystalline first Chern
class for a scheme over a P-adic base. For this, we apply the result obtained in
the nilpotent case and pass to limit.

10



We recall the de Rham cohomology of formal schemes. For a morphism

f X — 9 of locally Noetherian formal schemes, let Q;{ /9 be the sheaf of
differential, and d : Ox — Q%e /9 be the canonical derivation defined in [TLRO7,
p.1354]. From this, one constructs the de Rham complex Q5 /9 which is an Ogy-
linear complex of Ox-modules. Let RT'yr(%X/2) := R[(X, Qse/g)) By [TLRO7,
Proposition 3.3], when f : X — 9) is of finite type, Q’%/QJ is coherent over Ox for
every ¢ > 0. Lemma 3.2.1 can be deduced from [EGA III 1, Corollaires 3.4.4,

4.1.7] in a way similar to [MP12, Sec. 4.5.3].

Lemma 3.2.1. (a) Let R be a Noetherian adic ring, S := Spf(R). Let I be
an ideal of definition of R. Let X be a Noetherian formal scheme proper
over R. For every n >0, let S,, = Spec(R/I"'), X,, := X x5 S,. Then
there is an isomorphism

RT4r(%/5) = Rlim RT4r (X, /Sn)

in D(R).

(b) Let f : X =Y be a proper morphism of locally Noetherian schemes. Let
Y’ be a closed subset of Y. Let X' = f~Y(Y'). Let f : X — Y be the
morphism of completions in the sense of [GD71, 10.9.1].

i) Let F* be a bounded below f~YOy -linear complex of coherent Oy -
modules. Let F'* be the completion of F'®, which is an f‘lO?—linear
complex of coherent O ¢ -modules. Then for every integer n, R”fﬁ‘
is a coherent Oy -module. The natural morphism R”/f*\F' = R”fﬁ"
of Og--modules is an isomorphism.

ii) Assume that Y = Spec A is affine. Take F* = QB(/Y and an ideal
I C A defining Y'. Let A := lim,>o A/I". Then for every q¢ >
0, the isomorphism Hio(X/Y) @4 A = H7 (X/Y) from Part i)
restricts to an isomorphism of Hodge filtrations

(FIHJR(X/)Y)) @4 A = FUHIL (X/Y).
Moreover, one has FIH (X /Y) = lim,>q FUH % (X, Yn).
Consider Setup 2.2.1. Let f: X — S be a flat adic morphism of Noetherian

formal schemes. For every integer m > 0, let X,;, = X x4 Sy,,. Then X,;, — S,
is a flat morphism of schemes.

Lemma 3.2.2. Assume further that f : X — S’A is proper. Then for every
integer i > 0, there a natural morphism H! . (Xo/S) = Hig(X/9).

Proof. From [Ber74, I, Corollaire 2.7.4], for every n > 0, since X,, — S, is flat,
the divided power structure on S, extends to X,. Then by Remark 3.1.3, as p

is nilpotent on S,,, there is a canonical morphism

chris(XO/Sn) — RFdR(Xn/Sn) (28)

11



From Lemma 3.2.1 (a), as A is a Noetherian adic ring, and X — S is proper,
there is an isomorphism

RT4r(%X/S) = R lim RT ag (X /Sn) (29)

in DT (A). By [BOT8, 7.22.2], as X is a scheme over Sp, there is an isomorphism
RTciis(Xo/S) & Rlim Rl cyis(Xo/Sn). (30)
Taking Rlim,, of the inverse system (28), one gets a comparison morphism
Teris © Rl eris(Xo/S) — RLar(X/S)

in D*(A). Taking cohomology groups one gets the stated morphism. O

Remark 3.2.3. The comparison morphism in Lemma 3.2.2 is functorial in f :
X — S in the following sense. Let (A’,I’,+') be another divided power ring,
and I) C I’ be a sub divided power ideal, which also satisfies the assumption in
Setup 2.2.1. Let (A,I,v) — (A’,I',v") be a morphism of divided power rings
inducing a map Iy — Ij. Let g : S’ — § be the induced morphism of formal
spectra. Consider a commutative diagram

¥ -2 x

L b

S 258
of Noetherian formal schemes, with both f: X — S and f’: X’ — & flat and
proper. As Iy is mapped to Ij), ¢’ : X' — X restricts to a morphism X — Xy
of schemes. Then for every integer i > 0, there is a commutative diagram

Hi

cris(XO/S) 94,*) Hérls(X(l)/‘SAﬂ)

| l

Hig(x/8) —— Hig(x'/8).

Corollary 3.2.4. In the notation of Setup 2.2.1, let f : X — S be a flat proper
morphism of schemes. Let Xo := X ®a A_/Io. Then for every i > 0, there is a
(Xo/S5) = Hig(X/A).

natural morphism Tepis © HY i

Proof. Let X be the formal completion of X along X. Let f : X — S be the
completion of f: X — S, which is proper by [EGA III 1, (3.4.1)]. From [FK18,
I, Corollary 4.8.2], f : ¥ — S is flat. By Lemma 3.2.1 1), as A is complete, there
is a canonical isomorphism Hig(X/A) = Hiy(%/S). Then the result follows
from Lemma 3.2.2. O

12



Similar to Section 3.1, we define complexes of abelian sheaves

K%, o =ker(QF . — O%,), ZI%,s:=ker(Q

Yst %8 — Ox,[0])

X o
x/8 x/8
on X. Then I;/g = Iy - Ox. For every integer n > 0, as p is nilpotent on S,
and v extends to X,,, there is an exact sequence

0—=ZI%, /s, = %, /s, = Ox, =0

in Ch(Ab(Xy)). As inverse limit is left exact, one has lim, IS o = Ia.e/S'

Lemma 3.2.5. Let f : X — 2 be an adic morphism of locally Noetherian
formal schemes. Let 3 C Oy be an ideal of definition. Let J = f*(J) - Ox and
Xo = (X,0%x/3). Then Xo is a locally Noetherian scheme. The short exact
sequence

0—-+3—>0x—0x,—0

induces a short exact sequence
0—=1+3— 0% = O, —0.

Proof. As f : X — 2 is an adic morphism, J is an ideal of definition of X.
Then from [GD71, 10.5.2], X, is a locally Noetherian scheme. Exactness is a
local property, so one may assume that X, ) are affine, f : X — %) is induced
by a morphism A — B of Noetherian adic rings, and that J is induced by
an ideal of definition I of A. By [GD71, Corollaire 7.1.12], as Iy B is an ideal
of definition of the adic ring B, one has 1 + [pB C B*, and the sequence
0—1+1IyB — B* — (B/IB)* — 0 is exact. O

From Lemma 3.2.5, one has IC;/OS =1+ I;/S

IC;e e Whence, the termwise inverse limit of the inverse system of exact sequences

and hence lim,, K% /5, =

— Q%

0— K% X /S

*
X/ Sn —>OX0 —0
is

— QX

X
0—K /8

x/8 —+ O%, =0,

which is also exact. For every n > 0, the induced morphism 0 : O% [-1] — IC;6 /8
restricts to J,) : Ox, [—1] = IC;EMS” on X, constructed in Section 3.1.

Let Spf B be an affine open subset of X. Since a power of p lies in Iy, and
since B is complete, the series analogous to (12) converges in this case. Every
ideal of a Noetherian adic ring is closed, so for every x € Iy B, the corresponding
limit of the series is in IpB. Thus, using the divided power structure v on the
ideal Iy C A, one similarly defines a logarithm morphism

log:141y-Ox — Ip-Ox (31)
of abelian sheaves on X. Then one gets a morphism log® : IC;€ /8 — Ij'€ /8 of
complexes of sheaves, which by construction is the inverse limit of the logarithm

morphisms logf,,) : K% /s, — Ix, /s, of complexes.

13



Remark 3.2.6. We show that if the divided power structure - is Iy-adically
nilpotent, i.e., for every integer n > 0, there is an integer m > 0 with v;(Iy) C I
for all integers j > m, then (31) is an isomorphism. Let % be the divided power
structure on Iy - Ox induced by 7. Then #,(Iy - Ox) C I} - Ox for all integers
j > m. One can define a morphism

exp:ly-Ox — 1+ Iy Ox, xHZf_yn(x)

n>0
as the series converges. This exponential morphism is inverse to (31).

Lemma 3.2.7. Let X be a Noetherian formal scheme, and let X — S be a flat
proper morphism. Then the comparison morphism from Lemma 3.2.2 fits into
a commutative diagram

Pic(Xo) e H,i(Xo/S)

;

* log® . ~
H'(X,0%,) —2= H*(X,K% ) —2= H*(2,T ) — Hip(¥/5

x/8

S | |

2 x,0 log 2 0
H2(X, K~ 12(%,10

)
) —— H*(X,0x%).

Proof. From Lemma 3.2.5, the diagram

X X *
0—>IC3€/S*>QX/S 0%, 0
0—>IC2€/§ 0% 0%, 0

in Ch(Ab(X)) is commutative and has exact rows. Thus, the triangle in the
lower left corner of the stated diagram is commutative. By construction, the
squares at the bottom are commutative.

By Lemma 3.1.5, for every integer n > 0, as p is nilpotent on S,,, there is a
canonical commutative diagram

. a(n log n)
chris(XO/Sn7 ZXO/ST,,*OXG‘)[_H *)> RFCTiS(XO/STM 14 JXo/Sn) *<> RFcris(XO/Sny JXO/Sn) — chris(XO/Sn)

J/_ O(n log'n J{
RI(X, 0%,)[~1] = RI(X0, K%, s ) ———— RT(Xn,T%, /s,) — RTar(Xn/Sn)
(32)
in DT(Ab). The vertical morphism on the left is an isomorphism, and we
identify both its source and target with RI'(Xo, O%, )[—1].

By (6), there exist morphisms
RF(X()/S, JXO/S') — Rlim RF(X(]/S“, JXO/Sn)7 RF(X()/S, 1+JX0/5') — Rlim RF(Xo/Sn, 1+JX0/Sn)~

14



From Section 2.2, each square in the diagram

o . log R R
RI(X(/8, ixo/80%) -1 —_— RD(Xq/S, 1+ Ty /g) — RU(Xo/S, Ty /5) ———— RTis(X0/9)
Rlimy RT(Xq/Sn, iX()/Sn*OXS )[iﬂlim (R)limn RI'(Xq/Sn, 1+ JXO/SRlirﬁgg(R ;nnn RT(X0/Sn> Tx(/5y) — Rlimp RL¢i5(X0/Sn)
n n n n

(33)
is commutative, where the vertical isomorphism on the right is from (30).
Similarly, each square in the diagram
9 log

RI(X, 0%, )[-1] ——"—— RI(X,K} ) ———— RI(X,I},5) ——— Rlar(X/9)

; | | :

Rlim, RT(X,, Ox;)l ]Fllm(ghmn RID(Xn, K% /SR)hmg(Jihmn RU(Xn, I%, /s,) — Rlimy RUar(Xn/Sn)
(34)

is also commutative, where the isomorphism on the right is from (29). Taking
Rlim,, of (32), and combining it with (33) and (34), one has a commutative
diagram

~ A 1
RUeris(X0/S,ix,)50%) 1] =2 RTeis(X0/8,1+ Jx, /5) —2 Rleris(Xo/S, Ty, s) — Rlexis(Xo/3)

! l

RI(X, 0%,)[-1] ——2— RI(x, K3)¢) et RU(%,13,5) — Rlar(¥/9)

Taking cohomology groups, one gets the upper half of the stated diagram. [

Remark 3.2.8. We recall the construction of the de Rham first Chern class
on formal schemes. For every abelian category A and every complex K® €
Ch=°(A), let 0>;K* be a naive truncation of complex. The differential d :
K° — K' induces a morphism 9 : K° — ¢5,K°[1] in Ch="(A). It represents
the connecting morphism in D(A) induced by the short exact sequence

0—051K* = K* = K°—0.

Let f : X — %) be a morphism of finite type of locally Noetherian formal
schemes. One has 021(2;/@ = 0>10% 5. The morphism dlog : O3[-1] —
0>10% /9 in Ch(Ab(X)) represents the connecting morphism induced by the
short exact sequence

0= 0510% 9y = Q% 5y = O% — 0.

x/9 x/9

It induces a boundary map v, : H'(X,0%) — H*(X, a>1Qx@) The composition

c1ar : Pic(%) B H2(%, 0>10% /9) = Hip(X/9)

is called the first Chern class in de Rham cohomology.

15



As a consequence of Lemma 3.2.7, the crystalline first Chern class on X is
compatible with the de Rham first Chen class on X.

Corollary 3.2.9. In the setting of Lemma 3.2.7, the diagram

Pic(Xo) ™ (Xo/8)

w ]

Pic(X) —2— H2(X,0519 — F'H3(%/S) —— H2x( 3E/S)

x/s)

18 commutative.

Proof. Consider the diagram
H'(X,0%) —— H*(%,05,0

| !

* log® . ~
H'(X,0%,) —2— H?(X, K5 )s) —& , H2(%, Iy ) — Hip(X/S)

] |

Pic(Xo) H2..(X0/S).

cris

x/s)

The commutativity of the square in the upper left corner follows from the
commutative diagram

X *
0*>O’>1Qx/s Q.’{/S O\f 0

X X *
04>IC3€/S Qx/s 0%, 0

~

1
with exact rows. The composition 0>:Q%, ,, — KX Oi Z° . — Q% . 1is the

x/8 x/8 x/8 x/5
inclusion, so the triangle is commutative. By Lemma 3.2.7, as X — S is proper,
the rectangular on the bottom is commutative. O

4 Singular analog of Berthelot-Ogus lifting theorem

We remove the smoothness assumption of [BO83, Theorem 3.8] in Theorem 4.2.1,
at the cost of adding the low ramification restriction. The notation is as in
Setup 1.0.1. Let S := SpfV and ¥ = SpfW. For an integer n > 0, let
S, = Spec V/p"*1 and ¥,, = Spec W/p"T1.

16



4.1 Comparison morphism for changing base

We recall the morphism comparing crystalline cohomology groups over different
base rings.

By [BO83, Lemma 3.9], for every integer n > e/(p — 1), 7"V admits a
unique divided power structure 7, which is m-adically nilpotent if and only if
n>e/(p—1). By [Ber74, I, Corollaire 1.2.4], as k is perfect, the maximal ideal
pW C W has a unique divided power structure vy . By [Ser79, II, Theorem 4],
there is a unique morphism of rings W — V fitting to a commutative diagram

It makes V' a finite free W-module and gives rise to a morphism of divided power
rings (W, pW, yw) — (V,pV, 7).

Let X — S be a proper morphism of formal schemes, with special fiber Xj.
For integer n > 0, let X, := X X ¢ Sy, which is a scheme proper over S,. From
[Ber74, I, Proposition 2.1.1], as the divided power ideals we use are principal,
the DP structure always extends.

By [BO78, p. 7.11], for every integer n > 0, there is a base change morphism

v
chris(Xs/Zn) ®L‘/i//pn+1 W — RFcris(Xs/Snapa 'Y)~ (35)

From the flat base change theorem [Har66, Proposition 5.12, p.111], since V is
a flat W-module, there is a natural isomorphism of functors

(=) @i V= (=) @wypnn V/p"™H s D(W/p"H) — D(V).
Thus, (35) is identified with a natural morphism
RPeris(Xs/Sn) @Fy V = Rleris(Xs/ S, p,7)
in DT (V). Taking derived limits, one gets a morphism
RUm(RTeris (X /3n) @iy V) — Rlim Rl eris(X,/Sn, p, ) (36)
in D(V). As V € D(W) is a perfect complex, the functor (—) @&, V : D(W) —
D(V) commutes with R1lim. Combined with [BO78, 7.22.2], (36) identifies with

a morphism

chris(Xs/E) ®ﬁ/ V— chris(Xs/s,pv 7) (37)

As V is flat over W, for every integer ¢ > 0, (37) induces a natural morphism

Héris(XS/E) QQw V= Hiris(XS/‘§7p7 /7) (38)

C

of V-modules. Its composition with the inclusion Id®1 : H!. (X,/¥) —

H, (X,/¥) @w V is the pullback HZ  (X./%) = H! ., (X:/S,p,7).
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4.2 A singular p-adic Lefschetz (1,1) theorem

We first give a version of the Berthelot-Ogus theorem for singular formal schemes.
As a consequence, we derive a version for singular schemes, both in the case of
low ramification.

Assume e < p, so that 7V has a unique divided power structure ~. Let
f:X— S be a flat proper morphism of formal schemes. Then by Lemma 3.2.2,
for every ¢ > 0, there is a natural morphism morphism

Hiio(Xs/S8,m,7) = Hig(X/9). (39)

Let
Héris(XS/S7p7 7) - H(Z:ris(XS/S77T’7) (40)

be the pullback morphism induced by the inclusion pV < V. Composing (38),
(40) with (39), one has a natural morphism

Teris * Hoio(Xo/3) @w V — Hig (%/5) (41)

cris

of V-modules.

Theorem 4.2.1 is a variant of [BO83, Theorem 3.8] for singular morphisms.
By properness of f : X — S and [EGA IIT 1, Théoréme 3.4.2], H2(X,0%) is a
finite V-module. Since p € 7V, the torsion submodule is annihilated by a power
of p. Let

C}/I,/cris : PIC(XS) — ngis(XS/E)
be the crystalline first Chern class map constructed in Section 2.2. Define an
integer [ as follows. If p > 2, let [ be the smallest integer with [ > log,(e/(p—1)).
If p =2, let | be the smallest integer with [ > 1 4 log, e.

Theorem 4.2.1. In Setup 1.0.1, assume e < p. Let f : X — S be a flat
proper morphism of formal schemes. Let X be its special fiber. Lett > 0 be the
smallest integer such that pta = 0 for all torsion elements o € H?(X,Ox). Let
L, € Pic(Xs). Then ng lifts to a line bundle on X if and only if the image of
erio( iy (L) ©1) € Hig (X/8) in Hi(X/S) v K lies in (F' Hip(X/9)) @v
K.

Proof. To prove the “only if” part, assume that for some integer m > 0, L{" lifts
to a line bundle £ on X. By Corollary 3.2.9, as V' is complete and f : X — S
is flat proper, the composition HZ, (Xs/W) @w V — HZ2,(Xs/S,m,7) of (38)

and (40) fits into a commutative diagram

C1,dR

Pic(X) F'H?,(%/S) ———— H23(%/S)

J / T(39>

CW ~
PIC(X.;) & ngis(XS/W) ®W V 77777 e H(?ris(XS/S’ﬂ'7’Y)'

\_/

(V,m,y)
°1, cris

18



Thus, one has
MTeris (CIljl,lcris (Ls)®1) = TcriS(C‘l/‘,/cris(LZl) ®1) =c1ar(£) € FIHER(}:/S)'

Therefore, the image of Teris(¢]'eyis(Ls) @ 1) lies in (FngR(%/SD ®y K.
To prove the “if” part, suppose that the image of Tcris(c‘f[,/cris(Ls) ® 1) lies in
(FngR(%/S')) ®y K. Let n be the smallest integer with n > e/(p — 1). Let

X' := X xg SpecV/n™. The proof of [BO83, Lemma 3.10] does not use any
smoothness assumption. Thus by [BO83, Lemma 3.10], there is a line bundle

L’ on the scheme X’ whose restriction to X, is L'
Consider a diagram

ngis(XS/W)
Ll
b
Pic(X') —— Pic(X,) H2. (X, /W) @w V"
Cf’/w.w",w)l cf/(V,ﬂ','y) \cf‘s/“‘m) J{
A pb A g A
ngis(X,/SﬂTn?’Y) — H(?ris(Xs/Sﬁﬂ-er) T ngiS(Xs/S,p,’y)

— |

H(?R(%/S’)v

where every arrow labeled with “pb” is a pullback morphism of crystalline
cohomology groups. From Remark 3.2.3, the triangle at the bottom is commutative.
By functoriality of Chern classes [BI70, Théoréme 2.4 (i)], the remaining blocks
of the diagram are commutative. Therefore, the image of cf// V(L) in
H32:(%/S) is the same as the image of plci{‘”‘/W(Ls). By assumption, their
common image in H3g (%/5) ®y K is in F'H3(%/5) @y K.

By definition of the Hodge filtration, the kernel of the map H(%R(%/g) —
H?(%,0%) contains F'H2,(%/5). From Lemma 3.2.7, there is a commutative
diagram

Hc2ris(X//V7 ,n.n’,y) HER(%/S)
cf(/”"'""”)T l
Pic(X') — 22— H2(X, KX ) -, H2(x,10 ) — H2(X,0%)

x/8,mm "Tx/8

of abelian groups. Therefore, i o logod(L’) is a torsion element of H2(X,Ox).

3 0 — on Tq n . 0 3 |
Since IX/S',w",»y = 7" Ox, the morphism 7" : Ox — I%/S,ﬂ'",’y of sheaves on

X is surjective. By [FK18, I, Proposition 4.8.1], as X — S is flat, for every
affine open subset Spf A of X, the induced morphism V' — A is flat. Thus, the
V-module A is torsion free, and hence the morphism 7" : A — A is injective.
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Then 7™ : Ox — IO
isomorphism

X8, is an isomorphism of Ox-modules. It induces an

- HQ(%vOX) = H (%712/5 Ly )

such that i o p = 7™ as endomorphism of H?(X,Ox). Thus, p~! ologod(L’) is
a torsion element of H2(X,Ox). By choice of ¢, one has p'p~! ologod(L') =
Let L” = L'?" € Pic(X’). Then p~* ologod(L”) = 0. As g is an isomorphism,

one has logod(L") = 0 in H? (%,I;/S . ) By n > e/(p — 1), the divided
power structure v on 7"V is w"-adically nllpotent. So from Remark 3.2.6,
L2 x,0 2 0
log : H*(X, ]Cx/s . )—>H (%, Ty /§mm )

is an isomorphism. Thus, one has (L") = 0in H2(X, K

there is an exact sequence

x/s . ) By Lemma 3.2.5,

Pic(X) — Pic(X') % H?(X, K o)

Therefore, L” extends to a line bundle on X, whose restriction to Xj is L’S’W. O

Theorem 4.2.1 stated for formal schemes implies a version for schemes as
follows. Let .S := Spec V. Let f : X — S be a proper flat morphism of schemes.
By Corollary 3.2.4, for every integer ¢ > 0, there is a canonical map

ngls( S/Saﬂ—ﬂfy) %HéR(X/S)
Then similar to (41), one obtains a natural morphism
Teris * Hewi(Xo/2) @w V = Hig(X/5).

Let ¢ > 0 be an integer such that p‘a = 0 for all torsion elements a €
H?(X,0x).

Corollary 4.2.2. In Setup 1.0.1, assume e < p. Let X — S be a flat proper
morphism of schemes. Let Ly be a line bundle on Xs. Then L’S’Hl lifts to a line
bundle on X if and only if the image of ¢1,cris(Ls) @ 1 under

Teris + Hcrlg( S/W) ®W K — HdR(X/V) ®V K
lies in F*H3R (X, /K).

Proof. The formal completion of S along s is S. Let X be the formal completion
of X along the special fiber X,;. By [EGA III 1, (3.4.1)], as f:X =S
is proper, the induced morphism of formal schemes f X — Sis proper.
From [FK18, I, Corollary 4.8.2], as f : X — S is flat, sois f : ¥ — 5. As
f: X — S is proper, H?>(X,Ox) is a finite V- module. As V is a complete
Noetherian local ring, the V-module H?(X,Ox) is m-adically complete. Then
by the theorem on formal functions [EGA III 1, Corollaire 4.1.7], there is a
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canonical isomorphism H?(X,0x) — H?*(X,0x%). From Lemma 3.2.1 i), as
A is complete, the canonical isomorphism H3g(X/S) = H325(%/S) identifies
the Hodge filtrations. Moreover, by the Grothendieck algebraization theorem
[EGA III 1, Corollaire 5.1.6], the natural group morphism Pic(X) = Pic(X) is
an isomorphism.

There is a canonical isomorphism H3s (X/S) ®yv K = H3z(X,/K) fitting
into a commutative diagram

0 —— FYH2,(X/V) @y K —— H2,(X/V) @y K —— H*(X,0x) @y K

| 3 I

0 ——— F'HZp (X, /K) ———— Hig(X,/K) ———— H*(X,,0x,)

with exact rows. By the flat base change theorem, the right vertical morphism
is an isomorphism, so is the one on the left. Therefore, the result follows from
Theorem 4.2.1. O

Remark 4.2.3. Assume that k is algebraically closed. Bhatt [Bhal4, Example
3.5] shows that for a projective nodal curve Y over k, H2; (Y/W)/p is infinitely
generated. Roughly, for a very mildly singular projective variety Y the torsion
part of H: . (Y/W) can be large. What we rely on is the rational crystalline
cohomology H! ;. .(Y/W)[1/p].

5 Lifting criterion by rigid cohomology

As the proof of Theorem 1.0.4 is similar to that of Corollary 4.2.2, we only give
a sketch and emphasize new ingredients.

5.1 Comparison morphism of rigid cohomology and de
Rham cohomology

Let S := SpecV be as in Setup 1.0.1. Let f : X — S be a flat proper morphism
of schemes with special fiber X, and generic fiber X,,. Let K, be the fraction
field of W. Given L € Pic(X,), Petrequin [Pet03, Définition 4.1] defines the
first Chern class of L in Hfig(XS/KO). Let ¢1 rig(L) be its image in Hﬁig(Xs/K).

For i > 0, let Hir(X,/K) be the i-th algebraic de Rham cohomology in
the sense of [Har75, p.24]. By definition, there is a natural K-linear morphism

H]iDR(Xn/K) - HciiR(Xn/K)- Let
COoSp : Hﬁig(XS/K) - H]iDR(Xn/K)
be the cospecialization map from [BCF04, Theorem 6.6]. By composition, one

gets a natural morphism H}y, (Xs/K) — Hjgr(X,/K), which for i = 2 appears
in Theorem 1.0.4.

21



5.2 Review on crystalline cohomology of higher level

We recall how the rigid cohomology of a proper variety can be written in terms
of crystalline cohomology of higher level.

For an integer m > 0, the definition of m-PD structure is in [Ber90, Définition
1.1.1]. Fix a prime p. Given a scheme S over Z, with a quasi-coherent m-
PD-ideal (I,J,v) and a scheme X over S on which p is locally nilpotent, let
Cris(X/S)(™ be the corresponding crystalline site of level m (see, e.g., [Cre04,

p.454]). Let (X/S)(m) be the associated crystalline topos of level m. Let

Cris

Og?;)s be the structure sheaf, which satisfies Og?}g T = O~ for every object

(U,T) € Cris(X/S)™). Let JX";; C Oy m) be the sheaf such that Jg?;g U,T) is

the ideal sheaf defining the closed i nnmersmn U—T. Let

Xzar — (X/9){7)

Cris

PO X/ = Sgar, i)

be the natural morphisms of topoi. Let

Teris.m (X/S, =) : (X/S)) = Set

Cris

be the global section functor. Let
RFCris,m(X/S) =R CI‘lb m(X/S Ox/s)

For integer i > 0, let H' ., (X/S) := H'Rl ¢1is m(X/S) be the i-th crystalline

CI'IS m
cohomology group of level m.

Fact 5.2.1 due to Berthelot can be found in [Pet03, Théoréme 5.22] and
[Cre04, (1.2) and (1.4)].

Fact 5.2.1. Let V, K, k be as in Setup 1.0.1. Let X be a scheme proper over
k. Then there is a canonical isomorphism

RTyig(X/K) = RIim (R crism (X/V) @v K) .
For every integer i > 0, it induces an isomorphism

(X/K) _> hm ( cris, m(X/V) Qv K)

rlg

5.3 Sketch of proof of Theorem 1.0.4

Lemma 5.3.1 can be proved similar to Lemma 3.1.5.

Lemma 5.3.1. Let p be a prime. Let S be a scheme on which p is nilpotent.
Let (1,J,7) be a quasi-coherent m-PD-ideal on S. Let X — S be a flat separated
morphism of finite presentation of schemes. Let So := V(I) and Xo := X x5Sp.
Then the diagram
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(m) * (m) 1 gtm) (m) (m)
Rfx, /54t XU/S*OXO[ 1] —2 RfX /s*( +Jxy8) — foo/s* Xo/S > Rfxy)5:0x,7s ©Q
RfO%, [-1] ——2 s REKS g ——2 s RETY g —— RAQ%)5®Q

18 commutative.

Lemma 5.3.2 follows from Fact 5.2.1 and Lemma 5.3.1, and can be proved
as Lemma 3.2.7 and Corollary 3.2.9.

Lemma 5.3.2. Let V and S be as in Setup 1.0.1. Let f : X — S be a flat proper
morphism of Noetherian formal schemes. Then there is a natural commutative
diagram

C1,rig

Pic(Xg) HE,(Xo/K)

: i

HY(X,0%,) —2 H?(%, K% s) log”, HX(X,T} ) — Hip(X/85) — Hi(¥/9) oy K.

It induces a commutative diagram

Pic(X,) H2,(Xi/K)
Pic(X) —"% H3(X/8) —— H3p(X/8) @y K

Using Lemma 5.3.2, one can prove Theorem 1.0.4 as Corollary 4.2.2.

Acknowledgment

I express gratitude to my mentor Emiliano Ambrosi for his invaluable guidance
throughout the process. His question leads to Theorem 1.0.2. I thank Guido
Bosco, Shizhang Li and Matthew Morrow for replying to my questions on their
work. I am indebted to Luc Illusie, who kindly sent me a letter from Pierre
Berthelot which contains a proof of Fact 5.2.1. T am grateful to Xinyu Shao,
Hui Zhang and Yicheng Zhou for answering my numerous questions.

References

[BCF04] Francesco Baldassarri, Maurizio Cailotto, and Luisa Fiorot. “Poincaré
duality for algebraic de Rham cohomology”. In: manuscripta mathematica
114.1 (2004), pp. 61-116.

[Ber74] Pierre Berthelot. Cohomologie Cristalline des Schemas de Caracteristique
p > 0. Springer, 1974. DOI: 10.1007/BFb0068636.

23


https://doi.org/10.1007/BFb0068636

[Ber86]

[Ber90]

[Bhal]

[BI70]

[BOTS

[BO83]

[Cre04]

[EGA III 1]

[EGA TV 4]

[FK18]

[GDT1]

[Har66]
[Har75]

[MP12]

[Pet03]

[SerT9]

Pierre Berthelot. “Géométrie rigide et cohomologie des variétés
algébriques de caractéristique p”. In: Introductions aux cohomologies
p-adiques. 1986, pp. 7-32. DOI: 10.24033/msnf . 326.

Pierre Berthelot. “Cohomologie rigide et théorie des D-modules”.
In: p-adic Analysis: Proceedings of the International Conference
held in Trento, Italy, May 29-June 2, 1989. 1990, pp. 80-124.

Bhargav Bhatt. “Torsion in the crystalline cohomology of singular
varieties”. In: Documenta Mathematica 19 (2014), pp. 673-687.

Pierre Berthelot and Luc llusie. “Classes de Chern en cohomologie
cristalline”. In: CR Acad. Sci. Paris, Série A 270 (1970), pp. 1695—
1697.

Pierre Berthelot and Arthur Ogus. Notes on crystalline cohomology.
Princeton University Press, 1978.

Pierre Berthelot and Arthur Ogus. “F-isocrystals and de Rham
cohomology. I”. In: Inventiones mathematicae 72.2 (1983), pp. 159—
199.

Richard Crew. “Crystalline cohomology of singular varieties”. In:
Geometric Aspects of Dwork Theory I. 2004, pp. 451-462.

Alexander Grothendieck. “Eléments de géométrie algébrique : I1I.
Etude cohomologique des faisceaux cohérents, Premiere partie”.
In: Publications Mathématiques de 'ITHES 11 (1961), pp. 5-167.

Alexander Grothendieck. “Eléments de géométrie algébrique : IV.
Etude locale des schémas et des morphismes de schémas, Quatrieme
partie”. In: Publications Mathématiques de ’IHES 32 (1967), pp. 5—
361.

Kazuhiro Fujiwara and Fumiharu Kato. Foundations of rigid geometry
1. Ziirich: European Mathematical Society, 2018.

Alexander Grothendieck and Jean Dieudonne. Eléments de Géométrie
Algébrique I. Springer Berlin Heidelberg, 1971.

Robin Hartshorne. Residues and duality. Springer, 1966.

Robin Hartshorne. “On the De Rham cohomology of algebraic
varieties”. In: Publications Mathématiques de ’IHES 45 (1975),
pp- 5-99.

Davesh Maulik and Bjorn Poonen. “Néron-Severi groups under
specialization”. In: Duke Math. J. 161.11 (2012), pp. 2167-2206.
DOI: 10.1215/00127094-1699490.

Denis Petrequin. “Classes de Chern et classes de cycles en cohomologie
rigide”. In: Bulletin de la Société mathématique de France 131.1
(2003), pp. 59-121.

Jean-Pierre Serre. Local fields. Springer, 1979.

24


https://doi.org/10.24033/msmf.326
https://doi.org/10.1215/00127094-1699490

[Sta25]

[TLRO7]

[Yam11]

The Stacks project authors. The Stacks project. https://stacks.
math.columbia.edu. 2025.

Leovigildo Alonso Tarrio, Ana Jeremias Lopez, and Marta Pérez
Rodriguez. “Infinitesimal lifting and Jacobi criterion for smoothness
on formal schemes”. In: Communications in Algebra 35.4 (2007),
pp. 1341-1367.

Go Yamashita. “The p-adic Lefschetz (1, 1) theorem in the semistable
case, and the Picard number jumping locus”. In: Mathematical
Research Letters 18.1 (2011), pp. 107-124.

25


https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

	Introduction
	Review on crystalline Chern class
	Nilpotent case
	P-adic base

	Crystalline Chern classes in de Rham cohomology
	Nilpotent case
	P-adic base

	Singular analog of Berthelot-Ogus lifting theorem
	Comparison morphism for changing base
	A singular p-adic Lefschetz (1,1) theorem

	Lifting criterion by rigid cohomology
	Comparison morphism of rigid cohomology and de Rham cohomology
	Review on crystalline cohomology of higher level
	Sketch of proof of m-3.8


