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Motivation: 2D/1D coupling for estuary simulation

Gironde estuary: satellite picture Gironde estuary: 2D mesh
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Existing approaches

Regarding the shape of the river bed, as of now,
« the derivation of 1D models is well-understood "2 in the ideal
case of a | |-shaped channel;

- for more complex shapes, the water surface of uniform station-

ary flows is recovered 3“ using a empiric terms or data assimi-
lation;

- fully 2D models are used but they are computationally costly.

Tsee Bresch and Noble, 2007, in the context of laminar flows

2see Richard, Rambaud and Vila, 2017, in the context of turbulent flows
3see Decoene, Bonaventura, Miglio and Saleri, 2009

“see Marin and Monnier, 2009
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Specifications of the 1D model

The goal of this work is to develop a new model, based on the
shallow water equations, that is:

+ generic enough to not require empiric friction coefficients;

- consistent with the 2D shallow water in the asymptotic regime
corresponding to an estuary or a river;

- hyperbolic;

- easily implementable (collaboration with the SHOM for flood
simulations, ocean model forcing, ...).
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1. Governing equations



The non-conservative 2D shallow water system

water height: h(x,y,

h:+V - (hu)=0

ut+u-Vu+thg<Vz

ul|ulj
C? hp

)

Z(X,y): known river shape

*u = (u,v) isthe water

velocity

- g is the gravity constant
« Ch(x,y) is the (known)

Chézy friction coefficient

* p = 4/3 s the friction

exponent
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Introduction of reference scales: the coordinates

X
o
dimensional reference non-dimensional
quantity scale quantity
longitudinal " ) 60000m) X =2000m X=X € (0,30)
coordinates X
transverse . _o5m. 25m) Y =50m y— % € (—0.5,0.5)

coordinates




Introduction of reference scales: the topography

Regarding the geometry, we assume that Z(x,y) = b(x) + ¢(x,y), where:

* b(x) represents the main longitudinal topography, driving the
flow from upstream to downstream;

« ¢(x,y) represents small longitudinal and transverse variations.

Thus, h + ¢ represents the altitude of the water surface.

h(x,y)

front view of the river

b(x)

side view of the river
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Non-dimensional form of the 2D shallow water system

We introduce the following non-dimensional numbers to emphasize
the different scales of the flow:

* F?, the reference Froude number (ratio material/acoustic velocity),
« §, the shallow water parameter (ratio height/reference length),

* Ry, the quasi-1D parameter (ratio transverse/longitudinal velocity),
* lg and Jo, the reference topography and friction slopes.

Finally, the non-dimensional form of the 2D shallow water system is:

_ o _ [ — 1 U+/U2 + R2y? —
Ug + Ul + Vg + (A + ) = (Jo“ /obx>,
X

P2 5F2 C?hP
I Jo V\/T2 + R22
Vf%’UV;%*VVy%’Ran(h%*¢>i ‘*ng‘ggiiﬁgggf.
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2. Asymptotic expansions



Asymptotic expansions setup

In the regime under consideration, we have

2

OF
. a.fj—<<1(|n practice, F2 < 1,6 < 1, Jo < 1and Jo ~ 9),
0

+ R, < 1(quasi-unidimensional setting), and R, = O(e).

Highlighting the dominant terms in the system, we get:

h: + (hu)x + (hv), =0,

1 uvur+ev? |
ut+uux+vuy+f—(h+q>) <°bx>,

e Jo € C2hp Jo
15 u? + €2v?
Ve + Uvyx + vvy + 570(“% ———

Goal: Perform asymptotic expansions in this regime, to better
understand the weak dependency of the solution in y.
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Free surface expansion

We consider the third equation:

1 1vvVu? + e?v?
Vi + UV + vy + ] (h+d)) gw,

which we rewrite as follows to highlight the dominant term:

vy 2 + €2v2
]O(h-i-cb) W—s—f(vt—i—uvx—s—vvy).

Neglecting the O(e?) terms, we get

] (h+d>) 0(e?),
0

2 —
and there exists H = H(x, t) such that e )¢¢(X y)IH(X)
H(X\t) — h(nyat) + (b(xay) + O<£2)‘

~~ the free surface is almost flat in the y-direction, up to O(¢?)
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Longitudinal velocity expansion

Highlighting the dominant terms, the second equation (times ¢) reads:

156 1 uvu? +e2v2z g
Ut+UUX+VUy+EE(h+¢)X: £<_C2hp_j0bx>

To perform the asymptotic expansion of u with respect to ¢, we write
u(x,y,t) = usp (%, 1) + Oe).

Since h+ ¢ = H + O(€?), straightforward computations yield:

) =~ (H—- )",

VIAI

| o
where we have defined the corrected slope A(x,t) = ——2b, — ]—HX.

0 0
Next step: Build a consistent with these expansions.
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3. Transverse averaging



The river cross-section

To obtain a 1D model, we start by averaging the 2D equations:
below, we display the cross-section of the river, with respect to x.

V4 V4
H(x) L IO
Y+
S(x):j h(x,y) dy
(x)
hix,y) :J” L(x,2) dz + O(e2)
0
L(x,2)
z \ >
d(x,y)
z=0 }
o y
X
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Averaging the 2D system over the river width

1. The original mass conservation equation reads:
ht + (hu)x + (hv), = 0.

Therefore, since v(y_) = v(y,) = 0, we get:

Y+ Y+
J htderJ (hu)xdy=0 = S5+Qx=0,
y y

Y
where the averaged discharge Q is given by Q = J hu dy.

2. Arguing the mass conservation and integrating the second equation
between y_ and y, vyields:

Y 1 Y+ IO 1)
ot+<J hu2dy> :,J h(—bx—(h+q>Jx)dy
y < &ly Jo Jo

1JV+ uvu? 4 g2v?
3

y,  C2hp
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Averaging the 2D system

Finally, the averaged system reads as follows, up to O(e?):
St F QX — O)

y 5 1 Y+ ulul ‘
Qt + <L hu dy>XE /\SL 2= dy | +0O(e).

Next step: From the averaged system, build a truly 1D model that is
zeroth-order accurate (up to O(e)).

That is to say, the new model needs to ensure Q = Oég) + O(e), where

Y+
Q= | hulg'ay

= +/|Alsgn(A) Jﬂ C(H— )P/ 2dy.
y_—
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4, A zeroth-order model



Setting up the model

The integrated discharge equation, highlighting the dominant terms
and multiplying by ¢, is

Y+ u|u| Y+ 2 2
/\S—J' T ———=dy=¢|Q+ 7hu dy ) +0(€?).

y—
At the zeroth order, i.e. up to O(¢), the right-hand side of this

equation is neglected, and we get:

/\SL app 4V = 0(e).

We cannot directly use this equation in a 1D model, since it contains
the unknown u, which depends on y.

Instead, we approximate the integral, up to O(e), with a
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The friction model

First, we choose this 1D friction term as a usual hydraulic
engineering model. Thus, we impose the following formula:
Qal

— = dy + 0O(e).
s L cpp W +0(e)

It contains a 1D friction coefficient® C;p, to be determined.

According to the discharge equation, we get, up to O(e):

aal , aQ
s AS+0(e) = (= G2

+ 0O(e).
Second, we impose Q = Qég) + O(e), to get the following expression
of the friction coefficient:
(0)1H(0)
2 — Qap !on }
1D /\52 *

5The coefficient €2, usually contains the hydraulic radius, the Chézy coefficient, ...
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The final system

With the new friction model, the discharge equation reads

Y
AS — % = E(Qt+ (J hu? dy) ) + 0O(e).
C‘IDS — X

We choose to approximate the integral in the flux to describe the
advection of the discharge:

Y+ 2
S L) -
EJ' hudy = e~~~ =g

Y-
Y- J hdy

The resulting discharge equation is

(@0(2)) sr- 22) v
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The final system

Finally, the zeroth-order accurate 1D system reads:

St+Qx =0,
()2

1
Q + <S)X= 1S(A ),

Let us double check that this model is sufficient to recover the
zeroth-order expansion of Q.

With Q = fogdel + O(e), we get, at the zeroth order:
d
Qlq|

Qﬁr?c:del { Qr(r?czdel |
Qz0 Q3o |

O(e)
Q30 Q0|

A=7J+0(e) = A=A +0(e)=A

— Q¥ =a¥ + o).

model
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The final system

Finally, the zeroth-order accurate 1D system reads:

St+Qx=0,

Q? 1 Iy 5 >
=) = Is(— %, 2Ho—g).
Ot+<5)x € ( Jo Jo g
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The final system

Finally, the zeroth-order accurate 1D system reads:

St+Qx =0,

Q? lo 5 >
bx - X - .
Q: + < 5 )X ]0 To d

J
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The final system

Finally, the zeroth-order accurate 1D system reads:
St+Qx =0,

2 SH, 1
Q+ <Q> + 2= 50— 9).

S P

This form is quite similar to that of the the usual models.
All the complexity lies within the friction model J and in the expres-
sion of the friction coefficient Cyp.

~+ We have derived a zeroth-order model governed by a hyperbolic
system of balance laws.

~+ We also enhance this approach to derive a first-order model,
based on the energy equation.

Next step: Numerical validation of these models.
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5. Numerical validation of the model



Numerical schemes

To handle the stiff relaxation source term, we introduce an implicit
splitting procedure.

The zeroth-order model is made of a non-stiff part and a stiff part:
St+Qx =0,
19

Q 1
Q: + <S>X+ E]T)SHX = gs(j — 7).

First, we consider the non-stiff part:

St+Qx=0,

2
ar(2)-o

which we discretize using an upwind finite difference scheme.
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Numerical schemes

Second, we consider the stiff part:

S =0,
Qi+ 125, = s —g).
€Jo I3

Since S; = 0, we are left with the following ODE on Q:

1 Q@
Qt = S/\(1 - (0)2>,
‘ (@)

which we can solve exactly, to get

1
tanh( = t) —Q(O)
(0) (0)
_ A0 €1Qp | Qp (0)
Q(t) = Q,p 0 -
1 SIA] ) Q(0) 0
1 +tanh *wt W
elQpl / Qp
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Unsteady flood flow

We consider a 5-year flood for the Garonne river upstream of
Toulouse; we take F = 0.09 and ¢ ~ 0.175.
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Unsteady flood flow (2D: ref. sol., AO: 0t"-order, A1: 15t-order)
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6. Conclusion and perspectives



Conclusion

We have developed a new 1D model, based on the 2D shallow water
equations, that is:

- consistent, up to first-order, with the 2D model in the asymp-
totic regime corresponding to a river flow:

» the zeroth-order is obtained with a new explicit friction term,
» the first-order relies on new equations describing the evolution
of the energy;

« hyperbolic;
« easily implementable and numerically validated.

The preprint related to these results is available on HAL:

V. Michel-Dansac, P. Noble et J.-P. Vila, Consistent section-averaged
shallow water equations with bottom friction, 2018.
https://hal.archives-ouvertes.fr/hal-01962186
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https://hal.archives-ouvertes.fr/hal-01962186

Work related to the model:

- improve the treatment of the river meanders by going to the
first-order instead of the zeroth-order

- adapt this methodology to treat confluences

+ consider a time-dependent topography to model the effects of
sedimentation

Work related to the implementation and scientific computation:

- compare the 1D results to the ones given by a fully 2D code, in
real test cases (Garonne, Léze, Gironde, Amazon, ...)

- couple the 1D and 2D equations in the context of the Gironde
estuary (collaboration in progress with the SHOM)
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Thank you for your attention!



First-order model

The first-order model is:

St+Qx =0,

? Syl HX 1 Syip)
ot+<o+‘v> il e = s|1- 20— 3v)
S N € (0)
(a5 (2:5)
1Q? 1Q* 1 QHX71 .
<25 ) < <25 2 >> = 0=d)
1 STy
<(W3W)> = *Q ,2D 5 (dw — ).
2 ¢ £ (QL0)>
2D

It ensures the correct asymptotic regime, that is to say

Q=Q\Y) + Q) +0(e?).

In addition, it is hyperbolic and linearly stable.



Non-dimensional form of the 2D shallow water system

To emphasize the different scales of the flow, we perform a
non-dimensionalization of the 2D system.

We introduce the following dimensionalization scales and related
non-dimensional quantities (which are denoted with a bar, like X):

h:==%h, u:=Ult, v:=W, x=XX, y:=Yy, t=7Tf T:= %
The mass conservation equation
% + @ + @ =0
ot ox dy
then becomes

gCah Ik 3V dhv
Tot X oX Yy oy



Non-dimensional form of the 2D shallow water system

The non-dimensional conservation equation is
E@+@@+&@f e @_’_@4_2%@*
JTot X X y oy 77 a9t ox  UYoy

We set R, :=V/U and Ry :=Y/X, to get

oh , ok , R, ohY _
dt ' X ' Ry oy

We have

« V < U (quasi-unidimensional flow) = R, < 1,
+ Y <« X (quasi-unidimensional geometry) — R, < 1.

We assume R, = Ry to keep the mass conservation equation
unchanged from the dimensional case.



Non-dimensional form of the 2D shallow water system

Regarding the geometry, we assume that Z(x,y) = b(x) + ¢(x,y), where:

* b(x) represents the main longitudinal topography, driving the flow
from upstream to downstream;

« ¢(x,y) represents small longitudinal and transverse variations.

The related non-dimensional quantities are
_ap(X —xe(X Y
b_Bb<x> and d)-%d)(x,%).

The non-dimensional topography gradient then reads:

Bob _ Hob _ _
_— y&(XHya(x,y)
Hop



Non-dimensional form of the 2D shallow water system

Regarding the friction, we take C, = CC(X,¥).

The non-dimensional friction source term then reads:
U VU0 + V22 U T\/T2 + R2V2
ulu | 3 e GG T

VVIZTZ + VI2 VUl /T + R22

C2 hp
CHP C2hP CHP ChP




Non-dimensional form of the 2D shallow water system

We are finally able to write the non-dimensional form of the 2D
shallow water system: from the dimensional system

he +V - (hu) =

_ ujjuf
ut+u.Vu+th_g<VZ Che )

we get the following non-dimensional form:

he + (hl)x + (hV)y = 0,
2 2 2 22 _
W Yo s Won o gﬂ{( ), _g( U U/0% + REV Bbx>’

X X y vty CHP C2hP X

YU VU V2 gH e - VIU| V+/T2 + R2V2
va—kyuv;—i—gvvy—k v (h+¢)yg<_ej-cp & .



Non-dimensional form of the 2D shallow water system

We are finally able to write the non-dimensional form of the 2D
shallow water system: from the dimensional system

he +V - (hu) =

_ ujjuf
ut+u.Vu+th_g<VZ Che )

we get the following non-dimensional form:

CHP C2hP X

_gx (_ U V+/T2 + R5v2>.

CHP 2P

93¢ /7 ) _gx< WU T+/U2 + R2V2 ‘_Bb)
_ X |»
X




Non-dimensional form of the 2D shallow water system

We introduce:
u2
« F2 = — the reference Froude number,
gH

e 0= % the shallow water parameter,

B uul

*lp==andJg = RG]

Y the topography and friction slopes.

g gt | U O @itlal ] :
ith T - 1R iP and IR AT Ran,Weﬁnallyget.

B VA/T2 + R2V2
vt+uvx+vvy+R2F2(h+<b>7: Jo VYU E RV
y
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