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Motivation: 2D/1D coupling for estuary simulation
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Objectives and existing approaches

We wish to take into account:

1.

2. the meanders of the river.
This presentation focuses on
- the derivation of 1D models is well-understood ' 2 in the ideal case

of a | |-shaped channel;

- for more complex shapes, uniform stationary flows are recovered 3
“using a complex friction term and an additional term in the dis-
charge flux;

« fully 2D models could be used but they are computationally costly.

Tsee Bresch and Noble, 2007, in the context of laminar flows

2see Richard, Rambaud and Vila, 2017, in the context of turbulent flows
3see Decoene, Bonaventura, Miglio and Saleri, 2009

“see Marin and Monnier, 2009
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Specifications of the 1D model

The goal of this work is to develop a new model, based on the
shallow water equations, that is:

- generic enough to not require empiric friction coefficients;

- consistent with the 2D shallow water in the asymptotic regime
corresponding to an estuary or a river;

- hyperbolic and linearly stable;
- easily implementable (collaboration with the SHOM for flood
simulations, ocean model forcing, ...).

Numerical experiments, on steady and unsteady flows, will help
validate this approach.

3/4k4



1. Governing equations



The non-conservative 2D shallow water system

water height: h(x, y,

- (x,y): known river shape

*u = (u,v) isthe water
velocity

* gisth it tant
he +V - (hu) =0 gis egraVI y constan
* Cp(x,y) is the (known)

ujju . - .
u+u-vu+gVh=g <VZ — C2|hp> Chézy friction coefficient
' « p = 4/3is the friction
exponent
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Introduction of reference scales: the coordinates

X
o
dimensional reference non-dimensional
quantity scale quantity
longitudinal " ) 60000m) X =2000m X=X € (0,30)
coordinates X
transverse . _o5m. 25m) Y =50m y— % € (—0.5,0.5)

coordinates




Introduction of reference scales: the topography

Regarding the geometry, we assume that Z(x,y) = b(x) + ¢(x,y), where:

* b(x) represents the main longitudinal topography, driving the
flow from upstream to downstream;

« ¢(x,y) represents small longitudinal and transverse variations.

front view of the river

b(x)

side view of the river
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Non-dimensional form of the 2D shallow water system

We introduce the following non-dimensional numbers to emphasize
the different scales of the flow:

* F?, the reference Froude number (ratio material/acoustic velocity),
« §, the shallow water parameter (ratio height/reference length),

* Ry, the quasi-1D parameter (ratio transverse/longitudinal velocity),
* lg and Jo, the reference topography and friction slopes.

Finally, the non-dimensional form of the 2D shallow water system is:

_ o _ [ — 1 U+/U2 + R2y? —
Ug + Ul + Vg + (A + ) = (Jo“ /obx>,
X

P2 5F2 C?hP
I Jo V\/T2 + R22
VE+UVX+VVy+RaF2(h+¢>’ 7@W
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2. Asymptotic expansions



Asymptotic expansions setup

In the regime under consideration, we have

2

OF
. a.fj—<<1(|n practice, F2 < 1,6 < 1, Jo < 1and Jo ~ 9),
0

+ R, < 1(quasi-unidimensional setting), and R, = O(e).

Highlighting the dominant terms in the system, we get:

h: + (hu)x + (hv), =0,

1 uvur+ev? |
ut+uux+vuy+f—(h+q>) <°bx>,

e Jo € C2hp Jo
15 u? + €2v?
Ve + Uvyx + vvy + 570(“% ———

Goal: Perform asymptotic expansions in this regime, to better
understand the weak dependency of the solution in y.
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Free surface expansion

We consider the third equation:

1 1vvVu? + e?v?
Vi + UV + vy + ] (h+d)) gw,

which we rewrite as follows to highlight the dominant term:

vy 2 + €2v2
]O(h-i-cb) W—s—f(vt—i—uvx—s—vvy).

Neglecting the O(e?) terms, we get

] (h+d>) 0(e?),
0

2 —
and there exists H = H(x, t) such that e )¢¢(X y)IH(X)
H(X\t) — h(nyat) + (b(xay) + O<£2)‘

~~ the free surface is almost flat in the y-direction, up to O(¢?)
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Longitudinal velocity expansion

We now consider the second equation. Highlighting the dominant
terms, it reads:

156 1 uvu?+e2v2 g
—— h = — —7——b .
Ut o+ Uty +vUly + 23 (A + @), E( C2he Io x>

Rearranging the terms, we get:

jo(thc])) + bx W:€(Ut+UUX+VUy),
Io U|U| -
]0(h+¢) bx Cth —O(E).

To perform the asymptotic expansion of u with respect to ¢, we write

ux,y,t) = uég] (X,y,t) + su;D) (X, ¥,t) + O(€?).
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Longitudinal velocity expansion

Plugging uég), the second equation becomes, up to O(¢):

(0)y,,(0)
5 Iy Upl o
Since h+ ¢ = H + O(€?), we obtain
(0)y,,(0)
d lo Usp |u2D |
ZHy + by + 2150 L (),
Jo bt Dt G = gyp = OF)

Straightforward computations yield:

( /\(X\t) /2
U(O](X\y>t):% C(X>y) H(Xﬁ)*(T)(X)y) . )
5 e ] )
where we have defined the corrected slope A(x,t) = f;—obx — ]EHX.
0 0
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Longitudinal velocity expansion

At the first order, the second equation becomes

Ugp) [uzp'| — (3 + eusp)) [uzp) + etiy|

C2(H— )P

= e(Us + Ul + vuy) + O(e?),

which yields the following expression for u}):

(0)
) Uzp (0) (0)(,,(0) 0)(,,(0)
Uyp =— N ((Uzn )t +Uyp (”20 )X +Vap (”20 )y)

Summary: At this level, we have obtained the asymptotic
expansions of the free surface and the longitudinal velocity.

The goal is now to build a consistent with these
asymptotic expansions.
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3. Transverse averaging



The river cross-section

To obtain a 1D model, we start by averaging the 2D equations:
below, we display the cross-section of the river, with respect to x.

V4 V4
H(x) L IO
Y+
S(x) = J h(x,y) dy
H(x)
h(x,y) _ J L(x,2) dz + O (&2)
0
L(x,2)
z \ >
d(x,y)
z=0 }
o y
X - y y
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Notations and asymptotic expansions

Let us introduce the following 1D notations:

Y+ Y+

hix,y,t)dy and o(x,tJ:J h(x,y, ) u(x,, t) dy.
y

S(x,t) :J

y

We compute the asymptotic expansions of Q = Q\Y + eQl}) + 0(¢2):

y
(0)
© Qyp :J

y

Y —1 Y+ 2 Y+ 3
.ol _ W g =1 (0) (0)
Qi L husp dy = KL h(uss) cly)t 4 ( L h(usg)) dy)j.

Y+

; hul?) dy = J VIAlsgn(A) Ch'P/2 dy;
y

We now integrate the 2D equations over the width of the river,
to naturally introduce equations on S and Q.
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Averaging the 2D system

1. The original mass conservation equation reads:
ht + (hu)x + (hv)y, = 0.

Therefore, since v(y_) = v(y,) = 0, we get:

Y- Y-
J htdy—i—J (hu)xdy=0 = S;+Qx=0.
. y_

2. Now, we consider the second equation (which we multiply by h):

2 21/2
6h(h+¢)xlh<_uwﬂ?uv_'obx>_

Jo C2hp Jo

Arguing the mass conservation and integrating between y_ and y. yields:

Y+ 1 Y+ lo )
Qt+<J huzdy> :,J h(bx(h+¢)x) dy
y < €ly Jo Jo

B 1Jy+ uy/u? 4 RZv? dy

€ C2hp—1

1
hu: + huuy + hvuy + :

y_
15/44



Averaging the 2D system

We can simplify, in the current setting, the topography and friction
source term within the discharge equation; recall h + ¢ = H + O(&?).

Vo Y+
ot+<J hu2dy> %J h(’(’bxémeX)dy

v X vy Jo Jo
1 (Y* uy/u? + R2v?
| e
ely_ C2hp
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Averaging the 2D system

We can simplify, in the current setting, the topography and friction
source term within the discharge equation; recall h + ¢ = H + O(&?).

Ax,t) + 0(e?)

Vot 2 1Y+ Io )
Q: + J hu* dy :7J h{—=bx——(h+d),)dy
Y « Ely Jo Jo

1 v 1
—7J' u\/u?+ R2v? Wdy

£
ulul + O(?)
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Averaging the 2D system

We can simplify, in the current setting, the topography and friction
source term within the discharge equation; recall h + ¢ = H + O(&?).

Y+ 1 Y+
Ot+<J huzdy> zfAJ hdy
y— x £ y—
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Averaging the 2D system

We can simplify, in the current setting, the topography and friction
source term within the discharge equation; recall h + ¢ = H + O(&?).

Y+ 1
Ot+<J huzdy> =- AS

y— X

1Y+ ulul
_,J e 4V + 0(e)
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Averaging the 2D system

Finally, the averaged system reads as follows, up to O(€?):
St+Qx =0,

y 2 1 Y+ ulul
Q: + <L hu dy)x = 5<ASL 2= dy) + O(e).

Next step: Build a truly 1D model, either zeroth-order accurate (up to
O(e)) or first-order accurate (up to O(e?)), from the averaged system.

That is to say:

- for the zeroth-order model, we need Q = Qgg] + 0O(e);
- for the first-order model, we need Q = Q) + ¢Q\}) + 0(e?).

17/ 44



4, A zeroth-order model



Setting up the model

The integrated discharge equation, highlighting the dominant terms
and multiplying by ¢, is

Y+ u|u| Y+ 2 2
/\S—J' T ———=dy=¢|Q+ 7hu dy ) +0(€?).

y—
At the zeroth order, i.e. up to O(¢), the right-hand side of this

equation is neglected, and we get:

/\SL app 4V = 0(e).

We cannot directly use this equation in a 1D model, since it contains
the unknown u, which depends on y.

Instead, we approximate the integral, up to O(e), with a
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The friction model

First, we choose this 1D friction term as a usual hydraulic
engineering model. Thus, we impose the following formula:
Qal

— = dy + 0O(e).
s L cpp W +0(e)

It contains a 1D friction coefficient® C;p, to be determined.

According to the discharge equation, we get, up to O(e):

aal , aQ
s AS+0(e) = (= G2

+ 0O(e).
Second, we impose Q = Qég) + O(e), to get the following expression
of the friction coefficient:
(0)1H(0)
2 — Qap !on }
1D /\52 *

5The coefficient €2, usually contains the hydraulic radius, the Chézy coefficient, ...
19/44



The final system

With the new friction model, the discharge equation reads

Y
AS — % = E(Qt+ (J hu? dy) ) + 0O(e).
C‘IDS — X

We choose to approximate the integral in the flux to describe the
advection of the discharge:

Y+ 2
S L) -
EJ' hudy = e~~~ =g

Y-
Y- J hdy

The resulting discharge equation, divided by ¢, is

Qt-‘r(oz> —15</\— >+O(1).
S), ¢

~—
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The final system

Finally, the zeroth-order accurate 1D system reads:

St+Qx:0,

2
Qi+ <°) ~Isa—g).
S), ¢

Let us double check that this model indeed recovers the zeroth-
order expansion of Q.
Since Q = Q(®) 4+ O(e), we get, at the zeroth order:
d
Qlql

Q(O) Q(O)
0)~(0) =A | |
Qp |Qyp |

O(e) = O(¢)
Q30 Q0|

A=J+0() = A=A

— Q@ =Y +0(e).
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The final system

Finally, the zeroth-order accurate 1D system reads:

St+Qx=0,

Q? 1 Iy 5 >
=) = Is(— %, 2Ho—g).
Ot+<5)x € ( Jo Jo g
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The final system

Finally, the zeroth-order accurate 1D system reads:

St+Qx =0,

Q? lo 5 >
bx - X - .
Q: + < 5 )X ]0 To d

J
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The final system

Finally, the zeroth-order accurate 1D system reads:
St+Qx =0,

Q? SHy 1., .
Qz%<5>jp 7gﬂjfﬁ.

This is quite similar to the usual models: all the complexity lies
within the friction model g, and the expression of the friction
coefficient Cyp.

~ We have derived a zeroth-order model.

What about a first-order one?
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5. A first-order model



Derivation of a consistent energy equation

The procedure developed in the previous section introduces an error
in O(1) on the discharge equation. To get a first-order accurate model,
we need to lower this error to O(e).

However, we already have a nice structure (hyperbolicity, ...): we keep
this discharge equation and we focus on the the energy equation®.

: h 1 L
With Eyp = EH“HZ + ighz, the 2D energy equation is:

1 Jul?
(Ep); + V- (u (EZD + 29/’12)) =gh (—u -VZ— Cﬁhp .

6see Luchini and Charru, 2010, in the context of thin film flows
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Derivation of a consistent energy equation

The procedure developed in the previous section introduces an error
in (1) onthe discharge equation. To get a first-order accurate model,
we need to lower this error to O(e).

However, we already have a nice structure (hyperbolicity, ...): we keep
this discharge equation and we focus on the the energy equation®.

. 1 h? . L
With E,p = ihu2+ﬁ+(‘)(sz),the integrated equation is, up to O(€?):

Y+ 1 5 Y+ 1 3 B 1 Y+ U2|U\
(Jy 5hu dy>t+ <L Ehu dy)x 5<AQL C2h‘91dy> + 0O(e).

We build a 1D equation consistent, up to O (e?), with the energy equa-
tion: the first step is the introduction of a new 1D source term.

6see Luchini and Charru, 2010, in the context of thin film flows
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Derivation of a consistent energy equation

The asymptotic expansion of Q is Q = Q(® + Q™ + O (&?).
At the moment, we have a zeroth order model:
. 1 . .
- with the source term ES(A — J) on the discharge equation,

- that recovers Q = Qég) + 0O(e).

To obtain a first order model, we build an energy equation:
. 1
« whose source term is, by analogy, EQ(/\ -7,
+ that recovers Q = Q,% + ¢Qip) + O(e?).

We show that the resulting equation deviates with O(¢?) from the
integrated 2D energy equation.
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Derivation of a consistent energy equation

We impose Q = Q39 + £Qyp) + O(&2).

The friction model J then satisfies:

Q)
Hz/\i(oo)'Q‘(o) :/\(1+2£Q >+O( ?).
Q;p 1Qyp | Q)

Therefore, the source term of the energy equation is:
1 _ m_Q _ (1)
EQ(/\ —J) = —2AQ,, W + 0(e) = —2AQ,, + O(¢)
2D

=_2A. ;71 [(EH h(uég])z dy)t + (Jﬂ h (uég)y dy)x

(1)
Qp

O(e).
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Derivation of a consistent energy equation

The equation we have just derived reads

Y+ Y-+
(;J huzdy>t+(;J hu3dy) :gQ(/\fH)+O(e).

y y X

Compare this new equation to the integrated 2D energy equation:
Y+ 1 2 Y+ 1 ; 1 Y 112|U‘
<J; 5hu dy)t + (J ihu dy)x = 5<AQ_L C2hp— dy) + O(e).

Therefore, the new equation:

- is consistent with the integrated energy equation, up to O(e?);

- is based on the expression of Q\}), and ensures its recovery.
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The system in conservative form

We have thus obtained the following system:

St+QX:0)

Q + Jy+hu2d _ s
: y) =1siA—a)+ o),

y— X

1 Y+ 5 1 Y+ . _1
(2L hu dy>t+<2J. hu dy)X—EO( )+ Ofe).
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The system in conservative form

We have thus obtained the following system:

St +Qx =0,
Y+
Qi+ (J hus dy) + 3 Isg_g 400,

3 o)

hJ\ -

e dy) + :go(ﬂ—awom.

26/44



The system in conservative form

We have thus obtained the following system:

St+QX:0)

Y+
Ot+< +J huzdy) = +25(J—8)+O(1),

(3 o) (3 )3 o) Lo

y X

where we have defined
H

H(x)
« L(x,Zz) such thatS:J L(x,z) dz, I
(%,2) o L(X,Z)

H
- phy = 1JH(H—Z)L dz, Plat = 1JH(H—Z)LX dz, &= lj zL dz.
F2 Jo ' F2 o ' F2 Jo
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Introduction of a pressure and an energy

The goal is now to rewrite the homogeneous part of the model under

an Euler-like formulation with pressure P, and , as follows:

St +Qx =0, St + (SU)x =0,
Y+

Q: + (Phy+J hUde) =0, (SU)t+(SU2+Pe)x:O»
y— X o

1 Y4
( )+(Q (e+p)+5 | e dy) — 0, | (Eo)+(U(Ee + Pe))x = 0.
; S 2 ), «

By analogy, the Euler variables satisfy:
« Usuchthat U = g as expected;

Y4
- P, such that P, = P +J hu? dy — SU?;

such that
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Introduction of auxiliary variables

To take care of the integrals, we introduce a new variable, the
enstrophy’ ¥, defined as the variance of the velocity, by

Y+ Y+
‘P:J h(u—U)?dy :J hu? dy — SU?.

We therefore define a pressure and an energy in the 1D model by:
P=PY4+v¥ and E:8+%SU2+%‘P.
We also introduce the potential TT, defined by

71 Y 3 2 Y+ ) u
TIUL hu? dy — SU Jy h(u—U) (2+U)dy.

In practice, we cannot directly compute ¥ and TT since we do not
know u. The final 1D model will have to address this issue.

’see Richard and Gavrilyuk, 2012
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Introduction of auxiliary variables

With the integrals, the homogeneous model reads:
St+Qx =0,

Y+
Q: + (Phy +J hu? dy) =JON
y

X

9 hy 1Jy+ 3 _
( >t+<s<8+P >+2 y hutdy ) =o.

X
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Introduction of auxiliary variables

With the energy and the pressure, the homogeneous model reads:

St +Qx =0,

QZ

—+P) =0
(o) -

Q hy 107 3 _

y X
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Introduction of auxiliary variables

With the energy and the pressure, the homogeneous model reads:

St +Qx =0,

(22

—+P) =0
(o)

Q :
Et (S(E+P))X+ (2

0wl o

(Im— 3‘&’)) =0.

X
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Introduction of auxiliary variables

With the energy and the pressure, the homogeneous model reads:

St+Qx =0,

(22

—+P) =0
(o)

Q :
Et (S(E+P))X+ (2

Euler-like non-Euler-like

0wl o

(Im— 3\1/)) =0.

X

~+ How to handle the non-Euler-like part?

We introduce a new variable, the internal energy e = e(S, ¥, TT),
which satisfies the equation

e + (ge>x — (;g(ﬂ 3\}’)>X =0.

29/44



Introduction of auxiliary variables

With the internal energy, the homogeneous model reads:

St +Qx =0,

Q? B
a+ (S +p) =0
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Introduction of auxiliary variables

With the internal energy, the homogeneous model reads:
St +Qx =0,

(22

= +P) =0
Q: + ( 5 9P )X y

(E+e)t+<§(E+e+P)> =0,

X

e:+ (g (e— ;(17-3‘1’))))( =0.

We get an Euler-like model, with energy E + e. How to make it ?

We take e = — (1T — 3V¥): the then are

N| =

for classical SW.

SE
, asopposedtoU FIL(A)
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Final homogeneous model

The final homogeneous model reads:

St+QX:O)

2
Q: + <%+P>X

(E+e); + <Q(E+e+P)> =0,

0,

S

e: =0,

with the pressure and the total energy satisfying:

H
- P(S,U,E) 2<E;SU2> +%J (H—3z)Ldz
0

1 1Y+ 1
cE+e=8+-SU2+ J h(u— U dy + —
2 2),

Y+
3
- ZUJ h(u—U)’dy.

y
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Model with source terms: zeroth-order

Let us write the non-homogeneous model with ¥ and TT:

St+Qx=0,

2
Q + (Q +w) _Isia—g),
S y £

1Q? Q /1@ 1
(a5 +2%),* (55 +am),=zon-n,

(2in-an) o

We check the zeroth-order expansion: we write Q = Q%) + O(¢), to get

A=74+0() = A=A—— Q|Q| + 0O(e)

ZD QZD'
— Q@ =Y +0(e),

and the zeroth-order expansion of Q is indeed still recovered.

What about the first-order expansion of Q?
31/44



Model with source terms: first-order

We study the first-order expansion of the energy equation: with
Q=0 +:QM +0(e2), ¥ =¥ £ O(e) and TT = T + O(¢), we get

(0))2 (0) (0)y2
_oAQY) — (1(020) +1\y(0)> . <ng<1(ow) +1n(°)>> .
t X

2 S 2 S \2 s 2

Moreover, straighforward computations show that
(0)\2 0 (0)y2
_onQl) = 1(Qyp) Ly Qyp (1(Qp) Y
b 2 S 2P t s \2 s 2 P N

To ensure Q" = QS)), it is sufficient for the enstrophy and potential
to satisfy W(© = wi)) 4 0(e) and TT© =T1{Y) 4+ O(e).
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Model with source terms: first-order

To recover the zeroth-order expansions of ¥ and TT, we introduce
two new relaxation source terms in the system. These source terms
have to ensure that ¥ = ‘Pég) +0(e) and TT = ﬂégj + O(e).

We choose the following forms, where K; and K, are to be determined:

K v
K15/\( 1(1/0)> and ;Q/\<(O)(O)>_
\yZD WZD nZD

At the zeroth-order, we indeed get ¥ = ‘i’ég) +0O(e)and T = Hgg) + O(e).
We introduce the condensed notations

o).

v
Jy = AW and Jp = /\% (5|m|larly tod = /\ Q‘O‘
WZD ﬂZD 2D ‘QZD ‘

33/44



Model with source terms: first-order

We introduce these relaxation source terms in the system?, to get:
St + QX — 0)

Q? 1
Qt+ (S +\1/> = gS(/\*H*I’K‘](/\*g\P))»

1Q° 1 Q/1Q* 1 1
(35 +2%),r (SG5+an)), = tan-n.

(;mm) _ 1 Qky(gw — 9n).
t

£

8|n order to ensure the recovery of QSD), we do not modify the energy equation.
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Model with source terms: first-order

We introduce these relaxation source terms in the system?, to get:
St + QX — 0)

Q? 1
Qt+ (S +\1/> = gS(/\*H*I’K‘](/\*g\P))»

1Q° 1 Q/1Q* 1 1
(35+2%),~ (S5 +am)), =200 -n,

(;mm) _ 1 Qky(gw — 9n).
t

£

Recall that, at the zeroth-order, the yields:

8|n order to ensure the recovery of QSD), we do not modify the energy equation.
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Model with source terms: first-order

We introduce these relaxation source terms in the system?, to get:

St+QX:0)

2
Q+ (% +W> = 25 )

GZ+3v) +(3(3%+7m) - lon-a,

( (M- 3‘1!)) — 1ok, (g — ).
t

—_

(o2}

At the zeroth-order, from the , we get:

8|n order to ensure the recovery of QSD), we do not modify the energy equation.
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Model with source terms: first-order

We introduce these relaxation source terms in the system?, to get:

St + QX — 0)
Q? 1
Q+ | —=+Y| ==-SIA—=J+Ki(A—3v)),
S x €
1Q° 1 Q/1Q* 1 1
(35 +2%),r (SG5+an)), = tan-n.
1 1
(mm) = Laky(3y — an).
2 ¢ £
At the zeroth-order, from the , we get:

8|n order to ensure the recovery of QSD), we do not modify the energy equation.
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Model with source terms: first-order

We introduce these relaxation source terms in the system?, to get:
St + QX - 0)

Q? 1
Q; + (S +\1!) = ES(A*3+K1(/\*HW))»

(;(]‘[3‘1’)) = 1Q/<2(3w*3n)~
. e

At the first-order, from the , we get, up to O(e):

8|n order to ensure the recovery of QSD), we do not modify the energy equation.
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At this level, the model is, with no differential terms in the source:
St +Qx =0,

2 SHy 1
Q: + <Q +‘1’) + (1+K)— = =S(0—-3 + Ki(J — Jw)),
S X F €

1Q% 1 Q/1@ 1 QHx 1
<zs+z“’>ﬁ<s<zs+z”>>ﬁ =09

1 1
<2(ﬂ3‘1’)> = —-QKy(Jy — In).
. €

It ensures the correct asymptotic regime, that is to say
Q= Q) +eqQly) +0(e?).

The quantities K; and K; still need to be determined: can we ensure
the hyperbolicity and the linear stability of the model?
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Mathematical properties

After straightforward but tedious computations, we show that, for
small enough F? and «:

- a necessary condition for the hyperbolicity is 1+ K; > 0;
- taking the values

and

ensures the linear stability of the system, under the condition

Q) (s) 45 T100)(S)
( < )<L .

Note that, in this case, 1+ K; > 0 in the usual applications.
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The final model is:

f;t + ()x - 0>
Q? SYO \SH, 1 . SYO
o (§+),+ (1= oy =250~ Ga-o0).
Q
S

10> 1

(35 +2%),*
1
3

It ensures the correct asymptotic regime, that is to say
Q=0alY + Q) + 0().
In addition, it is hyperbolic and linearly stable.

Next step: numerical validation of this model
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6. Numerical validation of the model



Numerical schemes

To handle the stiff relaxation source term, we introduce an implicit
splitting procedure.

We present this procedure on the zeroth-order model for clarity:
St+Qx =0,
16

Q 1
Q: + <S>X+ E]T)SHX = gs(j — 7).

First, we consider the non-stiff part:

St+Qx=0,

2
ar(2)-o

which we discretize using an upwind finite difference scheme.
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Numerical schemes

Second, we consider the stiff part:

S =0,
Q: + JESHX = 1S(J —1J).
eJo I3

Since S; = 0, we are left with the following ODE on Q:

1 2
Qt = S/\(1 — ((20)2>)
¢ (Qp)

which we can solve exactly, to get

1 SIAl t) Q(0)

t h< a0
(0) (0)
Q(t) = Qgg) €1Qy | Qp

1+ tanh (15(/()\)1?) %
elQpl / Qyp

The same procedure is applied to the first-order model.
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Unsteady flood flow

We consider a 5-year flood for the Garonne river upstream of
Toulouse; we take F = 0.09 and ¢ ~ 0.175.
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Unsteady flood flow (2D: ref. sol., AO: 0t"-order, A1: 15t-order)
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7. Conclusion and perspectives



Conclusion

We have developed a new 1D model, based on the 2D shallow water
equations, that is:

- consistent, up to first-order, with the 2D model in the asymp-
totic regime corresponding to a river flow:

» the zeroth-order is obtained with a new explicit friction term,
» the first-order relies on new equations describing the evolution
of the enstrophy and the potential;

« hyperbolic and linearly stable;
« easily implementable and numerically validated.

The preprint related to these results is available on HAL:

V. Michel-Dansac, P. Noble et J.-P. Vila, Consistent section-averaged
shallow water equations with bottom friction, 2018.
https://hal.archives-ouvertes.fr/hal-01962186
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https://hal.archives-ouvertes.fr/hal-01962186

Work related to the model:

- improve the treatment of the river meanders by going to the
first-order instead of the zeroth-order

- adapt this methodology to treat confluences

+ consider a time-dependent topography to model the effects of
sedimentation

Work related to the implementation and scientific computation:

- compare the 1D results to the ones given by a fully 2D code, in
real test cases (Garonne, Léze, Gironde, Amazon, ...)

- couple the 1D and 2D equations in the context of the Gironde
estuary (collaboration with the SHOM)
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Thank you for your attention!



Non-dimensional form of the 2D shallow water system

To emphasize the different scales of the flow, we perform a
non-dimensionalization of the 2D system.

We introduce the following dimensionalization scales and related
non-dimensional quantities (which are denoted with a bar, like X):

h:==%h, u:=Ult, v:=W, x=XX, y:=Yy, t=7Tf T:= %
The mass conservation equation
% + @ + @ =0
ot ox dy
then becomes

gCah Ik 3V dhv
Tot X oX Yy oy



Non-dimensional form of the 2D shallow water system

The non-dimensional conservation equation is
E@+@@+&@f e @_’_@4_2%@*
JTot X X y oy 77 a9t ox  UYoy

We set R, :=V/U and Ry :=Y/X, to get

oh , ok , R, ohY _
dt ' X ' Ry oy

We have

« V < U (quasi-unidimensional flow) = R, < 1,
+ Y <« X (quasi-unidimensional geometry) — R, < 1.

We assume R, = Ry to keep the mass conservation equation
unchanged from the dimensional case.



Non-dimensional form of the 2D shallow water system

Regarding the geometry, we assume that Z(x,y) = b(x) + ¢(x,y), where:

* b(x) represents the main longitudinal topography, driving the flow
from upstream to downstream;

« ¢(x,y) represents small longitudinal and transverse variations.

The related non-dimensional quantities are
_ap(X —xe(X Y
b_Bb<x> and d)-%d)(x,%).

The non-dimensional topography gradient then reads:

Bob _ Hob _ _
_— y&(XHya(x,y)
Hop



Non-dimensional form of the 2D shallow water system

Regarding the friction, we take C, = CC(X,¥).

The non-dimensional friction source term then reads:
U VU0 + V22 U T\/T2 + R2V2
ulu | 3 e GG T

VVIZTZ + VI2 VUl /T + R22

C2 hp
CHP C2hP CHP ChP




Non-dimensional form of the 2D shallow water system

We are finally able to write the non-dimensional form of the 2D
shallow water system: from the dimensional system

he +V - (hu) =

_ ujjuf
ut+u.Vu+th_g<VZ Che )

we get the following non-dimensional form:

he + (hl)x + (hV)y = 0,
2 2 2 22 _
W Yo s Won o gﬂ{( ), _g( U U/0% + REV Bbx>’

X X y vty CHP C2hP X

YU VU V2 gH e - VIU| V+/T2 + R2V2
va—kyuv;—i—gvvy—k v (h+¢)yg<_ej-cp & .



Non-dimensional form of the 2D shallow water system

We are finally able to write the non-dimensional form of the 2D
shallow water system: from the dimensional system

he +V - (hu) =

_ ujjuf
ut+u.Vu+th_g<VZ Che )

we get the following non-dimensional form:

CHP C2hP X

_gx (_ U V+/T2 + R5v2>.

CHP 2P

93¢ /7 ) _gx< WU T+/U2 + R2V2 ‘_Bb)
_ X |»
X




Non-dimensional form of the 2D shallow water system

We introduce:
2

U
< F?2 = ﬁ the reference Froude number,

< 6= ot the shallow water parameter,

uju|
and Jo = RG] the topography and friction slopes.

X
B
T i
n OX _gHX 1 g gHUX 1 |
With ORI 6F2 and Y Cvy -~ RgFZ'We finally get:

h; + (ht)z + (hv); = 0,

1 U+/U? 4 RZv2 =
Uz + Ulx + VUy + — <h+d>> z>F2< ~Jo—"—=— )»
X

aw
1 = Jo V\/U?+ RZV?
Vt+UVX+VVy+R2F2 (hjL(b)’:iﬁW



Model with source terms: first-order

The zeroth-order expansions of ¥ and TT are defined by

MZ JWO MZ
2D = |A (Mz - N[()) and n2D =|A] <j\/{ — j\/[0>

where M, is a shorter notation for

Y+
M, = J h(C hp/z)n dy (note that Mo = S and M; = Q).
y



Mathematical properties

To define the hyperbolicity and the linear stability, we write the
system under the condensed form

W; + A(W)W, — gswv).

1. Hyperbolicity: We compute the eigenvalues of the matrix A(W).
For the system to be hyperbolic, they have to be real-valued.

2. Linear stability: We linearize the system around W, = cst such
that S(Wy) = 0, by taking W = W, 4+ Wel (=@t with [W| < [W,l:
the system is linearly stable if Im(w) < 0.

After linearization, we obtain (RA(Wq)+iVS(Wp)/e —wld)W = 0,
and therefore )
w is an eigenvalue of M(R) := RA(W,) + éVS(WO).



Hyperbolicity

We study the hyperbolicity of the homogeneous model.
First, the homogeneous classical (S, Q) shallow water system is:

St+Qx=0,

2 SHy
Qt+<?5 > + —— =0.

This system is hyperbolic, with wave velocities

/| S
U +4/ 57—
\/-/ FZL(H)
material

velocity acoustic
velocity



Hyperbolicity

We study the hyperbolicity of the homogeneous model.
The zeroth-order homogeneous model (taking K; = K, = 0) reads:

St +Qx =0,
2 SH
Qt+<o+w> + —= =0,
S X
1Q° 1 Q/1Q> 1 QHy
(a5+2%),* (5Gs+am),+ F =0
0

;
@m-),-

As mentioned before, this system is hyperbolic, with wave velocities

S
0 0] U +/=—+
: ’ \// ’ \// FZL(H)
stationary material material
wave wave velocity S
acoustic
velocity

w3



Hyperbolicity

We study the hyperbolicity of the homogeneous model.
Finally, the first-order homogeneous model is:

St+Qx=0,

i SH
Qt+<os +w> +(1+K) =0,

1Q? 12 1 QHy
5%+ ) (5 (+2 >>X+ P
1

(3m-w) o

This system is , with wave velocities
1+ 3K, 5 U s F 1T+ Kq (21T + K (IT— 35U2)) ,
0, U— 4 9(F?), —— + L(H)< - > ST K52 >+O(F ).

Thus, a necessary condition for the hyperbolicity is



Linear stability

Let us first consider the special case k = 0.

For the classical shallow water equations in (S, Q) variables, the
matrix M(0), whose eigenvalues we seek, is:

o 0 0

€1 sgn(Up) —2
So Ug

By inspection, the eigenvalues are
|
0 and —2:—i < 0.
£ Uo

The case k = 0 is thus treated for the classical shallow water system.



Linear stability

Now, for the model, the eigenvalues for k = 0 are

17 SoUo SOUO
=0 =—21-— =2i K :—21 K
W y W2 '£U0> w3 1 W, Wy 2 Mo

shallow water eigenvalues

We elect to define K; and K; by taking ws; = w, and w, = w, to get:

5111(0) 5]-[(0)
(@@’ (Q©)>’

Then, for k # 0, tedious computations show that, for small
enough ¢, the following linear stability condition holds:
5 45,

IT 4S .
U < ) AL 5 as opposed to U3 < Tf';)) for classical SW.



Backwater curves: | |-shaped channel versus trapezoidal river
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