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/2.3 - Error bounds A

~» accumulation of
Integration,

With exact characteristics, the following error estimate holds:

N
Vnz0, [ug, -u(t" 20) < Z[emt +Eont ] + O(AtP). optimization and
m=0

_ errors
(2.4 - Algorithm A

All optimizations are performed with the Gauss-Newton algorithm.

At each step of the (natural) gradient descent, K points x,, 4, € Q x P are sampled.

1. initialization: compute the initial parameters 8° by solving

K 2
0 _ °
0" = argemm Z ‘ue(xk' “k) - uO(Xk' “k)
k=1
2. time loop: for each n =2 0,
a. (approximately) solve the characteristic ODE for all k to find T(t";t"", x,, i, )
b. compute the parameters 8" by solving
2
0™ = argman| Xkr |<) ”en(j(tn?tn”rxkr“k))
\ k=1 /
/

31-1D1VVlasov A

3.2 - 5D level-set advection

3D transport of a
level-set with 2
parameters:

L(éfﬂ
—~ 9)

atu+a-vxu=0

the solution goes

711 - The advection equation and its characteristic curves A
For x € Q c R% and t € [0, T], we consider the advection equation:
o,u(t, x) +a(t, x) - V. u(t,x) = 0.
\ - Its solution satisfies
------- characteristic curve X (t,x)
(uis constant along X) Vvt €[0,T], Vse][0,t], Vxeq,
u(t, x) = u(s, X(s; t, x)),
(s,,X(s,; t X)).“‘____‘,..EI
El ....................... mo (53,x(53;t, X)) Where x Solves the fouowing baCkwardS
(57,1(5:5 ) ODE for given t and x:
= iDC(s t,x) = a(s, X(s; t,x)), Vse][0,t],
(0,7(0; 1, x)) ) {ds
g X(t;t,X) = X.
\_ ‘ /
(1.2 - Classical semi-Lagrangian (SL) scheme [1] A
4 classical SL scheme: update for one mesh
- Ut point x. from t" to t"*’
..................................... O- I
step 1: find @ from = following the
approximate characteristic curve
a |l O O S o step 2: interpolate the value at #
uf s ur Uf ) from the values at o
xf_1 x xfﬂ : step 3: set u"*' to the interpolated value
\_ %
(13 - High-dimensional parametric advection equations A
We seek to treat high-dimensional advection equations:
- for dimensions d = 6 (common in e.g. plasma physics),
- with several physical parameters p € P ¢ RP: u and a depend on t, X, and .
~» The problem is (1 +d + p)-dimensional!
The curse of dimensionality applies to classical (mesh-based) SL schemes:
» need for O(NY) grid points in space to represent u,
- need for many different simulations to cover parameter space.
\w For this reason, we turn to a neural method. Y
(21 - Neural networks to solve unsteady PDEs A
With D a spatial differential operator, consider an unsteady PDE of the form
o,u+D(u) = 0.
Classical explicit numerical methods usually discretize in time and space:
Vi, vn20, u™'=ul-At(D, (u").
Replicating this procedure using a neural network leads to time-sequential PINNs:
for each n, approximate x = u(t", x) by a neural network x = ug,(x), and define
vn>0, 6" =argmin f [Ug(X) - Uga(X) + At D(ug,)(X)|? dx.
0 Q0
\We wish to specialize this idea for advection equations. )
- - - . ™
2.2 - Neural semi-Lagrangian (NSL) scheme [2]

The exact solution u of the advection equation satisfies the characteristic property:

vxeQ, u(t"™' x)=u(t", "t x)).

The approximate analogue of the characteristic property is then
VX < Qr uen+’| (X) =~ uen(j(tn;tn”rx))r

with X an approximate characteristic curve. To satisfy this property, we compute

pn+? -argmln[‘u

- Ugn (T 1™, %)) dx.

S S
= back to the initial
)] .
) | condition at the
( , final time
NG Y
3.3 - Extension to advection-diffusion equations
For the advection-diffusion equation o,u+a-V u-oAu =0,there are now 2d
additional approximate characteristic curves to compute and follow.
In the table, dofs are mesh points for classical SL and NN parameters for neural SL.
9 classical SL neural SL
dofs CPU time L2 error dofs CPU time L2 error
1 36 0.96 1.57e-3 127 29.84 1.56e-3
2 1444 219 1.63e-3 463 33.07 1.54e-3
3 64 000 3.31 1.56e-3 1009 39.45 1.54e-3
4 2.56 x 10° 17.09 1.49e-3 1765 50.29 1.55e-3
5 2.43 x 10’ 50.64 911e-3 2731 76.76 1.52e-3
6 4.70 x 10’ 110.62 3.91e-3 3907 115.22 1.53e-3
7 6.27 x 10’ 15815 1.00e-2 5293 172.53 1.54e-3
% 8 1.00 x 108 271.33 1.66e-2 6889 254.38 1.57e-3 1,
4 - Summary

Perspectives and follow-up work:

 nonlinear PDEs (Vlasov-Poisson is done,
Navier-Stokes is ongoing)

- application to kinetic relaxation

« volume-preserving extension

Summary of the neural SL_method:
 fully meshless

- stable without a time step condition
« able to treat high dimension

- applicable to advection-diffusion

- ()] neural SL scheme: update for one sampled
HE = Yo point x, from t" to t™*’
step 1: starting from ©, compute the foot #
N D SOOI ROSEN WSO of the approximate characteristic curve
DC(tt1 %) x - step2:fit Ugn1 (%) to match ug, (T(E" 177, x,)
\ ! r MK k /

\ problems with minimal overhead * rigorous error analysis )
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