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Introduction

This document present the work I have made during my internship, as part of my second year
of Masters. The internship took place at Inria between 13 February and 11 August. I was under
the supervision of Emmanuel Franck, Emmanuel Opshtein and Laurent Navoret, researchers at
Inria and Irma.

Inria (for Institut National de Recherche en Informatique et Automatique) is a public es-
tablishment created in 1967 within the framework of the Plan calcul, a governmental plan
intended to develop French knowledge in the field of digital technology and to ensure the digital
sovereignty of the country. Today, it has 200 teams spread over 10 research centers, bringing
together a total of 3,900 researchers and engineers in mathematics and computer science [13].
The institute works by équipes-projets, groups of about twenty people working on the same
project and for the most part in collaboration with companies [13]. The Nancy research centre
was founded in 1986 and today has 20 teams bringing together over 400 people. It has a branch
at the University of Strasbourg, where researchers from the TONUS team (for TOkamaks and
NUmerical Simulations) work, including one of my supervisor, Emmanuel Franck.

Irma (for Institut de Recherche en Mathématique Avancée) is a research centrein mathe-
matics under the administrative supervision of the University of Strasbourg and the CNRS (for
Centre National de la Recherche Scientifique) [14]. It has been created in 1966 as the first
research centre associated to the CNRS, a public establishment itself created in 1939 in order
to structure and galvanise the French public research [8]. Irma counts about 130 members
distributed in 7 research teams including the Geometry team, to which Emmanuel Opshtein
belongs, and the MoCo (for Modélisation et Contréle) team, to which Laurent Navoret belongs.

This internship is in line with last year internship, where we studied linear reduction methods
for Hamiltonian systems. The aim of this year internship was to extend and improve those
methods in the non-linear case. Hamiltonian systems are systems of partial differential equations
whose flows have the particularity to preserve the energy of the underlying physical systems.
In geometry, those problems are studied in the field of symplectic geometry. Given a partial
differential equation, the objective of a reduced order model is to find a family of functions which
alone can explain a large part of the behaviour of the equation solutions. The interest of reduced
order modelling is that it allows a faster computation of solutions at any time and for any value
of the equation parameters in the interval considered during reduction. As we observed during
my last year internship, linear methods such as Proper Symplectic Decomposition (PSD) gives
good results for linear Hamiltonian equations but fail for non-linear one.

The main task of my internship was to think of ways to improve the reduction we obtain
with PSD. We have worked on two approaches of this problem. In the first one, we try to



correct the application that sends the solutions on the reduced space given by the PSD. Here,
we used quadratic corrections and mainly tried to adapt to the Hamiltonian case a method
proposed in [11]. This task then involved references readings, mathematical computations to
set the problem and programmation (in Python). After fruitless tests for several variations of
this idea, we put it aside and start working on the second approach. The second idea is to
directly build a Hamiltonian dynamics in the reduced space given by the PSD. Here, we used a
control-type method with an explicit computation of the gradient to achieve it. This involved
mathematical computations using the adjoint method to find an expression of the gradient we
were looking for, reflexion on the resolution of the associated optimisation problem and coding.
The tests we have made so far have given promising results.

The second part of my internship was devoted to being familiar with some geometrical tools
that we expect to use in future works to build models for Hamiltonian problems. I fulfilled this
task in parallel with the first one. As the first task, it was divided into two parts that I carried
out one after another. In a first time, I was asked to being familiar with generating functions,
a kind a application very useful to build symplectic maps. As the central idea of Hamiltonian
reduction is to find a good symplectic reduction, this tool may prove to be useful in future
works on the subject. In the field of learning Hamiltonian dynamics with neural networks, this
idea has already been exploited in [6]. Then, the objective was to get familiar with techniques
based on what we call h-principle. Those techniques are used in symplectic geometry to prove
the existence of symplectic embeddings between two manifolds. In our case, we expect to use
them to prove results which would give geometrical guaranties to the reduction methods we
are interested to build. To complete this task, I read [16] and [2] to learn about generating
functions and [9] to learn about h-principle.

What follows is divided into two parts that correspond to the two main task I worked
on, starting by the numerical part and finishing by the geometrical one. We only present the
hyperreduction via control approach and the notions we learned about h-principle, since it is
the parts that are expected to give the better results in short time after the internship. What
we did on quadratic corrections and generating functions can be found in appendices.
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Numerical part



1 Context

1.1 Hamiltonian systems

In what follows, we consider a symplectic manifold (M, w) and we study Hamiltonian systems,
i.e. systems of the form
{i=aXH@%

x(0) = xo,
with Xz € I'(M) the Hamiltonian vector field defined by
w(Xg, ) =dH,

for H : M — R a Hamiltonian function.

If we also consider, in addition to the symplectic structure induced by w on M, a Riemannian
structure induced by a metric g on this same space, the 2-form w can be formulated in terms
of g, like any bilinear form: for all x € M, there exists A,,, such that for all u,v e T, M

we (U, v) = g(Aw, u,v).

The matrix A must be skew-symmetric and non-degenerate. Note that g introduces another
structure on M that is not necessary for our purpose. Nevertheless, when we work on R?",
using the Euclidian stucture simplifies computations.

We first consider M = R?" with the standard symplectic form w = dp Adq and the Euclidean
structure induced by the standard scalar product {-,-). In this case, for all u,v € R?",

w(u,v) = {Japu,v),

0 -I,
s (2 Y.

The previous system is then rewritten as

where

i = JonVH(z). (1.1)

If we write z(t) = (p(t), q(t)), this is equivalent to
oH

Dt = _aiq(p7q)7
oH
q = Tp(p’Q)'

7



1.2 Hamiltonian reduction

1.2.1 Goals

We consider the problem

24(0) = 20(9)

where z, has value in M and g € G is a parameter for the equation which can affect the
Hamiltonian function as well as the initial condition.

{jzg = X, (g), (1.2)

Here, we will consider partial derivative equation, where the Hamiltonian H, has the form
Hgy(z) = §,.q f(u,z)du, where Q is a subset of R? for a certain d € N*. At each time ¢ € [0, 1],
the solution z4(t) is therefore a function of €2, a point in an infinite dimensional space. To
compute numerically z4(t) for a given g, we discretise € into m points, or cells. The numerical
solution at ¢ is then a point zy*™(¢) in a space of (finite) dimension 2n = dim (M) x m. This
way, we reduced the inital PDE problem to an ODE one. To ensure numerical stability and
obtain an accurate solution, the integer m is usually chosen quite large. For this reason, the
resolution of this problem over [0, 1] for a lot of different values of g is expensive in terms of

time and computing resources.

However, if G is of low dimension, we expect that the space of solutions ¥ = {xr e M | dge€
G,te[0,1] | x = z4(t)} is also of low dimension. However, we still need to compute them
in high dimension, which is the space where our numerical solvers work. The aim of a reduce
order model is to compute the solutions in the low dimensional space ¥ without mention of the
high dimensional space. For that, we need f: ¥ x G — TX, Zp: G — Y and D : ¥ — R?" such

that the solutions Z4 : [0,1] — X of
i‘:f(/\ag% (1 3)
£(0) = Zo(9)

verify D(&g) = z3"™ (t).

To achieve the reduction, we start by computing some solutions of the original problem 1.2
in high dimension. From these data, we then look for 3, D and f. In short, building a reduced
order model consists in extracting a low dimensional dynamics from a data set.

Here, we focus on reduced models such that 1.3 is also in Hamiltonian form. We then
suppose that ¥ is a 2k-dimensional manifold, that we will denote by ¥2*, for k « n, and we
look for a function f such that

fl9) =Xy, = JorVH,

for a certain parametrised Hamiltonian function A g: »2¢ — R. The problem 1.3 then becomes:
(1.4)

Remark 1.1. The reason why we look for another Hamiltonian system in low dimension is
that previous works in the field of reduction for Hamiltonian systems showed that the induced
reduction usually gives better results in term of stability and accuracy (see [1]). Here is a
completely informal discussion about why this could not be surprinsing. In fact, it seems
reasonable since we then compute trajectories in low dimension using the same kind of rules than



in high dimension. In particular, we know that the Hamiltonian is conserved along trajectories
and this property is physically important since the Hamiltonian usually represents the energy.
If the Hamiltonian in low dimension is well chosen, its conservation along trajectories in low
dimension may be a guaranty that the energy actually does not vary in the high dimensional
space. By conserving the geometrical structure on the space of solutions, the tools available to
describe them are still at our disposal and then the numerical solvers specially created to be
stable while integrating the solutions in high dimension has good chances to work also in the
low dimensional space. However, we have to note that we may not catch the actual dimension
of the solution manifold, which can even be odd. We therefore look for a symplectic manifold
2k of very low dimension on which the original problem has a Hamiltonian formulation.

For the reduction, we need a proper low dimensional symplectic manifold (£2*,7). In the
methods we will present here, we always first start by building ¥2* and and we always build it
as a submanifold of (R?",ws,) where wa, is the usual symplectic form on R?". In particular,
the symplectic form 7 will be the restriction to 32* of wy,. This implies that X2* is a symplectic
submanifold and so that the inclusion i : £2* — R?" is symplectic.

From now on, we assume that $2* is symplectically parametrised by R?*. We call decoder
the map D : R?** — R?" which associates to the coordinates of a point Z in ¥£%* the point i(x)
in R?" and encoder the map E which associates its coordinates to a point of £2¥ as submanifold
embedded in R?". In practice, we choose the submanifold ¥2* by the mean of D, which is the
object that we actually build.

1.2.2 Reduced model

The assumptions we have made on £2* implie that D is isosymplectic and so that D*wa, = way,
which is equivalent to
wan (dz D(u),dzD(u)) = wop(u, v)

for all 2 € R?* and all u,v € R2*.

Using the expression of wa, and wsy, in terms of the scalar products on R*® and R?*, we
immediately find that a necessary and sufficient condition for d; D to preserve the Hamiltonian
structure is given by

t{d;DIopdsD = Jo, Vi € R, (1.5)
Equation 1.1 can be rewritten as
VD(2)z = IVH(D()).

From the definition of the gradient in R?", we get V(H o D)(2) = 'VD(2)VH(D(%)) for all
# € R?* where VD(Z) represents the Jacobian matrix of D at # € R?*. Then, if we multiply
the previous equation by tJ9,'V D(%)J2y,, the condition on dz D gives

t 3oV D(2)I 2,V D(2)2 = tJ9, 'V D(2)I 2,2,V H (D(2)),
= o Jor2 = I 'VD(2)(—I2,) VH(D(2)),
— & = Jo,V(H o D)(&).
The original problem thus takes a Hamiltonian form in the low dimensional space:

& = Xuop(#).



When we have D and ¥?*, we have not finished the reduction. If we want to compute the
solutions in the low dimensional space without coming back at each step to the high dimensional
one, we need to find an expression, or at least an approximation, of H o D. This last step is
called the hyperreduction.

1.2.3 Linear reduction

First, let us assume that the equation depends linearly on the parameters and on time. We
then look for a linear reduction, in other words, for a matrix A € May, ok, (R) which preserves
the Hamiltonian structure. In this case, the symplecticity condition (1.5) becomes

AT A = Jop.

Symplecticity conditions for linear maps

A matrix A € My, 91(R) is said to be symplectic if it satisfies the above condition. If we
decompose A into four submatrices Aq, As, A3, As in M, ;(R) such that

(A Ay
= (1),
PATo A — PAy TA3\ (0 I\ (A1 A\ [(TAr A3\ [(—As —As
AT N\tAy tA )\, 0 As Ag)  \tAy TA,) \ A A

_ tAgAl — tAlAg tA3A2 — tA1A4
PALA] —TA A3 PALAs —TA AL )

we have

Then, A is symplectic if and only if Y A3 A1 and * A4 Ay are symmetric and t A, A1 —t Ay A3 = I;,.

Encoder and symplectic inverse

When a linear map links two spaces that do not have the same dimensions, it is hopeless to
try to inverse it. However, when it has full rank, it admits a left or right inverse which takes a
simple form in some cases. For example, it is the transposed for orthogonal matrices. It happens
that in the symplectic case, we also have a simple expression for the left or right inverse.

We define the symplectic inverse of a matrix A € Moy, o1, as

A+ = tJthAJQn.

It is easy to check that if A is symplectic, then AT A = Iy and '(A™) is symplectic: if A is
symplectic, then using the fact that Jop is orthogonal,

Similarly,

AT J9, AT = ("Tak" AT o) T 20 (" T2 AJog) = Tk (PAT 2 A)Jop = Tk Tk Jok = Jox.

Since it is a left inverse of A and since it is symplectic if A is symplectic, then it is a
reasonnable choice for the encoder if A has been chosen to be the decoder.

10



Proper Symplectic Decomposition

To perform a linear reduction, the idea is to find a symplectic matrix A € My, 21, (R) such that
AZ is as close as possible to z, where Z is the solution of the reduced problem induced by A
and z is the solution of the initial problem.

To do this, we first compute the solution of the initial problem for some values of the
parameters and time and we evaluate the difference between these solutions and their images
after encoding and decoding, i.e.

IS — AATS|p. (1.6)

We would like to minimise this loss. However, as an examination of the symplecticity
conditions shows, the set of symplectic matrices is not bounded. Therefore, this optimisation
problem does not admit an explicit solution. Several methods have been proposed to find an
optimal A under additional constraints. We present here the Proper Symplectic Decomposition,
also known as cotangent lift or complex SVD, which is an adaptation of the Proper Orthogonal
Decomposition in the symplectic case.

We restrict the space where we look for the minimum of (1.6). The idea is to look for an
operator A of the form
¢ 0
G o)

with ¢ € O(n). As shown in [18], this is in fact equivalent to choosing the k columns of ¢ among
the {q1, ..., Gm,P1, ..., Pm} using classical POD.

1.3 Application to a piano vibrating string

In this work, we test the reduction on a set of equations modelling a piano string vibration,
proposed in [5].

1.3.1 The model

We consider the following problem:

2U(z,t) = 0. [VV(&ZU(z,t))] V(z,1) € Q2 x Ry
U(z,0) = Up(z) Vz e Q,
0tU(2,0) = Uy (2) Vz e Q,
U(z,t) =0 V(z,t) € 092 x Ry.

In what follows, U(z,t) = (v(z,t),u(z,t)) represents the longitudinal and transverse varia-
tions of the position of the point z in a piano string on the oscillation plane. The domain {2 is
the interval [0, 1].

Let ¢ = (u,v) and p = (0w, 6yv). The previous equation is rewritten

Jq
a =D,
P _ ofvvie)

11



It has a Hamiltonian formulation with the energy function
L oo
H(p.q,t) = . 5 PlI” + V(d:q)dz.
Indeed, on the one hand
1 1
Hp+1f,0.0) = | 5P+ V@) + | pepide+ | S0/Pdz = Hp.a.6) + ')+ ol

from which
VoH(p,q,t) = p.

On the other hand,
Hip.a+d.0) = | 5P+ V@i + | Ve adds+ | oo
= Hip.a.t) + [ 9V(@0)- 2ud'ds +oflq])
After an integration by parts, since by hypothesis ¢’ is zero on 02, we find
| v iz - | avves - da

from which

V. H(p,q,t) = —=0.VV(0.q).

The Hamiltonian is thus separated. The term in p represents the kinetic energy and the one
in ¢ the potential one. We study different expressions for V', all given in [5].

To solve this problem in high dimension, we use Stormer-Verlet symplectic solver, given in
[12].

1.3.2 Application of the PSD

One of the potential energy proposed in [5] induces a linear model. As we have seen in a previous
work (see my M1 internship report), the PSD works well in this case. As we see on Figures 1.2
and 1.1, this is not the case for a choice of V' which leads to a non-linear model. This work
aims to find reduction methods that improves the results we get with the PSD. We therefore
not consider the linear model and focus on the non-linear one, that we present now.

We consider V(u,v) = 15%u? + $0% + 4 (u?v + Fu'), which yields the following system:

02y = az[(1 — a)u + a(dud + %(azu)ﬁ‘))],
2 o 2
2 =0, [azv + 5(2:u) ]

Numerically, we approach first and second derivatives with finite differences:

u(z”l) _ u(zz)
Az

O,u ~

12



and

9 w(Z) — 2u(2?) + u(zth)
Opu ~ Az? .

As we see on Figure 1.2, reduction using PSD gives inaccurate reduced models for k = 5.
The bumps are too sharp on the solution computed with PSD and one can see some oscillations.
Looking at H' errors and energy, the model built with PSD produces an unstable solution.

When we take k& = 10, these problems are still visible. To obtain a satisfactory solution
with the reduced model, one should increase the reduced space dimension and take k = 20.
This in fact means that the reduction failed because we did not succeed in capturing the low
dimensional structure of the problem. We can deduce that the problem we want to solve here
is too far from being linear to admit a linear reduction. If we still want to use PSD, we thus
have to look further to improve the reduction.

0016 X =
— L% PSD N —— H'PSD —— modéle réduit, PSD
25 Starmer-Verlet en grande dimension

0014
0012

2 ‘ ‘ =0
0010 | 15

0.008

Figure 1.1: We represent an estimation of the errors made on the string position (left) and
speed (middle) through time and the variations of energy during time (bottom). The reference
solution is the solution we computed in high dimension. The estimation of error was made on
the trajectories computed for g = 0.81. The reduction was made using PSD with &k = 5 using
10 trajectories, computed in high dimension with explicit Stormer-Verlet scheme, for values of
¢ uniformly sampled in I = [0,1], n = 200, dt = 0.0005 and m = 500. Trajectories in low
dimension were computed using the reduced model with the same discretisation in time and
space. Initial speed in high dimension was 0 for all z € [0, 1] and initial displacement was given
by x +— (0.2sin(27z),0.1sin(27x)).

13



Werlet explicite en grande (n=200) dimension - position x Solution aprés compression/décompression, PSD - position x Modéle réduit, PSD - position x

0100
0075
0050
0025
0.000

~0.025

-0.050 -0.05

-0.075
-010

-0.100

X

05

00

¥

-0.05 -0.05 -0.05

—0.10 -010 -010

015 -01s -0.15

—020 -0.20 -0.20

0o 02 04 06 08 10 00 02 04 0% 08 10 0o 02 04 0% 08 10

Solution aprés compression/décompression, PSD - vitesse y

0.00

—0.25 -0.25

—0.50 -050

~07s -0.75

Figure 1.2: Numerical solution of non-linear piano string equation with g = 0.81. The first
column represents the piano string position and speed for different times computed in high
dimention. The second one represents the trajectory we obtain after compression and decom-
pression of the previous ones. The third column represents the decompressed trajectory we
obtained with the reduced model. On the first line, we show the horizontal speed of the string
in function of the position x on the string. On the second line is the horizontal displacement
of the string in function of z. On the third line is the vertical speed in function of z. On
the fourth line is the vertical displacement of the string in function of x. The reduction was
made using PSD with k = 5 using 10 trajectories, computed in high dimension with explicit
Stormer-Verlet scheme, for values of g uniformly sampled in I = [0,1], n = 200, dt = 0.0005
and m = 500. Trajectories in low dimension were computed using the reduced model with the
same discretisation in time and space. Initial speed in high dimension was 0 for all z € [0,1]
and initial displacement was given by x — (0.2sin(27z),0.1sin(27x)).
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2 Hyperreduction with an optimal
control approach

In this chapter, we suppose that we have already performed a Proper Symplectic Decomposition
or any other linear reduction method that gives a decoding map D : R?** — R?" from the low
dimensional space, where we want to compute the solutions of the studied Hamiltonian system,
to the high dimensional space, where we originally compute them. We also suppose that the
same method gives us an encoding map E : R?® — R?* to compress solutions from the high
dimensional space to the low dimensional one. Recall also that the Hamiltonian system is
supposed to be parametrised by a certain ¢ € G and that this parametrisation can affect the
Hamiltonian function H and the initial condition xy. In the following, they will be denoted H,
and zo(g).

In the original PSD approach, we then compute solutions in low dimension using the Hamil-
tonian obtained by composition of the Hamiltonian H, of the original, high-dimensional, prob-
lem with the decoder. Of course, computing solutions this way is as costly as computing them
in the classical high-dimensional way. This is why we usually add a hyperreduction step to the
reduction, which consists in finding a Hamiltonian function in low dimension which interpolates
H,oD.

Here, we take another approach. Instead of interpolating Hy o D, we directly want to find
the Hamiltonian in the low dimensional space that gives the more accurate trajectories, that
is trajectories which, when decompressed in the high dimensional space, are the closest to the
those that are computed in high dimension. This is achieved using an optimal control approach.
In the field of learning Hamiltonian dynamics with neural networks, this kind of methods have
been used in [7, 19, 15] for instance. Here, we use a method of type Sparse Identification of
Non-linear Dynamics (SINDy), proposed in [3]. It briefly consists in taking the target function
Hy, = Zfi 1 0 fi in the space Vp spanned by a set of given non-linearities F' = {fi, ..., fx}. We
would like that for all admissible parameter g € G, the decompressed low dimensional trajectory
Dz, with g 4 defined by

{a*ce,g(t) = X, (T0,4(1)) Vte[0,1], (2.1)

29,4(0) = Exo(g),

is as close as possible to the high dimensional trajectory x4, defined by

z(0) = wo(g),

ig(t) = X, (2,4(t)) Ve [0,1],
(
where zg : G — R?* is given.

15



Coefficients 6 = (61, ...,0x) are then chosen such that the decompressed flow of Hy and the
flow of H are as close as possible, while keeping a lot of coefficients exactly equal to zero. We
detail the application of this method to our problem in the following section.

2.1 Problem setting

Let F = {f; : R* — R}; € [1,K] with K € N a family of non-linear functions of class C?
and Vg the finite dimensional Hilbert subspace spanned by F. For § € R¥, denote by Hy the
element of Vp such that Hy = Zfi 1 0i fi. In the following, we are looking for the value of the
parameter 6 which minimises the loss

c<e>=j f Do g(t) — g(t)|3udgdt.
geG Jte[0,1]

where 2, : [0,1] — R?* denotes the solution of the problem 2.1.

Recall that G is the set of admissible parameter for the high dimensional Hamiltonian H,
and x4 : [0,1] — R?" is the trajectory of z¢(g) along the flow of H,. We also denote by E and
D the linear encoder and decoder built at the previous reduction step using the PSD.

A classical method to find numerically a value close to an optimal value, is a gradient descent.
To implement it, however, one needs the gradient of the loss £ with respect to the variable 6.
The following computations aims to find it.

To simplify further computations, we introduce the loss function
N 2
£y0) = [ [Diog(t) ~ y(0)Bedt.
te[0,1]

Remark 2.1. Note that if we have the gradient of £, for all g € G, then we simply obtain the

gradient of £ by integration over G. Indeed, for all # € R¥, we have L(0) = SgeG Ly(8)dg. We

suppose that we already have proved that L, is differentiable and we assume that G is chosen
such that we can derive £ under the integral. Then, for all h € R

K
doL(h) = doLy(h)dg = VL) -hdg= J Z 0iLy(0)h; dg
geG geG 9€G ;=1
K K
= Z hif 0iLg(0)dg = < VLy(0)dg, h>
i=1 9eG geG K

We deduce that VL(0) = SgeG VL4(0)dg. In what follows, we will therefore restrict our study
to the case where G = {gp} and skip mentions of g in our notations.

2.2 In-out application

Denote by F : RX — H'([0,1])?* the application which sends a value of the parameter 6 to the
trajectory £y generated by Hy in low dimension. In the following, it will be called the in-out
application. Let also f : H'([0,1])* — R be such that f(#) = |Dz — || £2([0,17)2+- We have
L = foF so, provided that both f and F are differentiable, the chain rule gives

dg[: = d]:(g)f o d@]r
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If the variationnal method gives immediately the differential of f, it does not work with F,
which is implicitely defined. The strategy that we develop here is a classical method of optimal
control. Briefly, it consists in finding what we call an adjoint state, build to satisfy a well-chosen
ordinary differential equation. Inserted into the expression of dyL, it allows to neutralise the
problematic terms.

2.2.1 Regularity of F

In the first step, we find a differential equation for dyF. Before that, we have to prove that F
is at least differentiable. We use here the implicit function theorem to achieve this.

Proposition 2.2. The in-out application

s {RK N Hl([O, 1])2k

0 — g

where xg is solution of 2.1 for a fized parameter value g € G, is of class C'.

Proof. By translating F by the constant function xg, we can reduce the problem where xg = 0.

Consider the application

. {RK x V. — L*([0,1])%
' 0,7) — 2’ — Xp, (@)

where V := {f € H'([0,1])>* | f(0) = 0}. It is a closed subspace of H' so it is a Hilbert
space too for the H' scalar product.

We will prove that G is of class C! but we first need the following result concerning § — X Ay

Lemma 2.3. The application 0 — XH(, is linear and continuous. More precisely, we have
Xy, = X h with

X=Xyl k€ C (R, RIS,

1=

Proof. Let us first see that § — X a, 18 linear. Clearly, this is the case of § — Hy. Thanks to

the properties of the symplectic form w, this is also the case of H-> X g+ the bilinearity makes
that

WX apyr) = da(Hy + AHp) = doHy + Mo Hy = w(Xpy ) + dwo(X ) = w(X g + AXp )

and the non-degeneracy then ensures that X Hioni, = Xg, AX -

Then, since X A, = Zfi 1 0; X, if we introduce X as in the statement of the lemma, we have

X, ='X0. This gives

Hy

X loe = [ 1K) Blawde < ol [ X
zeR2F reR2k

eR

As X(z) lies in My, ik (R), which is a finite dimensional space, the operator norm || - || and the
Froebenius norm are equivalent so

2% K
1 X g, |2 < est \h\Kf |X (@) pdt = cst [Blx > D, 1Xijlz2rex r)-
zeR?2k i=1j=1
All the coefficients of X are continuous functions so the double sum takes a finite value. O
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Let us go back to G. Let 6 be a point in R¥ and x a function in V< H'([0,1])?*. Let h
and y be two small elements of the same spaces. For all ¢ € [0, 1], we have

GO0+ hyo +y)(1) = GO.2)(1) = (y/(1) — du X, (9(8) — X, (2(0)))
— (a1 ®)) + doy X, WO + 2)®))

where €1(y) and ea(h) are respectively in o(|y| 1) and o(||h] x)-

From the regularity assumption on the elements of Vi = Span(F’) and from Lemma 2.3, we
know that the terms in the first parentheses are linear and continuous in (h,y). In the second
one, €1 and €y are the remaining terms in the first order Taylor’s expansion of X a, and X a1, SO
they are in o(|y[g1) and a fortiori in o([[(h, y)|rx xg1). The last term, dy)X g (y), is bilinear
and continuous in h and y so is also in o(||(h,y)|rx xg1)- This proves that G is differentiable
and that its differential is given by

dooG(h,y) o (8) = duny X g, (0(8) — Xy (2(0)).

We now have to see that dG : R¥ x V' — L. (V,L?([0,1])?*) is continuous. The term
(y,h) — 1 does not depend on z nor 6 so it is continuous in this variables. Let us study the
term (y, h) — dy()Xp, (y(-)). Let y and h be two small elements of H'([0,1]) and R. We have

ldesg X g, = daeX g, || < lldevgX g, — duX g, Il + lldurg Xl (2.2)

where || - || denotes the operator norm for linear continuous functions between H'([0,1])%* and
L2([0, 1])%*.

For the second term in the right-hand side of the last expression, we have
K —
ety X gl < Zlhi llde+5X |l
-

with ||dp45X ¢, || = ||de Xy ]|. Infact, ¢ — 2(t) is continuous on the compact set [0, 1] so ([0, 1])
is a compact set too. Since x — d Xy, is continuous, it is uniformly continuous on z([0, 1]).
This means that

(|dx(t)+l/(t)Xfi(Z) - dx(t)Xfi (Z)2k> <e

Ve >0, 30, | YWweR¥®, |v|op < = sup B
Zl2k

zeR2F

In particular, if y(t) satifies the condition on v and z = y(t)
Ity +56) X £: (Y(1) — dainy X7, (1) |26 < €]y ()25
for all y € V and all t € [0, 1]. Passing to the L? norm, we get

lde+5 X5 (v) = de X5 (W) [ 22 < €yl L2 < ely]mn

for all y € V, which gives

sup

(Mess ) a0l
yeH ! ([0,1])%

[yl N

provided that ||§] e < 6. As H'([0,1])%* is continuously injected in C°([0, 1])2*, this condition
is satisfied when |y ;1 is small enough. Since € can be chosen arbitrarily small, this proves that
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l|dosy X — deXy,|| tends to O when [y — 0. Then, |||dz+ngﬁ\H also tends to zero as

(h,§) — 0 and the first term of 2.2 is continuous at (z,6). Replacing Xy, by Xy, the same
argument shows that the first term in the right-hand side of 2.2 is also continuous at (x, ).

Almost the same argument also shows that the term (y, h) — X 1, © is continuous at (z,0).
In fact, we have

| Xn, (x +4) — Xu, ($)|L2>

10 e +.5) = X ()] = sup ( e

heRK
<H S hi(Xy (@ + ) — Xy, (2)) rm)

= sup
heRK |7[ g
<tE [[LK]]HXfi(:E + g) - Xfi(x)HLz‘

For all i € [1, K], Xy, is uniformly continuous on the compact set ([0,1]) so
Ve>0,30..>0 | YveR¥™ |v|og <0 = (Vt € [0,1]| Xy, (x(t) + v) = Xy, (x(t))|l2r < e).

If [|y(t)|2r < deq for all t € [0,1], then passing the previous inequality with v = y(t) to the
L? norm, we obtain | Xy, (z + ) — Xy, (x)] 2 < €. Then, the continuous inclusion of H*([0,1])%*
in C°([0,1])?* makes that |g]z1 — 0 implies |y]o — 0 and so | Xy, (x +3) — X, ()| 72 — 0.

This achieve to prove the continuity of dG at (x, ) and since it is true for all element (z, )
of V x R¥, dG is continuous on V x R¥ and G is of class C!.

Now, the differential of G in the direction x at &y, which is given by
y—y —dXg (y)
is bijective. In fact, for all m € L2([0,1])?*, the system
{y' = d, Xp (y) +m,
y(0) =0

has an unique solution by Cauchy-Lipschiz’s theorem. Then, applying the implicit function
theorem, there exists an open neighbourhood Q = Q; x Qy of any (,#9) in RX x V and a
function ¢ : R — V of class C! such that

((hy) e QAGhy) =0) <= (0D ry=¢(h)).

But if G(h,y) = 0, it means that F(h) = y so F = ¢ on ;. It means that F is C! around
and since # has been arbitrarily chosen, it also means that F is C' on RX. 0

2.2.2 Characterisation of dyF
Now that we have seen that dgF is well defined and continuous, we characterise it with a
differential problem in [0, 1].

Proposition 2.4. The differential of F at 6 in the direction h is solution of the following
Cauchy’s system

Fo)0)X g, (2() + Xg, (F(O)(1)) Viel0,1], 23)

—
I -
S =
N~— N~—
il
S &
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Proof. Consider the equation
F(O+h)—F(O) =doF(h) +ei(h)

for some infinitesimal A in R® and derive it with respect to time. This leads to

ey F O+ 1)) = X, (FO)F)) = %def(h)(t) + %el(h)(t)
— Xp (FO+R)D) +Xpy (FO+h)(1) = Xz (FO) = %dg]-'(h)(t) + %el(h)(t) (2.4)

for all ¢ in [0, 1].
Now, developing X Ay X i, and F at first order, the left hand side becomes

X, (FOW®) + drioyn Xg, (6FR)0)) + dreyn X, (a(R)B) + &2 (daFR)@) + e1() (1))
+Xp (f(e)(t)) + dreyn X, (d@]-"(h)(t) + 61(h)(t)) e (dg]-"(h)(t) + 61(’1)(’5))
- X, (FO®)

for all t € [0,1]. Rearranging the terms, we get

[d}'(e)(t)ng (def(h)(t)> +Xg, (]—“(9)@))] + [d}'(G)(t)ng (61(h)(t)>
+e (dg}"(h,)(t) + el(h,)(t)) + droyn Xy, (dg}"(h)(t) + el(h)(t)> +es <d9.7-"(h)(t) + el(h)(t))] .

The function
m:heRE o (t — droyn X, (dg]-'(h)(t)) +Xp (f(e)(t))) e L2([0, 1)
is linear and continuous as sum and compositions of such functions:
2 ! 2 b 2
[m(R)]72 < L ldy 1) X 1, (doF (R)(£)) 25 dt + L I*X(F(0)(1))hllopdt
1 1
< | ey X, 12 s F O Wt + | KOOI bt
= cst |h|%.
Lemma 2.5. The other terms, that is
t droy X, (D) + 2 (dpF (1)) + 1(B)(1)) + droyn X g, (A F(W)(X) + 1 (D)),
with €243 = €3 + €3, are in o(||h||x) for the L? norm.

Proof. By continuity of dz )Xz, for all ¢t € [0,1]

9 1 1
laz X, (a0, = | TrmoXa, (a®O) Bt < | iz X, Il ler (0Ol
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As Hy is supposed to be of class C?, x — dy X 7, is continuous. Since t — F(6)(t) is continuous,
we finally have that ¢ — ||dz(g) )Xy, || is continuous on [0,1] and therefore bounded. This
gives

2 1
lz0 X, (c0)0)) |, < este | lea(m@) Budt = este fer (1)

As €1 is in o(|h||x) for the L? norm, so is ¢t — dr o)X g, (el(h)(t)).

In the second non-linear term, the fact that esy3(x) is in o(||z|2x) when z tends to zero can
be written as

Ve >0, 36, > 0 | Vo e R%*, 2] < 6 = |eass(@)on < €2z (2.5)

When h tends to zero in R¥ | dyF - h + €1 (h) tends to zero in H'([0,1]), which is continuously
injected in C°([0, 1]). Then,

V6 >0, Ins >0 | Yhe RE, |h| <ns = (Vte[0,1], [|deF(t) - h+ er(h) ()] < 3). (2.6)
Now take € > 0, consider the J, given in (2.5) and the 7 := ns given in (2.6) for § = J.. If

|hllxe < 7e, then by (2.6),
|doF(t) - h+ €1 (h)(t)]ar < Oc

so by (2.5),
lea+a(doF(t) - b+ er(h)(t))llar < €|doF(t) - b+ er(h)(t)]x

for all t € [0,1]. If we take the L? norm of the previous inequality, we get
1 1
| teara(@or @) h @) Bt < & | 1o @) - b+ ea(m(O) B
0 0

Since dgF - h + €1(h) is in O(||h||x), we have
leas(doF(t) -+ er(h)(t)) |2 < cste €|h|x.
As e is arbitrarily chosen, we have proven that the second non-linear term is also in o(|h|x).

For the remaining non-linear term, we have
1
ldz 0 X g, (doF(R)() + ex (R)()) I3 = fo ldz oy X g, (d0F()(®) + 1 (R)(1)) 3t

1
< fo lldF @)ty X g, II? | doF () (t) + ex(h)(t) |34t

1 K
<wa2mdmmﬁmﬁwﬁﬁ
=1

1
< ||% t d Xy, ||%dt
il | este mas ldzwo X
so this last term is also in o(|h|x). O
To finish the proof of the proposition, see that the first term in (2.4) is linear and continuous

with respect to h while the second term is in o(||A[) in L?. Identifying the linear parts in both
sides of (2.4), we finally find that dypF () h is solution of the affine ordinary differential equation

5(t) = doy Xy ((0) + X (FO)(®) Ve [0,1].
Moreover, as F(0)(0) = Exq for all 0, dgF(0) - h also satisfies
Z(O) = OR2k.



2.3 Gradient of £

We now express the differential of £ in terms of dgF. Fix g € G. Let # be any point of R¥ and
h be an infinitesimal displacement in this same space. Consider F first order Taylor’s expansion

F(0+ h) =F(0) + doF(h) + €1(h),
where €; : RE — H'([0,1])?* satisfies |e1(h)| g = o(|h] k).
The developpement of L gives
L(0+ h) = |DF (O + h) — z|72
= |DF(0) — z| 2 + 2{(DdgF (h), DF(0) — x)2
+2(Dey(h), DF(0) — z)p2 + | DdgF (h) + Dey (h)]|7.

Since D is orthogonal, we have for each pair z,y in L?([0,1])?* that

1 1 1
{(Dx,Dy)yr2 :Jo Dx-Dy:JO :U-tDDy=f0 x-y={x,yyre.

Thus,
L(0 + h) = L(0) + 2(doF (h), F(8) — 'Dayrz + Aer(h), F(0) — ' D)2 + [doF (h) + ex(h)] 72
The second term of the previous sum is linear and continuous as composition of such appli-
cations. By Cauchy’s inequality in L2([0,1])?*, the third term is bounded by
lex(P) |2 | F (0) — "D 2.

Since |le1(h)| g1 and a fortiori ||e1(h)| 2 are supposed to be in o(|h| k), so is the third term.
Applying the triangular inequality to the last term and invoking the assymptotic behaviours of
the linear continuous dgF and the 1-order neglectible €1, we prove that the last term is also in
o(||h] ). Therefore,

doL = 2{dgF(h), F(0) —'Dx)y- (2.7)

Remark 2.6. Unless what usally occurs in optimal control problem, where the parameter 0
depends on time, it is here a fixed point of R¥. This allows to rewrite quite immediately the
differential of dyL in the finite dimensional space:

1 K
(doF,F — Dx)p> = L D (doFi(t) - h) x (F(0)(t) — D'a(t)) dt
=1
1 2k K ‘ ' A
=), > (Z 0;F (0)(t) x h]-) x (F1(0)(t) — D'z(t)) dt
i=1 \j=1

K 1 2k . . .
=3 by x ( 0 N o, F (0)(t) x (F'(0)(t) — D'a(t)) dt)
j=1 i=1

1
h L (F'(0)(t) — D'z(t)) - VF(0)(t)dt.

Then, we also have VL(6) = Sé (F{(0)(t) — D'z(t)) - VF(0)(t)dt. Now that we have char-
acterised VF (), we can compute VL(#). However, the computation of VF(6) involves K
differential systems in R?*, with K possibly very large.
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In fact, it is possible to write VL() in another way which only involves one differential
system in R?*. To show that, we use a classical method in optimal control, which makes use of
a well-chosen adjoint function a : [0,1] — R?2%. More precisely, we set a as the unique solution
of the adjoint Cauchy’s problem

{d(t) = droyn X, (at) + (F(O)(t) — 'Da(t)), vt € [0,1], o8
a(T) =0
Theorem 2.7. For all § in R?",
1
VL) = -2 L X(FO)0))a(t)d, (2.9)

with a and X as previously defined.

Proof. We have
a(t) = droy X, (alt) = (FO) —'Da(®))

for all ¢ in [0, 1]. Inserting this equality in (2.7), we get
1
() =2 [ (t) = Aoy Xg, - al0). doF (W sl
After an integration by part of the first term, we obtain
1 .
d@ﬁ(h) =2 L —<a(t), d@f(h) (t)>R2k - <d]:(9)(t)Xﬁ9 . a(t), d@f(h) (t)>R2kdt
+a(T)deF (h)(T) — a(0)dg F (h)(0).

Thanks to the initial and final condition on a and dygF(h), the last two terms vanish. Using the
equation satisfied by dpF(h), we have

1
dgL(h) = 2f0 —a(t), dro) )X gz, - doF (h)(1))mror — a(t), X gy, (F(0)(1)))mor
- <df(€)(t)XHg : a(t), d@f(h) (t)>R2k dt.

Now, it suffices to notice that dz(g) )X, is skew-symmetric (it is JHess 5 (F(0)(t))) to finally
get

ey = =2 [ <alt) X, (POt
_ L 1<a(t),tX<}"(6)(t)>h>2kdt
_ fo 1<X(]—"(9)(t)>a(t), Bt
(=2 JO 1 X (FO)0))alt)dt, By

We conclude that )

VoL — _zf X (FO)(0))a(t)dt.

0
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To compute this gradient, we have to compute the solution of an ODE in dimension 2k,
where k is supposed to be small, evaluate 2k x K functions on the points of the trajectory &y and
compute a matricial multiplication along the small dimension of X. This is far less expensive
than solving 2k x K ODE.

Remark 2.8. The equation satisfied by the adjoint can be recovered from a formal resolution
of the optimisation problem

inf J(z)
EZ
under the constraint that zg € H 1([0,1])?* is solution of the Hamiltonian problem associated
to Hy. with J(:L’g) = E(@)
The Lagrangian operator of this problem is given by
1
L(Q, )\) = J(l‘g) + J A (ZE’@ — Xﬁe (:Eg))dt.
0
The point (0, \) € RE x H'([0,1])?* is a critical point if
60L(07 )‘) =0,
ONL(0,\) = zpy — Xg,(xg) = 0.

As all the functions are at stake are at least L?, we can switch the integral and the derivative
in the first equation, which gives for all h € R¥ small enough

1
0z (w9) (doF (R)) +L - (jtdg}'(h) —dy, X, (dgf(h))) dt = 0.

After an integration by parts, the first term in the integral becomes

- f N A F ()t + A1) - dpF()(1) — A(O) - doF(1)(0),
0

where the last term vanishes thanks to the initial condition on dgF. We get

Jol [(xe —'Dx) — N — \- dmexﬁe] - dgF(h)dt + A1) - dgF(h)(1) = 0.

Note that the jacobian of X A, s skew-symmetric. The previous equality is then verified if

N(t) = doy X 7, (M0)) + (20(t) — Da(t),  Vte[0,1]
A(L) =0,

which is exactly the adjoint problem.

2.4 Penalisation

In practice, the number K can be chosen very large. When this is the case, it slows down the
evaluation of X a, and then reduces the efficiency of the reduction. To remedy this problem,
we can add a penalisation term at the loss function and minimise

(o) = f j 1D g(t) — 24(t)|2ondgdt + 6],
geG Jte[0,1]
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where « is a positive real number. The additional term forces a lot of coefficients of a to be
exactly set to zero.

As it is given, this penalisation term is not differentiable. This is why we replace it in
practice by 6 — /62 + ¢ for an epsilon chosen very small, 1075 for example. Then, we just have
to add \/(;g—ﬂ at the gradient we have found at the previous section.

2.5 Algorithms

Now, that we have a satifying expression for VL(#), we can perform a numerical optimisation
using Algorithm 1.

Recall that we suppose that we have computed a set of solution {xg, };—1,... n for some values
{g:}i © G of the parameter g. It can be a parameter of the primal equation or the initial
condition. When g parameters the primal equation, a way to take this dependance into account
in the reduction is to take functions f; which involves this parameter. By doing this, the
optimisation will give a family {Hg+ 4}, where 6* is the optimal value of the parameter 6 over
all the trajectories x,,. When g only appears in the inital condition, we are only looking for one
Hamiltonian function Hg+ so we have to take the f; independant of g.

Algorithm 1 Simple gradient descent

Require: 6pe RX, a,7>0,p>0,G ={g1,...., gm}, G := {zg,...,24,} and X
1: 0 <« 6

o VLo
2: while m >n do

V — af
V02 +e
for all g e G do
compute the solution zy of (2.1) for g and current 6

3
4
5
6: compute ag of (2.8) for current 6, g, o and .
7
8
9

compute VLy(0) from (2.9) with ay and xg
V —V+ VL)
end for
10: 0 —0—pV
11: end while

Of course, this basic algorithm can be sophisticated by adding momentum or by using Adam
descent instead of the basic gradient descent. We will present comparisons for some cases in
the following section.

During tests, it happens that taking into account only a small portion of the studied interval
[0,1] at each step can highly improve the descent efficiency. Below are exposed two precise
algorithms which make use of this idea.

In algorithm 2, we in fact use a different gradient at each step, which is actually the gradient
of £, when the integration interval is [bAt,cAt| instead of [0,1]. This way, we introduce
stochastic-like effect in the descent. A variation of this method can be to shift the considered
window of one time step At instead of w time steps. Another one would consist in taking
randomly the starting points b at each step. One can also imagine taking at each step several
intervals instead of one. We will discuss all these variations in the following section.
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Algorithm 2 Progressive gradient descent

Require: 6y e RX, a,7>0,p>0,G = {g1,....,98}, g := {zg,, ..., 29y}, we [1,m], At, X
0 — 6

ile IVLO)|
while vze] > " do
VvV — af
N
fori=0,..,|%| do
b «— tw
c—b+w
for all ge G do
compute the solution zg, of (2.1) starting at xg = x4(bAt) on the interval
[bAtL, cAt].

compute ag 4 of (2.8) from zy 4 ending at a(cAt) = 0 on the interval [bAt, cAt].
compute VLy(0) from (2.9) with ay and xy on the interval [bAt, cAt].
V <V +VL,0)
end for
6 — 60— pV
end for
end while

2.6 Tests

To test our method, we first start with a case where we known the optimal value of the parame-
ter. We consider a family F of functions from R? to R and take H = Hyx in the space spanned
by F. We then look if one of the three algorithms presented at the previous section suceeds to
find 0* as the optimal parameter. We suppose that D = ids.

2.6.1 Polynomial families: P,

Problem setting

We start by a very simple case, where all the quantities at stake can be exactly computed in
theory. Let F1 = {(p,q) — p; (p,q) — q} and 6* = (07,05). The targeted Hamiltonian is then
Hpx : (p,q) — 0Fp + 05q. The system associated to the Hamiltonian Hy is given by

{pG(t) = _9;‘7
po(t) = 07

for all ¢t € [0, 1] and its solution by xy = (pg—0at, go + 61t). Therefore, the loss for one trajectory
can be rewritten in an explicit way, which is

£(0) = fo (61— 65 + (6 — 037 2 = OO dC 05)°

Its gradient is
2
VL) = 5(91 — 676, — 65).
Finally, since the Jacobian of Hy is always zero, the adjoint state ag satisfies
ag(t) = wp(t) — o= (t)

* %
for all ¢ € [0,1] and is therefore given by ay = (w, %)(ﬂ —1).
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Intermediate quantities

Figure 2.1 shows the errors we get for different time steps in the resolution of the primal and
dual problems. The given values are the mean of the errors we obtained on a sample of 100
random values of 6. For 6 = 6*, the loss and its gradient are always equal to 0.

100 j\ T T T T B
- . —e— 1 (slope: 0.498)
i ] —=— qy (slope: 0.479)
I | —e— L(0) (slope: 0.992)
i i} —— VL(0) (slope:0.975)
5 107!} g
5| |
1072 | £
L Lol [ i
1072 101
At

Figure 2.1: Mean error made on the primal and dual states, the loss and the gradient of the loss
at 100 points uniformly sampled in [—5,5]? for different values of the time step in the numerical
resolution of the primal and dual states (At = 0.1,0.05,0.025,0.0125 and 0.00625). We always
used the same time step to compute the primal and the dual states on [0,1]. We have taken
(po,qo0) = (1,0), F = F; and 0* = (%, %) The error on the primal and dual states are given in
L? norm.

Optimisation

For one trajectory, the optimisation problem we want to solve here is strictly convex so it admits
a unique minimum which can be easily found using a gradient descent. On Figure 2.2 we show
the iterates we obtain with Algorithm 1 on the graph of £. As expected, we see that the
minimum is easily reached.
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Figure 2.2: Iterates obtained during optimisation process using Algorithm 1 with p = 0.1,
a = 0. Primal and dual states were computed using a time step of At = 0.05 on [0, 1]. We have
= (%,%) We

considered one trajectory starting at (po,qo) = (1,0) and taken F' = F} and 6*
started the optimisation from a point uniformly sampled in [—5,5]? ((—0.646, —4.304)).

2.6.2 Projection on a polynomial basis of size 2

Optimisation with Algorithm 1

We now take F' = {(p,q) — p%, (p,q) — ¢*}. In this case, we can compute the exact solutions
of the primal problem, but it is more difficult to give an exact expression of the loss and the
adjoint state. We computed the loss for a large number of value in the square [0, 1]? and obtain
the graph presented Figure 2.3. As we can see, we do not have a convex problem anymore and
if we do not initialise the descent close to the optimal value, a classical gradient algorithm as 1
will hardly find it. As we can see Figure 2.4, Algorithm 1 stays indeed trapped in local minima.
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Figure 2.3: Graph of £ computed on one trajectory starting at (po, qo) = (1,0). We have taken

F =L and@*z(%,%
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Figure 2.4: Iterates obtained during optimisation process using Algorithm 1 with p = 10~% and
a = 0. Primal and dual states were computed using a time step of At = 0.05 on [0, 1]. We have
considered one trajectory starting at (po,qo) = (1,0) and taken F' = F, and 6* = (1,1). We
started the optimisation from 6 points randomly sampled in [0, 1]? and used 100 steps.
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First tests with Algorithm 2

We now use Algorithm 2. We first use the version in which the first point of the window we
consider at step n + 1 of the descent is the end of the window we considered at step n and test
the algorithm for different widths w of those windows. As we see on Figure 2.5, we have to
change the learning rate p depending on the value we have chosen for w: the smaller the width
is, the larger the learning rate should be. In fact, the descent direction slightly changes from
one step to another, which gives smooth and oscillating trajectories in the parameter space.
When the learning rate takes a high value, the iterates seems to jump from an arbitrary point
to another in the parameter space. As we can see on Figure 2.6, which shows the decreasing of
the loss during the optimisation, the process converges to the optimum all the same. On the
contrary, when the learning rate takes small values, the trajectories are more straight and tends
slower to the optimum. This link between learning rate and window size is for a great part due
to the fact that the sum in the discrete gradient is done on few points when the window size is
small and so the gradient is smaller than when we chose a larger window.

In almost all the cases we considered, the algorithm always seems to converge. In some
cases, it even converges after few iterations and before reaching the end of the considered time
interval. When we look at the trajectories in the parameter space, we see that the iterates jumps
above the bumbs in the loss graph as if we were actually solving a convex optimisation problem.
This behaviour is very different from what we observed with the simple descent algorithm.

In fact, when we reduce the window size, we only consider the error made on a subinterval
in time. At each step, the problem we consider is slightly different but it always has the same
solution. The optimisation process we present here is therefore similar to the one used in neural
networks, when we take a subset of the set of training data. When we choose the window at
each step in a way that its first point is the last of the window at the previous step, the process
is entirely deterministic.

We can add stochasticity to the optimisation by randomly chosen the starting point of the
window at each step, but this does not change the convergence. On Figures 2.7 and 2.8, we
present the trajectories of the iterates during the optimisation and the corresponding variations
of the loss when we do such choices for the windows. We initialised 6 from the same points as
in 2.5 and we see that the behaviour of the algorithm does not change from the previous case:
it still converges and at the same speed for each couple (p, w). Moreover, we also see that the
smoothness of the trajectories in the parameter space are globaly the same, we just notice that
for the stochastic algorithm, they are a little less smooth. This is easily explained by the fact
that the problems we consider at a given step can be more different from the problem at the
previous step if the corresponding windows are not ajacent.
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Figure 2.5: Iterates obtained during optimisation process using Algorithm 2 with o« = 0. Primal
and dual states were computed using a time step of At = 0.05 on [0, 25]. We have considered

one trajectory starting at (po,qo) = (1,0). We have taken F' = F, and 0*

=(3:3

). We started

the optimisation from 6 points uniformly sampled in [0,1]2. The learning rate p changes on
each column and takes the values 100 (left), 10,1 and 0.1 (right). The window size changes on
each line, taking the values 2 (top), 5,10 and 50 (bottom). The last point of the window at a
given step becomes the first point of the window at the following step.
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Figure 2.6: Loss on the trajectories taken by the iterates during optimisation process using
Algorithm 2 with o = 0. Primal and dual states were computed using a time step of At = 0.05
on [0,25]. We have considered one trajectory starting at (po, o) = (1,0). We have taken F' = Fy
and 0% = ( %, %) We started the optimisation from 6 points uniformly sampled in [0,1]2. The
learning rate p changes on each column and takes the values 100 (left), 10,1 and 0.1 (right).
The window size changes on each line, taking the values 2 (top), 5,10 and 50 (bottom). The
last point of the window at a given step becomes the first point of the window at the following
step. The horizontal axis represents the iterations and the vertical axis the logarithm of the
loss.
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Figure 2.7: Iterates obtained during optimisation process using Algorithm 2 with o« = 0. Primal
and dual states were computed using a time step of At = 0.05 on [0, 25]. We have considered
one trajectory starting at (po,qo) = (1,0). We have taken F' = F, and 6* = (3, 1). We started
the optimisation from 5 points uniformly sampled in [0,1]2. The learning rate p changes on
each column and takes the values 100 (left), 10,1 and 0.1 (right). The window size changes on
each line, taking the values 2 (top), 5,10 and 50 (bottom). The first point of the window at a

given step is randomly chosen.
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Figure 2.8: Loss on the trajectories taken by the iterates during optimisation process using
Algorithm 2 with o = 0. Primal and dual states were computed using a time step of At = 0.05
on [0,25]. We have considered one trajectory starting at (po, o) = (1,0). We have taken F' = Fy
and 0% = ( %, %) We started the optimisation from 6 points uniformly sampled in [0,1]2. The
learning rate p changes on each column and takes the values 100 (left), 10,1 and 0.1 (right).
The window size changes on each line, taking the values 2 (top), 5,10 and 50 (bottom). The
first point of the window at a given step is randomly chosen. The horizontal axis represents the
iterations and the vertical axis the logarithm of the loss.

34



[

[

iterates - 1
iterates - 2 5
iterates - 3

iterates - 6
iterates - 7
iterates - 8 -5
iterates - 9 5o
iterates - 10

iterates - 1

iterates - 4
iterates - 5 25
iterates - 6
iterates - 7
iterates - 8 -5
iterates - 9 5o
iterates - 10

Algorithm 2 starting far from the optimum and over long time

We now test Algorithm 2 on a larger time interval, [0, 50] instead of [0, 25], with an initialisation
farther from the optimum. We expect that the fact of considering larger time interval does not
change the behaviour of the algorithm since it only uses subintervals. As we see on Figures 2.9
and 2.10, this is indeed the case. The fact of initializing the optimisation far from the optimum
does not seems to prvent the algorithm to converge in most cases. When we take w = 2 or 5,
we find the minimum from the ten starting points we have chosen. When we take w = 10 or
20, some starting points do not lead to the minimum. In some cases, the algorithm diverges
and there is one case (case 1 with w = 20 in the figures) in which the iterates seems to draw
away from the optimum. In all those cases exept case 2 with w = 10, reducing the learning rate
does not change these behaviours. We make the same observations for the stochastic version of
Algorithm 2.

Figure 2.9: Iterates obtained during optimisation process using Algorithm 2 with o« = 0. Primal
and dual states were computed using a time step of At = 0.05 on [0,50]. We have considered
one trajectory starting at (po,qo) = (1,0). We have taken F' = F) and 6* = (3, 1). We started
the optimisation from 10 points uniformly sampled in [—10,10]2. The learning rate and the
window size change on each column, taking the values (2,100) (left), (5,10),(10,1), (20, 1le —
1),(10,1e — 1) and (20, 1e — 2) (right). The first point of the window at a given step is the last
point of the window at the previous step (first line) or is randomly chosen (second line).
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Figure 2.10: Loss on the trajectories taken by the iterates during optimisation process using
Algorithm 2 with a = 0. Primal and dual states were computed using a time step of At = 0.05
on [0, 50]. We have considered one trajectory starting at (pg, qo) = (1,0). We have taken F' = F5
and 0% = (%, %) We started the optimisation from 6 points uniformly sampled in [0,1]2. The
learning rate and the window size change on each column, taking the values (2,100) (left),
(5,10),(10,1),(20,1e — 1), (10,1e — 1) and (20, le — 2) (right). The first point of the window at
a given step is the last point of the window at the previous step (first line) or is randomly chosen
(second line). The horizontal axis represents the iterations and the vertical axis the logarithm
of the loss.

Algorithm 2 with several trajectories

We now look what happens if we take G not reduce to a single point. Here, we consider 5
trajectories obtained with from the same Hamiltonian with different inital conditions. As we
have seen that the random cwindow choice do not change the behaviour of Algorithm 2, we
only did tests for its deterministic version. Results are presented on Figure 2.11. We see that
we still converge but a little more quickly. We may be explain that by the fact that we did not
change the learning rates while the gradient, as a sum over G, is necessarily larger than in the
single trajectory case.
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Figure 2.11: First line: iterates obtained during optimisation process using Algorithm
2 with @« = 0. Second line: corresponding variations of the loss during the opti-
misation. The horizontal axis represents the iterations and the vertical axis the loga-
rithm of the loss. Primal and dual states were computed using a time step of At =
0.05 on [0,50]. We have considered 5 trajectories starting at five points uniformly sam-
pled in [0,10] ((2.61654536,6.97328654), (8.35401404,7.58261582), (2.41885671,6.60159081),
(4.64960361,5.81467692) and (2.95476693,9.69287747)). We have taken F' = Fy and 0* =
(3,3). We started the optimisation from 10 points uniformly sampled in [—10,10]?. The
learning rate and the window size change on each column, taking the values (2,100) (left),
(5,10),(10,1),(20,1e — 1), (10,1e — 1) and (20, le — 2) (right). The first point of the window at
a given step is the last point of the window at the previous step.

2.6.3 Algorithm 2 with a large family

We now test Algorithm 2 when the family F' is large and does not contain only the functions
needed to build the targetted Hamiltonian. We choose F' = F3 with

F3 = Cos, v Cosg U Sing, U Sing U {(p, q) — 1},
where

2

Cosp = {(p,q) — COS(;P)}lgnga
2T

Cosq ={(p,q) — COS(XQ)}lsns&
. . 2T

Sin, = {(p,q) — Sln(zp)}lsngs,

. .27
Sing = {(p,q) — Sln(;Q)}Knss-
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To build the targetted Hamiltonian function, we have randomly chosen a 6* in [—10, 10]% with
a lot of coefficients exaclty equal to 0 and have taken H = Hyx. We have exaclty

* = (0,0,0,—0.9,0.1,—2.1,4.3,0,0,0,0,3.0,0,0,0,0)

. As previously, the loss is composed of the sum of the L? errors on several trajectories (here
|G| = 5). For that, we have sampled 5 initial conditions.

On Figure 2.12, we show the decreasing of the logarithm of the loss during descent (p = 10,
w = 2At). There is still some oscillations, but the log(L£) globally descreases constantly. After
3500 iterations, we obtain a 6 which leads to the solutions presented on Figore 2.13 for the
initial conditions used to compute the loss. We see that they match exactly to the targetted
solutions. This is also the case when we choose initial conditions different from the one sampled
to compute the loss, as we see on Figure 2.14. This was achieve wihout penalisation (with
a=0).

10.0

7.5 1

5.0 4

25 1

0.0 1

0 500 1000 1500 2000 2500 3000 3500

Figure 2.12: Variations of the loss during optimisation. The horizontal axis represents the
iterations and the vertical axis the logarithm of the loss. Primal and dual states were com-
puted using a time step of At = 0.05 on [0,10]. We have considered 5 trajectories start-
ing at points uniformly sampled in [0, 10]? ((2.61654536, 6.97328654), (8.35401404, 7.58261582),
(2.41885671,6.60159081), (5.64960361,4.81467692), (2.95476693,9.69287747)). We have taken
F = F3 and H = Hp+ with * = (0,0,0,—-0.9,0.1,-2.1,4.3,0,0,0,0,3.0,0,0,0,0). The learning
rate was equal to 10 and the window size to 2. The first point of the window at a given step is
the last point of the window at the previous step. We have taken o = 0.
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Figure 2.13: Solutions induced by the Hamiltonian obtained after 3500 iterations, where the
loss reached its minimum. On the left is represented the speed in function of time, in the centre
the position in function of time and on the right the trajectories in the phase space. Targetted
trajectories are represented in gray and the trajectories induced by Hy are represented by colored
hashed lines. We obtained 6 after the optimisation described on Figure 2.12. Initial conditions
are the one used to compute the loss during the descent. Black stars represent the 5 initial
points we have chosen. We have taken o = 0.

Figure 2.14: Solutions induced by the Hamiltonian obtained after 3500 iterations, where the
loss reached its minimum. On the left is represented the speed in function of time, in the centre
the position in function of time and on the right the trajectories in the phase space. Targetted
trajectories are represented in gray and the trajectories induced by Hy are represented by colored
hashed lines. We obtained 6 after the optimisation described on Figure 2.12. Initial conditions
are different from the one used to compute the loss during the descent. Black stars represent
the initial points we have chosen. We have taken o = 0.

When we look at the iterates during optimisation, presented Figure 2.15, we see that the
trajectory in the parameter space has the same behaviour as in the previous case: iterates
jumps from one point to another quite randomly at the beginning and the trajectory becomes
smoother as we come closer to the optimum, to which we move towards in a quasi-straight line
after some iterations.
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Figure 2.15: Iterations in the parameter space during optimisation presented on Figure 2.14.
Each graph shows the projection on two different orthogonal coordinates of RX = R16. The
optimum is represented by pink stars. We have taken a = 0.

TODO : remplacer les images par des images ou il y a plusieurs descentes pour qu’on voit
bien que | réussite ne dépend pas de l'initialisation de I’algorithme.

2.6.4 Algorithm 2 with a large family and penalisation
In the previous case, we did not need to use the penalisation to find the optimal value of 6.
Here is a case were we need a penalisation to find the good 6.

We take H : (pz, Dy, @us @y) — DaPy + @@y — (1 — qx)qupy and F = F, with Fy the family
composed of all monomial functions of degre 2 in R* and (z,y,2,t) — 22yt. The targetted
Hamiltonian is then in Span F' and the optimal theta is (0,1,0,0,0,0,—1,0,1,0,1).

TODO : refaire les tests, probleme d’affichage détecté.
2.6.5 Projection on a trigonometric basis of size 49

We now want to see if Algorithm 2 still converges if the target Hamiltonian is not in the space
spanned by the family F'. To evaluate the performances of Algorithm 2 in this case, we consider
the Hamiltonian H : (p, q) — %pg + %qz and the family

Fs5 = Cos, v Cosq U {(p,q) — 1},
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where

2
Cosp = {(p.q) — COS(Zp)}lsnszAﬂ

27
Cosq = {(p,q) — COS(?Q)}1<n<24~

The whole family is of size 49. We have chosen the period of the functions such that the
period of the trajectories induced by Hamiltonians in SpanF" are approximately of the same size
than the trajectories induced by H. The idea is to obtain a Fourier-like decomposition of the
Hamiltonian.

To compute the loss, we have used 10 trajectories whose starting points where uniformly
sampled in [—1,1]2. We have taken w = 2At and p = 10. Figure 2.16 shows the decreasing of the
loss during optimisation process. We obtain a Hamiltonian close to H near the 10 trajectories
we used to compute the loss: on Figure 2.17 we present the trajectories induced by Hy after
optimisation and we see that they are very close to the targetted ones. At its minimum during
optimisation, the loss was underneath 0.085.

=9

log(loss)

0 50 100 150 200 250 300 350 400
iterations

Figure 2.16: Variations of the loss during optimisation. The horizontal axis represents the
iterations and the vertical axis the logarithm of the loss. Primal and dual states were computed
using a time step of At = 0.05 on [0,10]. We have considered 10 trajectories starting at
points uniformly sampled in [—1,1] ((0.64400967,0.44432577), (0.08211142,0.93158362),

(0.93544462,0.80733196), (0.53982471, —0.64419584), (0.92563482, —0.3046332),
(—0.80676766,0.29964909), (—0.34093966, —0.26624007), (0.32299278,0.55533709),
(0.64681662, 0.0365833), (0.23438805,0.62507881)). We have taken I = F5 and

H : (p,q) — %p2 + %q2. The learning rate was equal to 10 and the window size to 2.
The first point of the window at a given step is the last point of the window at the previous
step.
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Figure 2.17: Solutions induced by the Hamiltonian at iteration 379, where the loss reached its
minimum. On the left is represented the speed in function of time, in the centre the position
in function of time and on the right the trajectories in the phase space. Targetted trajectories
are represented in gray and the trajectories induced by Hy are represented by colored hashed
lines. We obtained 6 after the optimisation described on Figure 2.16. Initial conditions are the
one that were used to compute the loss during the descent. Black stars represent the 10 initial
points we have chosen.

It happens however that the intial point we sampled to obtain the results presented on
Figures 2.16 and 2.17 was particularly good. In fact, as shown on Figures 2.18 and 2.19, all
initialisation points 6y do not lead to a Hamiltonian Hy as good as previously. When we continue
the descent, we see that loss often start oscillating without descreasing anymore after having
reached a certain value. This behaviour is presented on Figure 2.20. In those cases, we usually
see that the iterates 0 does not change a lot. These oscillations are present even if we reduce
the learning rate, until it is so small that we do not change the iterates. This seems to mean
that the descent is blocked at a certain value. Yet, we did not try to modify the window size
during the algorithm. Further tests are needed to see if we can revive the descent this way.
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Figure 2.18: Variations of the loss during optimisation. The horizontal axis represents the
iterations and the vertical axis the logarithm of the loss. Primal and dual states were computed
using a time step of At = 0.05 on [0,10]. We have considered 10 trajectories starting at
points uniformly sampled in [—1,1] (the same points as in 2.16). We have taken F' = F5 and
H: (p,q) — %pQ + %q2. The learning rate was equal to 10 and the window size to 2. The first
point of the window at a given step is the last point of the window at the previous step.

Figure 2.19: Solutions induced by the Hamiltonian at the argmin iteration of the descents
starting at 4 different 63. On the left is represented the speed in function of time, in the centre
the position in function of time and on the right the trajectories in the phase space. Targetted
trajectories are represented in gray and the trajectories induced by Hy are represented by colored
hashed lines. We obtained 6 after the optimisation described on Figure 2.18. Initial conditions
are the one that were used to compute the loss during the descent.
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Figure 2.20: Variations of the loss during optimisation. The horizontal axis represents the
iterations and the vertical axis the logarithm of the loss. Primal and dual states were computed
using a time step of At = 0.05 on [0,10]. We have considered 10 trajectories starting at
points uniformly sampled in [—1,1] (the same points as in 2.16). We have taken F' = F5 and
H:(p,q) — %pQ + %qQ. The learning rate was equal to 10 and the window size to 2. The first
point of the window at a given step is the last point of the window at the previous step.

Consider Hy,_ ,, the best Hamiltonian function found after the descent presented on Fig-
ures 2.18 and 2.19. The loss at fpes reach 0.65. for On Figure 2.21, we show the solutions we
obtain with Hp, , when we start from initial conditions different from the ones we use to com-
pute the loss and its gradient during descent. We see that the solutions are not to bad for initial
conditions located in the range of the initial coditions we considered during the optimisation
but are bad for the initial condition which is farther from them.

Figure 2.21: Solutions induced by the Hamiltonian obtained ofter the omptimisation presented
on Figure 2.18. On the left is represented the speed in function of time, in the centre the position
in function of time and on the right the trajectories in the phase space. Targetted trajectories
are represented in gray and the trajectories induced by Hy,, , are represented by colored hashed
lines. We obtained 0.5 after the optimisation described on Figure 2.18.
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2.6.6 Tests on the reduction problem

TODO: mettre les images et commenter (méme si ce n’est pas concluant).

2.7 Perspectives and remaining tests

In future work, it would be interesting to continue studying the method presented here. At
least two aspects should be explored in greater depth. From the theoritical point of view, it
would be interesting to explain how works the optimisation method we proposed (Algorithm 2)
and give a proof of its convergence. We expect to achieve this using policy-gradient theory and
Hamilton-Jacobi-Bellman equation.

From the numerical point of view, it would be interesting to conduct further tests, in par-
ticular in the case of reduced order model, on which we currently do not have satisfactoring
results. We are in particularly interested in what happen when we change the window size dur-
ing optimisation. This is an additional parameter that has Algorithm 2 compared to traditional
gradient descent and we can imagine that an optimal way to use it does not necessarily involves
to fix the window size.
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Part 11

Geometric part
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3 Homotopy principle

3.1 Goals

The aim of the geometrical part of this work is to give theoretical justifications to the methods
we develop in the numerical part. In particular, we would like to know if there is no geometrical
obstacle to learning the manifold ¥2* together with the reduced flow of H. More precisely, we
would like to prove the following conjecture:

Conjecture. Let n,k € N such that k < n. Consider two k-dimensional manifolds % and $F
embedded in R?" endowed with its usual symplectic structure. Denote by i : ¢ — R?" and
i: 2k — R the corresponding inclusions.

If k is sufficiently small in front of n, then there exists a symplectic homeomorphism
h:R™ —R™
such that h(XF) = k. Moreover, if i and i are C'-close, then h is C°-close from the identity.

If this result is true, then for all Hamiltonian function H : R?*® — R whose flow pre-
serves 2% the flow of the composition H = H o h™! preserves £*. This is immediate since
¢fﬁ =hodl o h~1. In the case X2 and XF are C%-close, then H and H are also C%-close and
the restriction of their flows on borned intervals of R too. In other words, if we make a small
error when learning the solution manifold, which is highly probable when we interpolate it with
a finite number of points, then the part of the errors on solutions induced by errors we made
on Y% remains small. If this result is true, then we can hope to learn the dynamics on the
interpolated manifold as we try to do.

This result has already been proved in the particular case of isotropic submanifolds in [4]
using methods based on Gromov’s h-principle. The h-principle, an abbreviation for homotopy
principle, is a principle or a caracteristic of some spaces which, if it holds, guaranty the existence
of solutions for differential problems. It involves a new point of view on differential equalities
and inequalities, involving for example notions of jets and differential relations. When working
with the h-principle, one usually wants to establish it and there is some particular techniques
to achieve this.

During this internship, we worked to understand the methods that were used to prove the
results in [4]. Eventually, we will use them to extend the proof of 3.1 to the general case. To
become familiar with the h-principle, we read the parts of [9] devoted to the h-principle and its
proofs using holonomic approximation theorem. In this chapter, we present the main notions
that one needs to understand what is the h-principle and some of its applications. We present
all this notions in a way that the chapter leads to the proof of the following theorem:
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Theorem 3.1. [9] Let (V,wy) and (W,ww ) be two symplectic manifolds of respective dimen-
sions n =2l and g = 2m. Let fo: V — W be an embedding such that fi|ww] = [wv]. Suppose
also that Fy = dfy is homotopic to an isosymplectic homomorphism Fy via Fy C Ripmm such that
bsFy = fo for allt € [0,1].

Then, if V is open and m < I, there exists an isotopy fr : V. — W such that fi is isosym-
plectic and df; is homotopic to Fy in the isosymplectic homomorphisms. Moreover, if K is a
core of V', we can choose f; arbitrarily C°-close to fo near K.

Recall that:

Definition 3.2 (Symplectomorphism, isosymplectomorphism). Let (V,wy ) and (W, ww ) be two
symplectic manifolds and f : V. — W a map between them. We say that f is a symplectomor-
phism if f*ww is a symplectic form on V and an isosymplectomorphism if f*wy = wy.

All the definitions and the results we present here are taken from [9] and will be explored in
the following section. The proofs are taken from the same reference but we had details in most
of them.

In what follows we are sometimes required to consider a metric on some manifolds. Every-
time we talk about C%-closeness of applications, we imply the existence of a distance on the space
where those functions take their values. We also need it to build normal neighbourhoods in
some proofs. A simple way to define a distance on manifolds is to consider a Riemannian metric
on this manifold and we know that this is always possible (see [10] for a proof of this assertion).
When needed, we therefore consider a Riemannian structure on the considered manifold. This
additionnal structure is only useful to properly define normal neighbourhoods or C°-closeness,
it does not change anything to the geometry of the problems we consider.

3.2 Definitions

3.2.1 Jets

Jet spaces

For our purpose, we are interested on derivatives of functions. The notion of jets allows us to
designate and manipulate the functions along with their derivatives. Let us first see how we
define jets in the simple case of functions of R.

Definition 3.3 (Space of r-jets on Euclidian spaces [9]). Let r € N*. The space of r-jets of
functions R™ — R is the space of all a priori possible values of a function f : R™ — R? and
its derivatives of order at most r at a point of R™, that is

R" x RY x R4 . x R

where d(m,l) is the number of partial derivatives of order | for a function f: R™ — R. We
note this space J"(R™, RY).

We call r-jet extension of f at v and note Ji(v) the element of J"(R",R?) induced by
a function f at a point v € R™, that is the set of v and the values taken at v by f and its
derivatives of order at most r.
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The space of all possible values that can take a function and its derivative at a point v € R"
is really the product we have mentionned: for any point P in this product space such that

m1(P) = v, there exists a polynom of degree r in R™ whose r-order derivatives at v agree with
P.

Remark 3.4. We have d(n,r) = ((7; trﬁli)!!. This can be proved by induction on n. The formula

is clearly true for n = 1. Suppose now that the formula is true for all ¢ < n. We have

sod(n+1,r)=d(n,r) +d(n+ 1,7 —1). An immediate induction on r gives then

dn+1,7) = ZT] d(n,i) +d(n+1,1).
i—2

Since d(n,1) = n and d(n,0) = 1 for any n, this can be rewritten as d(n + 1,7) = >;_, d(n, ).

n—1+41
n—1

S5 - (25)

J=0

By assumption, this is equivalent to d(n+1,7r) = >, _, ( ) Using the hockey cross formula,

which is true for all m, k € N such that & < m, we get

n+r>:(n+ﬂ!

dn+1,7r) = ( i
We then have proved that the formula is also true for n + 1. By the induction principle, we
deduce that the formula is true for all n > 1.

We define now jets on manifolds. For this purpose, we use the definition we have given on
Fuclidian spaces. We simply need to adapt it to make it invariant by a change of coordinates.

Definition 3.5 (Space of r-jets in the general case [9]). Let V' and W two manifolds of respective
dimensions n and q. Let v € V and U < V be an open neighbourhood of v in V on which is
defined a coordinate system ¢ : U — R"™. We say that two functions f and g from U to
W are r-tangent at v if they agree at v and if all the r-order derivatives of 1 o f o ¢~' and
pogoot agree at ¢p(v) for 1 : Op,2W — RY a coordinate chart defined in the neighbourhood
of w= f(v) = g(v).

Tangency at v gives Tise to an equivalence relation: two functions are in the same class
if and only if they are r-tangent. The space of r-jets J"(V,W) is defined as the space of all
r-tangency classes at any point of V.. We call r-jet extension of f at v and note J}(U) the class
of r-tangency of f at v.

When V = R"™ and W = RY, the previous definition is equivalent to the first one.

With the chain rule, we verify that this definition is indeed invariant under a change of
coordinates. Let ¢1,¢2 : U — R"™ be two charts on V and ¢1,92 : U — R? be two charts on
W. We have

dg, )10 fodr!) = g ot ogn(v) (Y1 © Wyl oypo fody ogrod )
= dwgof(v)(wl © 1/}2_1) © dd)g(v)(w? © f © (Z)Z_l) © d¢1(v)(¢2 © (z)l_l)
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Since dy,o () (1 013 ) and dg, (,)(d2 0 ¢7 ') are invertible,

dgyy (W10 fodr!) =dgyWiogodr!) = dyaofody!) =dywaogody?).

If we replace f and g by partial derivatives of order inferior to r, we obtain the invariance of
the notion of r-tangency for r > 1.

Note that for I < m, the projection p* : J™(V,W) — JY(V,W), which sends a class of
m-tangency to a class of [-tangency by forgetting the derivatives of order superior to [, is
invariantly defined. In fact, if two functions are m-tangent at a point v, they are also [-tangent
at the same point for all [ < m.

On the contrary, the inclusions JY(V, W) < J™(V, W) are not invariant under a change of
coordinates: if we want to set an inclusion function i : J'(V, W) — J™(V, W), we can not simply
complete the I-jets with zeros. To see that, take for example n = 1, ¢ = 2 and the function
whose expression in polar coordinates is f : & — (z,2),9. In cartesian coordinates, we have
fia— (xcos(x),zsin(z))y,y. Thus, f/(x) = fi(x) = 0 while f(z) = —2sin(z) — cos(x) and
fl(x) = 2cos(z) —xsin(z) for all z in R. This illustrates the fact that extending a jet by 0 does
not give the same thing depending on the coordinates we have chosen on W. This is also true
for any choice that we could make to extend the [-jets into m-jets. Therefore, those inclusions
are not invariant by a change of coordinates on W.

Remark 3.6. For a fibre bundle 7 : £ — V, denote SecE the set of its sections. In the following,
we will consider functions f : V' — W as sections of the trivial fibre bundle p : V. x W — V.
We will always suppose that they are of class C®.

Note now that we can replace the projection on V 7 : V. x W — W by any smooth fibre
bundle p : X — V with X a manifold of dimension n+¢. The notions of r-tangency and r-jets we
have given in the case X = V x W can be extend to X in the following way. Note by W the fibre
of the bundle p : X — V. For v € V, consider a local trivialisation ¢ : p™1(U) ¢ X — U x W
in the neighbourhood U of v in V. For any section f : U — p~(U), the map ¢ o f is a local
section of the trivial bundle 7 : V' x W — V and has a class of r-tangency at v in the sense of
Definition 3.5. Let us see that this class is independant of . Take another local trivialisation
Y :p Y (U) — V x W. Since ¢ and v preserves fibre, this is also the case of the map ¢ o~}
which is therefore equivalent to a change of coordinates on every fibre W x {v'} for v' € U. Now,
what might affect the class of r-tangency of f at v is only the change of coordinates induced
on W x {v}. Then, the invariance of the notion of r-tangence under coordinate changes on W
makes that the class of r-tangency of ¢ o f does not depend on the local trivialisation (.

In the general case, the space of r-jets is denoted X (). Of course, when X = V x W, we have
X)) — J"(V,W). When the extension to the general case is immediate, the following results
will be presented in the case X =V x W. The reason for this is that it is much more intuitive
to think of J”(V, W) rather than X ("), and we will only use the non-trivial case sporadically.

In fact, the only non-trivial bundle that we will consider is the exterior bundle p : APV — V
above a manifold V', with APV = | |, ., APT,,V and p(a € APT,,V) = v. In this context, the fibre
above v € V is the space APT,V of alternate p-forms on T,V and a smooth section of APV — V
is a differential p-form.

Jet extensions of functions

Consider the fiber bundle p : X — V. The notion of r-jets at points v of V' gives rise to an
another fibre bundle, p" : J"(V,W) — V, where p" := p o pjj associates to a r-jet the point of V'
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in which it is defined. Consider on X a smooth atlas whose charts preserves fibres (in the case
X =V x W, we can take the atlas induced by the cartesian product of V' and W). Then, we
define a smooth atlas on X by extending each coordinate chart ¢ : U © X — R" x R%in a
coordinate chart

SDT . (pg)—l(U) - X(r) N JT(Rn,Rq) -~ Rn+q(1+d(n,1)+...+d(n,r))’

where ¢" associates a r-jet, or class of r-tangency, to its image by ¢ in J"(R"™ RY). As we
have defined a class of r-tangency as the inverse image of classes in J"(R", R?) by a coordinate
chart, we build this way a smooth structure on the jets space.

Proposition 3.7. Let {(A;, vi)}i be a smooth atlas on X which preserves fibres of p: X — V.
We can extend it to a smooth atlas {((ph) = (A:), ¢})}i on X1,

Proof. Let ¢ : p~'(U) — X be a fiber preserving coordinate local chart on X. Given an element
s of X it exists a local section

fs . Op{pr(s)} cV-X

such that the r-tangency class of fs at p"(s) is s: J (p"(s)) = s. On the other hand, since the

chart ¢ preserves fibers, the formula p~! o pom, where 7 : R® x R4 — R" is the trivial bundle,

defines a coordinate map ¢y : V — R". Then, we define ¢" as the application

s =Jr,(p'(s) = J

" aopr (Pv 0D () € JT(R™, RY).

This element does not depend on the choice of f, since its construction only involves the values of
fs and its derivative at p"(s), which are determined by the class of r-tangency s that we consider.
This shows that what we called ¢" really is a map from (p") = (U) < X" to (")~ (v (U)).

This map admits an inverse: for an element s of J"(¢y(U), R?) and a local section
fs:pv(U) - R" xRY

such that J§ (7"(s)) = s, the section ¢~ 1o fs o0y is defined above U and take its values in X
SO

(P(S) = chflofsogov (@\71 © ﬂ-r(s))

is an element of X" above U. If s can be written as

;ofsow\_/l ((pV o pr(s))7

we can take fs = po fso gp‘_/l, which makes
O(s) = Jp, (v o7 (s)).
Clearly,
‘s T
T (onfsoga‘_/l

so ®(s) = J} (p"(s)) = s. We have then that ¢ = (¢")~!, which proves that ¢" is bijective.

(pv op'(s))) = pv op'(s)

We now have to show that for another map 1" defined from a local coordinate chart

p:U < X - R" x R?
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such that £ = U (U’ # (&, the change of coordinates 1" o (") ! is smooth. Let s € J"(R", RY)
be a r-jet above an element of ¢y (E) and fs as previously defined. Note s = (¢")~!(s) and
take fs = o~ o fs 0 . We have

U (@) H(s) = U7 (s) = )

Yop~lofsopy oy,

1(Yv o p’(s))

where

Yy op'(s) = Yy o P (J10 00, (01 077 (8))) = P 0 oyt 0w (s).
Now, we know that on R™ x RY, we can choose fs as the unique polynomial function pg of
degree r whose derivatives agree with s at 7" (s). The coordinates of ps are smooth functions
of s e J"(R",RY) and since we assumed that 1) o p~! and ¢y o w‘jl are smooth, the values of
oplofsopyo ¢‘j1 and ¥y o gp‘jl o7"(s) and of their derivatives at a given point also varies
smoothly with s. By composition, we get that 9" o (¢")~! is a smooh function. O

This allows us to consider regular sections of the jet bundle and from now on, all the ones
we consider are supposed to be C*. We note bsF' the image by pj of F, in other words the
section of X — V induced by a section F' of the jet bundle, forgetting all the derivatives and
keeping only the underlying function. Conversely, any section f : V' — X gives rise to a section
J} : V' — X, which associates to each point v in V' the r-class of tangency of f at v. It is called
the r-jet extension of f.

All the jet sections are not r-jet extensions. Those which has this property, that is F' in
Secz(™ such that there exists f : V — X with F = Jy are called holonomic sections. The set

of holonomic section of p : X — V is denoted Hol X (™).

Example 3.8. Let us illustrate all these notions with two examples.

e Taken=1,¢=2,V =R and W = R?. The space of r-jets is
J'(R,R?) = R x R? x R"™*?*!,

For any element d = (v, a1, az, b1, b2, c1,c2) of J2(R,R?), the polynom
1 1
P:xz— (a1 +bi(z—v)+ 501(95 — )2, ag + bo(x —v) + 502(:15 —)?)

around v represents the 2-tangency class of d. For a function f : R — R?, we have
F=Ji(v) = (v, f(v), f'(v), .., ™) (v)). The section F is then a holonomic function, such
that bsF' = f. For other functions g, h, the map v — (v, f(v), g(v), h(v)) is also a section
of J2(R,R?) but is a priori not holonomic.

« Take any n and ¢ and consider the space of 1-jets J!'(R"™ RY). An element of this space
is a triplet (z,y,A) € R" x RY x M,, ,(R). The point z is a point of R™ above which
we consider the value of a local function, y is the point of R¢ on which is send z by this
function and A represents the Jacobian of this function at x.

3.2.2 Differential relations

A lot of categories of functions that we use to manipulate in geometry are defined using differ-
ential equations, that is conditions on the derivatives of order 1 or more. This is for example the
case of immersions, submersions, diffeomorphisms or symplectomorphisms. Using the notion of
jets, we can give another view on these categories.
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Definition 3.9 (Differential relation [9]). A differential relation of order r between V' and W
is a subset of the r-jets space J"(V,W).

The conditions that defines groups of functions in which we are interested here can be de-
scribed in terms of differential relation. When we use h-principle, we work on the jet spaces and
we use geometric notions such as immersions or symplectomorphisms throught the differential
relation they induce. For example, if we want to prove the existence of an immersion, we first
start by considering formal solutions of the differential relation induced by the fact of being an
immersion. Then, we look for holonomic sections among those formal solutions.

Example 3.10. We describe here the differential relations induced by groups of functions we
are interested in.

o Immersions: we say that a function f : V +— W is an immersion if its differential is
injective at each point of V. This condition only involves the differential of f so the
corresponding differential relation Ry, (V, W) is a subset of J1(V, W). It is precisely the
set of all possible values that can take an immersion and its differential above any point
v € V. In other words, it is the set of injective linear maps (monomorphisms) from 7,V to
T, W for any pair (v,w) € V x W. When V = R"” and W = RY, Ripmm(V, W) is exactly
{(z,y,A) e R" x RY x M, (R) | rg(A) =n}.

e Submersions: we say that a function f : V — W is an submersion if its differential
is surjective at each point of V. This condition only involves the differential of f so the
corresponding differential relation Ryj(V, W) is a subset of J*(V, W). It is precisely the
set of all possible values that can take an submersion and its differential above any point
v € V. In other words, it is the set of surjective linear maps (epimorphisms) from 7,V to
TwW for any pair (v,w) € V. x W. When V = R"™ and W = R?, Ryy;(V, W) is exactly
{(z,y,4) e R" x RT x M, o(R) | rg(A) =g}

e Isoymplectomorphism: an isosymplectomorphism between two symplectic manifolds
(V,wy) and (W,ww) is a function f : V. — W verifying f*wy = wy. This equation
involves the first order derivatives of f so it defines a subset of J'(V,W). We note the
differential relation defined this way Risosymp(V, W).

With V = W = R?" endowed with the canonical symplectic structure, a function f is a
symplectomorphism if and only if *d, f,0p fp and 0, 40, f, are symmetric and *0, f,0, fp —
04 fpOpfq = Ix. Therefore, Risosymp(R%, R?") is exactly

{ (0,0, A) € R2" x R2" x R | P43 A4, Ay Ay € Su(R) A LAsA; —tAyAy = In},

where A= (4142 ) with A1, Az, A3, Ay € My (R).

o Symplectomorphisms: a symplectomorphism from V' to a symplectic manifold (W, wy)
is a map f such that f*wy defines a symplectic form on V. Since wy is a symplectic
form, it is closed and we have d(f*ww) = f*dww = f*0 = 0. The condition on f is then
reduced to the fact that f*wyy is non-degenerate.

In V = W = R?" endowed with the canonical symplectic structure is symplectic if and
only if 'V f(v)J2,V f(v) is non-degenerate for all v € V 50 Rgymp(R?*, R?") is exactly

t t t t
2n 2n 4n? AzAy —TA1 Az TA3A — A1 Ay
{(U,w,A)eR « R x R ’det(tA4A1_tA2A3 Lot ot
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e More generally, any differential equation of order r induce a differnatial relation of order r.

Together with this definition comes the notion of open and close relations, which correspond
to open and close subsets of the jet space. Immersion and submersions relations are open since
they are defined as the complement of the close set composed of morphisms with at least a
minor equal to zero. The relation associated with isosymplectomorphisms is closed since it is
defined with an equality. On the contrary, the relation associated to symplectomorphisms is
open as it is the complement of a closed subset. As usual, relations defined with equalities or
large inequalities are closed while relations defined as complement of singularities or with strict
inequalities are open.

Of course, smooth solutions of a differential equation, or inequality, of order r are such that
their r-jet extension sends V' in the induced differential relation. We now extend the notion of
solution to all sections of the jet space.

Definition 3.11 (Formal and genuine solutions [9]). A formal solution of a given differential
relation R of order r is a section of the r-jet space which takes its values in R, that is F : V —
R < J(V,W). We denote by Sec R the subset of sections of the r-jet space composed of formal
solutions of R.

A genuine solution of R s a section f : V — V x W whose r-jet extension is a formal
solution. We denote by Hol R the subset of Sec R composed of holonomic formal solutions of
R.

Example 3.12. For V = R" and W = R? with n = ¢ = 2] and endow these two spaces with the
canonical symplectic structure. Consider the relation Risosymp defined in the previous example
and take any section f : V — V x W. The 1-jet section F : v — (v, f(v),id) € R® x R x R™’
is a formal solution of Risosymp- Since it is not holonomic, f = bsF is a priori not a genuine
solution.

When we study differential equations, we look for genuine solutions. In some cases, it can
be useful to first see if there is a formal solution to the considered problem. If this is not
the case, it is useless to search for genuine solutions. In the following section, we intoduce
the homotopy-principle, which, if it holds, ensures the existence of genuine solution from the
existence of formal solutions.

3.2.3 Homotopy-principle

Definition 3.13 (Homotopy-principle [9]). A differential relation R satisfies the homotopy-
principle (or h-principle) if all formal solutions of R are homotopic in R to a holonomic formal
solution. This i particular ensures the existence of a genuine solution.

In other words, the h-principle holds for a relation R if any formal solution of the relation
can be deformed in Sec R to the jet extension of a section f : V — V x W, which is therefore
a genuine solution of R.

There is different variations of this principle. Below is a list of some of them.
e One parameter h-principle: a differential relation R satisfies the one parameter h-

principle if all homotopy F; in Sec R joining two holonomic sections can be smoothly
deformed in a homotopy in Hol R keeping Fy and F fixed.
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o Multi-parameter h-principle: a differential relation R satisfies the multi-parameter
h-principle if all smooth family Fr < Sec R such that Fr € HolR for T € oI can be
smoothly deformed in a family in Hol R keeping Fr fixed for all T € dI*. Here we have
noted I* = [0, 1]".

o Local h-principle: let A < V and Opy(A) an open neighbourhood of A in V. A dif-
ferential relation R satisfies the local h-principle around A if all formal solutions of R
defined above Opy (A) are homotopic in the sections of R defined above a neighbourhood
of A to a holonomic formal solution. In other words, the deformation should not change
too much the space of definition of the original section. Note however that the holonomic
sections we obtain are only defined in the neighbourhood of A.

o Relative h-principle: let B < V and Opy(B) an open neighbourhood of B in V.
A differential relation R satisfies the relative h-principle relative to B if all formal solutions
of R holonomic above Opy (B) in V' are homotopic in the sections of R fixed on Opy (B)
to a holonomic formal solution. In other words, we start from a formal solution which is
already holonomic above an open set and we deforme it to obtain a holonomic solution
on the whole V' without changing the part which is already holonomic.

« C’-dense h-principle: a differential relation R satisfies the C°-dense h-principle if any
formal solution Fy of R is homotopic in R to a holonomic formal solution Fj such that
bsFy and bsF; are C°-close.

It is also possible to work with combinations of these versions such as the CY-close one
parameter h-principle, where we ask that the deformation of the homotopy is C°-small, or the
relative one parameter h-principle, where we ask that the deformation of the homotopy is fixed
on B.

Proving that the h-principle holds for a given relation R can be sometimes difficult. In the
following section, we present some tools that we can use to achieve it.

3.3 Proving the h-principle: tools and examples

3.3.1 Holonomic approximation

Below is the theorem on which are based all the results we will present in the following. The
proof of this result can be found in [9].

Theorem 3.14 (Holonomic approximation [9]). Let A < V' a polyedron of positive codimension
and F : Opy(A) — J"(V,W) a section of the jet space.

For all 6,¢ > 0, there exists a diffeotopy (hT)Te[OJ] : V. — V 6-small in the C° sense
and a holonomic section F : Opy(h'(A)) — J"(V,W) such that d(F(v),F(v)) < € for all
ve Opy (h(4)).

This result also holds in its parametric and relative forms:

Theorem 3.15 (Parametric holonomic approximation [9]). Let A € V' a polyedron of codimen-
sion > 0 and F, : Opy(A) — J"(V,W) a family of sections parametrised by z € I¥ := [0,1]"
with F, holonomic for z € oI*.
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For all 6,¢ > 0, there exists a family of diffeotopies (hl);eo1) @ V. — V d-small in
the CO sense and a family of holonomic sections F, : Opy(hL(A)) — J"(V,W) such that
d(F,(v), F.(v)) < € for all v € Opy(hL(1)) and all z € I* and such that hT = idy and F, = F,
for z € oI*.

Theorem 3.16 (Relative holonomic approximation [9]). Let A € V' a polyedron of codimension
> 0 and F : Opy(A) — J(V,W) a section of the jet space holonomic in a neighbourhood
OpydA.

For all 0, > 0, there exists a d-small diffeotopy (hT)TE[O,l] : V. — V fixed on OpyoA
and a holonomic section F : Opy(h'(A)) — J"(V,W) such that d(F(v),F(v)) < € for all
v e Opy(h'(A)) and F(v) = F(v) on Opy(h'(0A)) = Opy(0A).

The relative form of the theorem is particularly useful when one wants to prove the existence
of a holonomic section on a whole space divided into pieces that are treated one after another.
If it is possible to prove the existence on a piece and to build the section on neighbouring pieces
while sticking to what has already being done, then we can prove the existence on the whole
space.

3.3.2 Application to differential p-forms

Here is a first interesting result which can be prove using holonomic approximation.

Corollary 3.17 (Approximation of differential forms by closed forms [9]). Let V' be an open
manifold, A a polyedron of positive codimension, a € HP(V) a cohomology class. Near A, we
can approach in the C° sense any p-form w by a closed p-form & in a. Moreover, given Q € a
and a (p — 1)-form a, we can chose & of the form da + 2 for & C°-close to .

Proof. (from [9])
Consider the bundle p : AP~DV — V where AP~DV = Ly AP=DT,V and

p (w € A(pfl)TvV> = .

Sections of this bundle are differential (p — 1)-forms on V.

Let v eV and ¢ = (x1,...,x,) : U € V — R™ a coordinate chart in a neighbourhood U of
v in V. The chart ¢ induces coordinates on T,V and then on AP=DT »V. An element w, of
AP=DT,V can then be represented by an element

(wl ...,wgpnl)) erG),

VI

In the same coordinates, a smooth local section w : U — AP~DV is then represented by an
element

x (x,wl(:r), ...,w(pil)(m)>
in {id} x (C*(p(U), R))(PZI) and can be written as
x Z wi(z)dzj (x) A o A daj,_ (2),

1<j1<...<jp,1<n

with w; : ¢(U) = R forall 1 <ji < ... < jp—1 < n.
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The chart ¢ also induces a coordinate chart on (A(pfl)V) (1), whose elements are associated

with elements
<x,a , ey a%,a%,...,a;,...,aqu_l)>
ay)

n

of ¢(U) x RG") x (Rp !

at v = ¢ (z) and (ai, ..., represents possible values of the derivatives of the i-th coordinate
map of w at v, for all i € [1, (p DI

. Here, ( e a(zﬁl)) represents a possible value of a p-form w

The exterior differential of w is a p-form whose expression on the coordinates induced by ¢
on APV is
Z dw; n dxjy Ao Adj,

I<ji<...<jp—1<n

= Z i ai T Adrj Ao~ dTg

I<ji<...<jp—1<nl

l Z , [EEED) P)

I<ji<...<jp<n

where i(l; j1, ..., jp) = (J1,--s Ji—1, Ji41, ---» jp)- This p-form is then represented in {id} x (C*(¢(U), R))(

by
N )
l 1 ,J b 7]
> {2} x (E; + axlp(x)) .
=1 J 1<j i<
J1<...<JpSsn

Set D : ¢(U) x RG) x (R(P*1)>n — o(U) x RG) as the map

n
" l7‘ »"'7'
F = (x,al,...,a(P*I),a%,a%,...,arll,... G )) — {x} x (Z( 1)t ;( . Jp))
1<ji<...<jp<n

=1
(3.1)
and Dy : (A(pfl)V)(l) — APV its pullback in the space of differential forms of V' defined above
U:
DU_¢p oDo ( p— 1)_17

where ¢, and ¢;1;_1 are the coordinates charts induced by ¢ on APV and (A(pfl)V)(l) above
U. The definition of Dy is invariant under a coordinate change: for w € AP~DV, we have
Dy o JL = dw. The map Dy is simply the lift of the derivation operator on A®P~DV to
(AP=DV)=1 This comes immediately from the definition of the exterior derivative (I gived
details about its construction in my M1 internship report).

Since Dy can be build above any chart (¢, U) of V and is invariant under coordinate changes,
we can extend it to the whole manifold. Let us denote D this extension. Since D is continuous,
D is continuous too.

Note that the~deﬁnition 3.1 of D does not involves the coordinates a;. This means that for
all F e AP~V D(F) does not depend on ph(F), that is on the values taken by the underlying
form bsF, but only on the derivatives in F'. Moreover, the linear map which sends the aé- to

the coordinates of D(F') in RG) is surjective: there is n x (pﬁl) unknown for (Z) independant

equations. This implies that D is also surjective.

o7
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Let w be a p-form. Tt exists a section F,, of (AP~'V)(1) such that D o F,, = w. Since D is
independant of p(F,,), we can choose F,, such that bsF,, = « for any (p — 1)-form «.

Let A be a polyedron of positive codimension in V. We first complete the proof in the
case a = 0 € HP(V). Theorem 3.14 applied to F, near A gives that for all §,e > 0, there
exists a diffeotopy (h7)re01) @ V' — V d-small in the C% sense and a holonomic section
E, = J: Opy(h'(A)) — J"(V,W) such that F,,(v) and F,,(v) are e- close forallv € Opy (h'(A4)).
In particular, & is CO-close to « and, since D is continuous, @ := D o F,, is C%-close to w. We
also have da = D(JL) = D(F,)) = & so @ is exact.

Let now a be an arbitrarily cohomology class and € € a. Apply previous argument to
0 =w—Q and take & =  + Q. It is C%-close to w and can be written as d& + 2. This shows
that we can approach any p-form by a closed form of any cohomology class on Opy (h!(4)). O

Note that the parametric version of this proposition is also true: we just have to apply
Theorem 3.15 instead of 3.14.

Corollary 3.18 (Paramatric pproximation of differential forms by closed forms [9]). Let V' be
an open manifold, A a polyedron of positive codimension, a € HP(V) a cohomology class. Let
wt : Opy(A) — APV be a homotopy of differential p-forms parametrized by t € [0, 1] with wy
and wy in a. Near A, we can approach in the C° sense w; by a homotopy of closed p-form @&y in
a such that &y = wo and @1 = w1. Moreover, given Q € a and a homotopy of (p — 1)-form ay,
we can chose &; of the form déay + Q for &y CY-close to oy.

Proof. (from [9])

Take first @ = 0 € H?(V). Let D : (A(pfl)V)(l) — APV such as in the proof of Corollary
3.17. Tt exists a family of sections F! of (AP~'V)(1) such that D o F{ = w;. Since D is
independant of p(F}), we can choose F! such that bsF! = «.

Theorem 3.15 applied to F! near A gives that for all 6,¢ > 0, there exists a family of
diffeotopy (hf);ef01) : V' — V &-small in the C° sense and a homotopy of holonomic sec-
tion Fl, = J., : Opy(h'(A)) — J"(V,W) such that F}(v) and F}(v) are e-close for all
v € Opy(h'(A)) and all t € [0,1], b = h] = idy, F) = F? and Fl = Fl. In particular
a' is C%-close to o' for all t € [0,1] and, smce D is continuous, &' := D o F?! is C%-close to w?
We also have dat = ( .) = D(FY) = &' so @ is exact. Since FO = F0 and F1 Fl &y =wo
and @1 = wy.

Let now a be an arbitrarily cohomology class and €2 € a. Apply previous argument to
0! = w! — Q and take &' = 6" + Q. Tt is CO-close to w’ for all t € [0,1] and can be written as
da' + Q. This shows that we can approach any homotopy of p-form by a homotopy of closed
form of any cohomology class on Opy (h!(A)). O

3.3.3 Open Diffy-invariant relations

We are now interested in a special category of differential relation, that we call Diffy,-invariant.

Denote by Diffyy X the group of diffeomorphisms of X which preserve the fibres, that is
hx : X — X such that there exists hy : V. — V satisfying po hx = hy op. If such a hy
exists, then it is obviously unique: for h and hv satisfying the previous equation, we have
h‘l/ op= h%/ opin X. Since p is surjective, this means that hV = h2 Note that all of this can
be extended to any fibre bundle p: £ — F.
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Definition 3.19 (Natural fibration [9]). Let p: E — F a differential bundle and 7 : Diffp E —
Diff F the homomorphism which associate a diffeomorphism hg € Diffp E to the unique diffeo-
morphism hg € Diff F' such that po hg = hp op. If m can be inverted, that is if there exists
J: Diff ' — Diffp E such that moj = idpgr, then we say that p : E — F' is a natural fibration.

Note that j is not necessarily unique.

Example 3.20. The bundles we are working with in this chapter are natural fibrations:

o the trivial bundle p: V x W — V with j : h — (h,idw),
e the tangent bundle p: TV — V with j : h — dh,

o the exterior bundle p : APV — V with j : h — dPh, where b* : (v,w) € V x APV —
(h(v),wp : (a1, ..., ap) = w(dyh™(a1), ..., dyh = (ap))).

The fact of being a natural bundle can be extended to the jet bundle. More precisely, for
p: X — V a natural fibre bundle, we have that p" : X(") — V is natural.

Proposition 3.21. Let p : X — V be a natural bundle and j : Diff V. — Diff;,, X be an
application verifying po j(h) = hop for all h € Diff V' as in Definition 3.19.

For all h € DiffV,
R ise X er(h)ogoh*l(h op’(s)),

where 5 is a local section of p : X — V whose r-jet coincides with s at p”(s), is a diffeomorphism

of X1,

The map 3" : h — h" is a homomorphism.

Proof. As in the proof of Proposition 3.7, the definition is independant of the choice of s since
it only involves its value and the values of its derivatives of order at most r at v, which are fixed
by s. Note also that we are allowed to take the r-jet extension of j(h) o 5o h™! because it is a
section of p: X — X:

po(j(h)osoh™ ) =hoposoh ™t =hoh™! =idy.

For all s € X, we have

(p" 0 h")(5) = P (Tjyoson—1 (h(0(s)))) = (p o j(h) 0 50 ™) (A(p"(5))) = (hop)(s).

This is true for all h € Diff V' so the map j" : Diff V' — Diffyy X defined as j"(h) = h" for all
h € Dift V' verifies
poj"(h)=hop".

It is a homomorphism since for all s € X (")

(7 (B) 037 (@)(6) = T g (o070 77 (9)(5))

r

where the section j"(g)(s) has a r-jet which coincides with Jj(g)ogog,l(g op'(s)) at

p (3" (9)(s)) = g(p"(s))-

I and we obtain

We can take j(g) o509~
(" (h) © 7" (9))(5) = T (n)oj(g1050g-10n-1 (R 0G0 D")(8)) = T} (hogioso(nog)-1 (R0 g)(P"(5)))
=j"(hog)(s).
Therefore, j” satisfies the definition 3.19 so the bundle p” : X(") — V is natural. O
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In the following, h, will denote the action of the diffeomorphism & : V' — V on the sections
of p: X — V. More precisely, hy ' = j"(h) o F o h=! for all F' € SecX (). If F is a section
above U c V, then h, F is a section above h(U). To simplify notations, we denote h* the action
of h=1 on SecX (), that is h*F := (h~1),F for all F € SecX(™).

Note that h., preserves holonomy for all A € Diff V.. In fact, given a section f : V — X and
a point v € V, we have

r _qr T T -1
hae 7 (0) = T riapon (RO P o Ty o A7) (),

where J7(h~1(v)) represents a local section in the neighbourhood of o := pToJ}"oh_l(v) = h~1(v)
whose r-jet extension at ¢ coincides with J}”(hil(v)). We can choose f, which gives

h*J;(U) = ‘]}n(h)ofohfl(v)'
Thus, h*J}" is the r-jet extension of j(h) o f o h™! so is holonomic.

Definition 3.22 (Diffy-invariant differential relation [9]). A differential relation is said to be
Difty-invariant if it is invariant under the action of hy for all h € Diffy,, that is hsF' € SecR
for all F € SecR.

In other terms, a differential relation is Diffy -invariant if it is invariant under reparametri-
sation of V. A lot of the relations that we will use in the following have this property.

Example 3.23.

o The relations Rimm (V, W) and Rgupm (V, W) are Diffy -invariant. More generally, any rela-
tion in J1(V, W) which imposes a condition on the rank of the differential is Diff -invariant.
In fact, for a diffeomorphism h:V — V,

hy(z,y, A) = J(lhxid)(x@A)(h(x)) = (h(x),y, Aod;h).

Since h is a diffeomorphism, its differential at any point is invertible so its composition
with the homomorphism A has the same rank as A.

e The same formula shows that all differential relation which would impose conditions on
the image of the differential is also Diffy-invariant. This will be useful when we will talk
about Grassmanians.

The notion of Diffy-invariance is particularly interesting thanks to the following theorem.

Theorem 3.24 (Local h-principle for open Diff,-invariant relations [9]). Let V, W be two man-
ifolds and R < JY(V,W) an open Diff;,-invariant differential relation. All the local forms of
the h-principle holds for R near any polyedron of positive codimension.

Proof. (from [9]) Let us first suppose that F} lies in a single coordinate chart.

We first prove the theorem in the 1-parameter case. Let Fy and F} two holonomic solutions
of R and F; a homotopy between them in R.

Let A c V be a polyedron of positive codimension. For all §,¢ > 0, Theorem 3.15 ensures
the existence of a family of §-small diffeotopies h] : V' — V and a family of holonomic sections
F, . Opy (hi(A)) — J"(V,W) such that F, and F, are C%-close for all ¢ € [0, 1], Fy=Fy, F =F
on Opy (h}(A)) and h§ = hT = hY = idy for all 7,t € [0, 1].
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Since F; is a homotopy in the open set R, we can choose € such that F, which is e-close to F},
is also in R for all t € [0,1] on U := Opy (h}(A)) and the linear homotopy F} = vE,+(1—v)F; as
well. Here, the addition and the scalar multiplication are the one induced by a coordinate chart
in the neighbourhood of F;. Let U := (h')~'(U) and (G)nefo1) be the family of homotopies
such that

(") E = (0" (Bl o) - e [0.1/2]
(ht) t277 1’ ne [1/27 1]

It goes from (hY)* (Ft|h9((7)> ‘U to (h})*E} = (h})*F,, which is holonomic for all ¢ € [0, 1]

for the action of Diff V on SecX (") preserves holonomy. The fact that hj = h] = idy for all T
and that Ft” remains constant at ¢t = 0,1 for all v € [0, 1] implies that G} is respectively fixed
at Fy and Iy when t = 0 and ¢ = 1 for all y € [0,1]. Since R is Diffy-invariant, G} is in SecR
for all ¢t,n € [0, 1].

GJ =

Moreover, since h] can be chosen arbitrarily small for all 7 € [0,1] and F} arbitrarily close
to F;, we have that bsG;7 is arbitrarily C°-close to bsF;. Note that this CO-closeness does not
hold for the jets since the composition with h] can drastically change the derivatives.

Therefore, we have established the local C’-dense 1-parameter h-principle. Note that the
above argument also works when ¢ is multivalued, one just has to change the notations. Applying
Theorem 3.14 instead of 3.15 and skiping mentions of ¢, we also get the result for the simple
local h-principle. In the same way, all what we have done is still true in the relative case, after
the application of Theorem 3.16 instead of 3.15: if the diffeotopies hy fixes Op(0A) and the
homotopy F} coincides with F; on Op(dA), then G} also coincides with Fy on Op(dA).

The theorem is then true for all homotopy F; lying in a single coordinate chart. Now, if F}
does not lie in a single coordinate chart, then we can decompose the compact set [0, 1] into a
finite number & of subintervals [t;,¢;+1] such that for all i € [0, k], F} lies in a single coordinate
chart (¢;, ;) for all t € [t;,t;4+1]. Then, for all i € [1,k — 1], apply the non-parametric version
of theorem to F; € SecR, and obtain a homotopy (Fti)[o’l] in R between F; and a holonomic
section F" in R above a neighbourhood U; of A in V. Set the homotopies Fto and Ftk respectively
constant to Fy and Fy on [0,1]. Set also FO = Fy and F* = F|. For all i € [0,k — 1], the
homotopy

Fi_g, te[0,1/3]
Fti = F3t(ti+l_ti)+(2ti—ti+1)’ te[1/3,2/3]
FZ’E:——I% te [2/37 1]

links F} and F{"! in SecR above the neighbourhood U := ﬂf;l U; of A. We can choose F} such
that bsﬁ’ti are as C%-close to bsF; as we want, and then lies in the same chart. If we consider
coordinate charts induced on the jet spaces by an atlas of V' x W as in 3.7, €); is of the form
(ph)~Y(B;) for B; an open subset of V' x W. Since F; € {; 0 €11, we can suppose that F} lies in
Q; and €;,1. Then, F ! lies in ©; and we can apply the parametric version of the theorem. We
obtain a smooth family (Gt )ate[0,1] of sections in R above U such that Gt = Ft , G; ! € HolR,

G™ = Fy and GY™ = Fyyy for all t,« € [0,1] (see Figure 3.1). Then, the family of sections

(Gt )t,acf0,1] defined above U as Gy = G4 ., on [t;,tirq] for all i € [1,k — 1] verifies GY = F,
tz‘+1*ti

G% € HolR, G8 = Fy and Gf‘ = F for all t,a € [0,1]. As previously, the extensions to the

CY, relative and multi-parameter cases are immediate. The theorem is then true in the general

case. O
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Figure 3.1: Schematisation in SecR of the construction of the holonomoic homotopy when Fj
and F; does not lie in a same coordinate chart as in proof of Theorem 3.24 with £ = 3. In
orange are represented holonomic sections.

We now extend this result to the global h-principle. For that, we compress the whole space
V' to the open set on which are defined the objects we are interested in after application of the
previous theorem. To make that this compression is possible, we have to assume that V is an
open manifold.

Theorem 3.25 (Global h-principle for open Diff,-invariant relations [9]). Let V' be an open
manifold and R = J*(V,W) an open Diffy,-invariant differential relation. All the global forms
of the h-principle holds for R, except the C°-dense and the relative one.

Nevertheless, if V' can be retracted into a polyedron of positive codimension K, then the
CO-closeness is still true in a neighbourhood of K and the relative version of the h-principle
holds wih respect to K.

Proof. (from [9])

As V is open, there exists a polyedron K of positive codimension such that V' can be
retracted in an arbitrarily small neighbourhood Opy (K) via a diffeotopy h”™ such that h° = idy,
h*(V) € Opy(K) and h™ = idy on K. The polyedron K is then called a core of V. For a proof
of this result, see for instance [9].

We start by the 1-parameter version of the h-principle. Let Fy and Fj; two holonomic
section of R and F; a homotopy joining them in R. From Theorem 3.24, there exists a family
of homotopy F/ : Opy (K) — R such that E} is holonomic, F = F;, Ff = Fy and F] = F; for
all 7,t € [0,1] on Opy(K). Moreover, we can choose it in such a way that Fy is e-close to F;
for all 7,t € [0, 1].
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Define the family of homotopies G] such that

((h5'7)* Fy, re€[0,1/2], te0,1/3]

(R*7)* th 1, Tel0,1/2], te[1/3,2/3]

o | (RSO R Te(0,1/2],  te[2/3,1]
¢ (R*H*Fy, re[1/2,1], te[0,1/3]
(h1)* Fgg 21, Te[1/2,1], te[l/3,2/3]

(30 Te[1/2,1], te[2/3,1]

(see Figure 3.2). It is defined on V and since R is Diffy-invariant, it takes its values in R.
Thanks to the fact that (h™)* preserves holonomy, G} is holonomic for all ¢ € [0, 1]. Finally, we
also have that G = Fy and G] = F; for all 7 € [0,1].

As in Theorem 3.24, changing ¢ € [0, 1] for a multi-valued parameter only changes notations.
For the simple h-principle, one just has to use the simple version of Theorem 3.24 and forget
the indice ¢ in the passage from local to global.

For the relative version, if B is a core of V, then the retraction h” can be chosen fixed
on Opy(B). Since the use of the relative version of Theorem 3.24 gives homotopies fixed on
Opy (B), the resulting homotopies are fixed on Opy (B) too.

The decompression of Opy (K) into V makes that the C%-closeness does not hold anymore
in the global case. However, since this decompression is fixed on K, we still have that G} is
C%-close to F; in a small neighbourhood of K. O

Fe = (RO 7

(2 f‘(\ z.,,( ,~) 4
\ e;.:}l‘( i ( ) (ﬁ"\ﬁflv)) s i
‘_:,w ﬁ’)*(ﬁlaw)

COf (PN “"*ﬁloﬁ«,) =@ Fe

Figure 3.2: Schematisation in SecR of the construction of the holonomoic homotopy G7 in proof
of Theorem 3.25. In orange and green are represented holonomic sections and the orange one
represents G;0.

Here is a basic example where having proved the h-principle gives the existence of homotopies
which are really difficult to visualize.

Example 3.26. Let V be the annulus {(z,y) € R? | e < 22 +3? < a} and W = R. The 1-jet
space is JL(V,W) =V x R x R% Let fo: (z,y) — 2? + y? and f; = —fy. The two functions
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fo and f; are homotopic in the space of immersions. Looking at the diagramm be low, this
result seems quite counter-intuitive and it is difficult to imagine how to deform the graph of fy
to obtain thr graph of fi. Yet, we can establish that this is possible with the h-principle tools
we have presented until now.

Figure 3.3: Graphs of fy : (z,y) — 22 +y? and f; : (2,y) — —2% — 3? above the annulus
V = {(z,y) e R? | e < 2% + y? < a}. Using h-principle tools, we can show that we can deform
fo to f1 in the set of immersions.

In fact, since V' is open and the relation Rjmm(V,R) is open and Diffy-invariant, Theo-
rem 3.25 implies that it is sufficient to find a formal solution of Rmm (V, R) linking fo and f;.
Identifying R? with C, we can take

Ft : (.ZU,y) eV ($,y,tf1(x,y) + (1 —t)fo(fﬂ,y),ethVfo) € Jl(V7R)

Using the same proof as for Theorem 3.24 followed by Theorem 3.25 with the invocation of
Corollary 3.17 instead of Theorem 3.14, we obtain:

Proposition 3.27 ([9]). Let V' be an open manifold, a € HP(V') a cohomology class and R <
APV an open Diff, -invariant differential relation.

Any p-form w : V — R is homotopic in R to a closed p-form in a.

Any homotopy of p-forms w; : V. — R between two closed forms wy and w1 in a can be
deformed in R to a homotopy of closed forms in a between wg and wi without changing the ends
wo and w1 .

Proof. (from [9])

The proof is the same as the one of the Theorem 3.24 followed by the one of Theorem 3.25,
except that we replace the invocation of the holonomic approximation theorem by Corollary 3.17
and that we also use the fact that the cohomology class of h”w is constant for any homotopy h”
and any p-form w. We do not need to separate [0, 1] into subintervals to consider homotopies
in the same chart since the addition and the scalar multiplication are well defined on APV.

We first prove the theorem in the 1-parameter case. Let wg and wi two p-forms in a with
values in R. Let w; be a homotopy in R which links wp and wy. Let A < V' be a polyedron of
positive codimension. For all §, ¢ > 0, Corollary 3.18 ensures the existence of a family of §-small
diffeotopies h] : V' — V and a family of p-forms @ : Opy (h}(A)) — APV such that & and w;
are C%-close for all t € [0,1], @y = wo, @1 = w1 on Opy (h}(A)) and k] = h] = hY = idy for all
T,t € [0,1].
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Since w; is a homotopy in the open set R, we can choose € such that @;, which is e-close to wy,
isalsoin R forallt € [0,1] on U := Opy (hi(A)) and the linear homotopy &Y = v@y; + (1 — v)w;
as well. Let U := (h')"}(U) and (GY),ejo,1] be the family of homotopies such that

(B0 = (B (wilyonpy) s 1€ 10,1/2]

Gl =
(hi)*e", ne[1/2,1].

It goes from (hY)* <wt‘h0(0)> = wt‘U to (hi)*&f = (h})*@:. The fact that h] = h] = idy for
all 7 and that @} remains constant at ¢ = 0,1 for all v € [0,1] implies that G} is respectively
fixed at wp and wy; when ¢t = 0 and ¢t = 1 for all n € [0,1]. Since R is Diffy-invariant, G} is
in SecR for all ¢, € [0, 1]. Since the cohomology class does not change under the action of an
homotopy, G} is in a for all t € [0,1]. Moreover, since h] can be chosen arbitrarily small and
@; arbitrarily close to wy, we have that G} is arbitrarily C%-close to wy.

To build the homotopy in V, take for A a core of V (which exists since V' is supposed
to be open). Let g7 : V. — Opy(A) a diffeotopy which retracts V' in an arbitrarily small
neighbourhood Opy (A) such that ¢° = idy, g'(V) = Opy(A) and g7 = idy on A. Define the
family of homotopies H,' such that

GtTy* 0,1/2], tel[0,1/3

]
0,1/2], tel[1/3,2/3
0,1/2], te[2/3,1
]
]

g [ ]
[ ]
[ ]
[1/2,1], te[0,1/3]
[ ]
[ ]

(

(92 )* w3t 1, T
(96 ) wy, TE
(> *wo, TE
( 1) 27’ 1 c

39, T , te[1/3,2/3

1/2,1], te[2/3,1

L(g?’(1 t)) wi, TE

It is defined on V and since R is Diffy-invariant, it takes its values in R. We have HY = wy,
H) = wp and H{ = w; for all ¢, € [0,1]. For the same reasons as before, the cohomology class
of H} is a for all ¢, € [0,1] and in particular for v = 1.

Applying Corollary 3.17 instead of Corollary 3.18 and skiping mentions of ¢, we also get the
result for the non-parametric case. ]

We present below an application of the h-principle for open Diffy -invariant relations.

3.3.4 Application of the h-principle to the Grassmanian bundle

Let W be a ¢-dimensional manifold and V' a n-dimensional submanifold embedded in W. For
I < q, we note Gr;W the Grassmanian of l-planes of W, which is defined as the set of all the
vectorial spaces of dimension [ tangent at W. Denote by 7 : GriW — W the Grassmanian
bundle of the manifold W. The projection 7 associates an element of Gr;W to the point we W
at which this element is tangent to W.

At each point v € V, the differential of the embedding dp : TV — TW sends the tangent
spaces of v to a vectorial subspace of dimension n tangent to W. We denote Gdf : V — Gr, W
the map which associates v € V to df (T,,V) < TypwyW. More generally, it F': TV — TW is a
monomorphism, we can define in the same way the map GF : V — Gr,W. This shows that
Gr;W is a natural fibre bundle.

For A ¢ Gr,W, a homomorphism F : TV — TW is said to be A-directed if GF(V) c A.
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Theorem 3.28 (A-directed embeddings of open manifolds [9]). Let A be an open subset of
Gr,W, V an open manifold, fo:V — W an immersion such that Fy := dfy is homotopic in
the space of monomorphisms from TV to TW to a certain A-directed Fy with bsF = fy.

Then, it exists f1 : V. — W isotopic fo such that Gdf1(V') € A and dfy is homotopic to Fy
in the space of A-directed monomorphisms. Moreover, the isotopy can be chosen as CO-small as
we want on an open neighbourhood of a core K.

Proof. To the open subset A in Gr,W, we associate an open differential relation,
Ra:={FeJY(V,W) | F monomorphism and GF(V)c A}.

From a previous example, it is open and Diffy-invariant. Theorem 3.25 in its simple version
gives the existence of a homotopy F, : V. — R, between Fy and a holonomic A-directed
monomorphism F» that we can choose such that bsFy = fo and f; := bsF, are C%-close on a
small neighbourhood of K in V.

Taking the homotopy between Fy and Fj followed by ﬁ't, we obtain a homotopy F; of
monomorphisms between two holonomic sections. Then, Theorem 3.25 in its parametric version
gives the existence of a holonomic homotopy F, : V' — Rimm between Fy and F with bsF}
C-close to bsF; near K. In particular, fo = bsFp is isotopic to fi = bsFy, where f; is A-
directed and the isotopy small around K, and Fj is homotopic to df; = F» via a homotopy of
A-directed monomorphism. O

3.4 Application to the symplectic relation

In this section, we present an application of what we have presented in the symplectic case.
More precisely, we have the following theorem, whose proof is a detailed version of the one
proposed in [9].

Theorem 3.29 (Isosymplectic embeddings [9]). Let (V,wy) and (W,ww) be two symplectic
manifolds of respective dimensions n = 2l and g = 2m. Let fo: V — W be an embedding such
that f§lww] = [wy]. Suppose also that Fy = dfy is homotopic to an isosymplectic homomor-
phism Fy via Fy € Rimm such that bsFy = fy for all t € [0,1].

Then, if V is open and m < I, there exists an isotopy fi : V. — W such that fi is isosym-
plectic and df1 is homotopic to Fy in the isosymplectic homomorphisms. Moreover, if K is a
core of V., we can choose f; arbitrarily CO-close to fo near K.

Proof. (from [9])
The proof is made in three steps.

Step 1: as the relation associated to the fact of being isosymplectic is not open, we first
consider the relation associated to the fact of being symplectic, which is open. Let Agy,, the
associated subset of Gr,W.

By Theorem 3.28, there exists an isotopy fi: V> W such that fo = fo, fi is symplectic
and f; is C%-close to fo on K for all t € [0,1]. Moreover, df; and F; are homotopic via ®; such
that G‘bt(V) C Asymp-

Since the cohomology class is invariant by homotopy, the assumption that fi[ww] = [wv]
implies that f{[ww] = [wy]. Then, by Proposition 3.27 applied to Rgymp < (APV)(U and
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[wy] € HPV, there exists a homotopy of symplectic forms w; between f{"ww and wy such that
[we] is constant on [0, 1]. This allows us to write w; = wy + day for ¢ € [0, 1].

The proof of the theorem is now reduced to the proof of the following proposition:

Proposition 3.30. Let V' a symplectic manifold of dimension n = 2m, (W,ww) a symplectic
manifold of dimension ¢ = 2l > n, hg : V.— W a symplectic embedding, wo = hiww and
wy = wo + day a homotopy of symplectic forms.

It exists a symplectic isotopy hy : V. — W as C° close to hy as we want such that hiwy = wy.

If we apply this proposition to hg = fi, we can take the homotopy f; given by fa; on [0, %]
and hot_1 on [%, 1]. It is an isotopy as its two parts are isotopies and it verifies that fi = hy
is isosymplectic. As f; is C%-small on K and h; C%-small on the whole V, f; is C°-small on
K. Finally, since the space of isosymplectic homomorphisms is convex, the linear homotopy
Fy = tdf1 + (1 — t)F} realizes the desired homotopy between Fj and df;.

Step 2: we prove the proposition in the case where wy = wg + tdr A ds for r,s : V. —- W
borned.

From the symplectic neighbourhood theorem, there exists ¢ > 0 such that hg: V — W can
be extended to an isosymplectic embedding hg : (F,wg) — (W, ww ), where
FE:=V x D? X Dg_”_z and wg = wo D N2 @ Ng—n—2,
for (D¥,mg) the ball of radius € in R* endowed with the restriction to DF of the standard
symplectic form of R,

Consider ¢ = (r,s) : V — R2. As r and s are supposed to be bounded, there exists R > 0
such that ¢(V) c D%. Let Tr : D% — D? be an area preserving map and set ¢ = 7g 0 ¢. We
then have that

(t) 2 = (t§)*1f; M2 = (t@)*no = t3dr A ds.

Consider now ®; : V — E such that ®;(v) = (v,v/{¥(v),0). We have

Diwp = D (wo D N2 @ Ng—n—2) = id*wy + Vity*tng + 0"1g—n—2 = wo + tdr A ds.

Now, if we take hy : v — ho(®;(v)), we have
hiww = q);iLE)ka = Qfwp = wy

and ho(®o(v)) = ho(v,0,0) = ho(v) with (;); e-small in the C° sense.

Step 3: We now reduce the general case, where wy = wg + day, to the case where oy = trds.
For that, note that we can consider any homotopy «; provided that it agrees with the original
one at t = 0,1 and that the resulting w; remains symplectic.

We first consider &; linear by parts, build this way:

&y, = ay, for some points ¢; € [0, 1],

R T
Qjpr = oy + ———(au,,, — ;) for 7 € [0, tip1 — 3],
tiv1 — ti

where the finite set {¢;}; contains 0 and 1 and is chosen such that &; = wy + dé; is symplectic
for all ¢ € [0,1].
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We can restrict our analysis to an interval of the form [¢;,¢;11], where w; is of the form wg+ta.
In fact, applying the proposition on each interval, we obtain a finite number of isotopies h; that
we have to take one after another to obtain an isotopy on the whole [0, 1].

Suppose now that we have a decomposition of this kind: o = B! + ... + ¥ with L € N and
the 3 of the form r;ds;, where the r; and s; are borned. Consider f3; linear by parts such that

Bs; = B+ ...+ B for 55 = %,j e [1, L],
. 1
Bs,+r = Bs, + LT’ for 7 € [0, ]

and &; such that .
&y, = tya for t; = %,j e [0, NT,

- 1 1
Q7 = i + NBNT for 7 € [0, N]’

where N € N can be chosen arbitrarily large. On each subinterval [ ] , W = wo+da

N+35' N++%
is of the form (wti + %65].) + 789+ 50 is linear by parts. With the same argument than
previously, we can restrict the problem to the case where w; is of the form

wo + td(rds) = wy + tdr A ds

with r and s borned, which is the case where the proposition is already proved.

It now remains to show how we obtain the decomposition of the 1-form a. We suppose that
V is compact: if it not the case, we consider a compact extension. Let (p;);cr be a partition of
the unity subordinate to an atlas (U;, ¢;i)ier of V, that is such that )., p; = 1 and suppp; is
compact and included in U; for every i. For every i € I, we also consider x; such that y; = 1
on suppp; and supp x; < Us;.

Choose a coordinate system {x1,...,x,} on ¢;(U;) € R™ and write (qbi)*a’U =20 ajd:p
Then,
= ¢} (aida’ + .. + apdzy) = (a] 0 ¢i)pfdr] + .. = (af o gi)d(x} © ¢1) +

Now, see that

n

a= <sz> a= Zpiahﬁ, = Zpi Z a’ o ¢;)d(xh o ¢;) sz a0 ¢i)d(xi(2 o ¢)).
iel el el =1

If we set r™tJ = pz-(aé o ¢;) and " = Xz(@’; o ¢;), which are compactly supported, we obtain

a = Y, rlds!, which is the desired form. This achieves at the same time the proofs of the

proposition and the theorem. O

Remark 3.31. In the proof, we have used the fact that the cohomology class remains constant
when we pull back a form by a homotopy. Let us show this. Let w a closed p-form on W and
fi + V. — W a homotopy. Saying that the cohomology class of f;w is constant in H¥(V) is
equivalent to say that f;w takes fixed values on a base of Hi(V'). Let 0 : Ay, — V be a cycle.

We have that
J o*(ffw) = J (froo)w.
Ap A
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Let ¢ : Ag x [0,1] — V be such that ¢(x,t) = (froo)(x). Then, using Stokes theorem, we have

RGO R
A x[0,1] Ax{1} Ax{0}

Since w is closed, the left hand side of the equation is equal to zero and fiw and f{w takes
the same value on the cycle o. As this cycle can be arbitrarily chosen, we have proved that the
cohomology class of ffw and f{w is the same.
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Conclusion

The internship was in line with last year internship, where we explored different linear reduction
methods for Hamiltonian problems, among which the PSD. The aim was to explore different
methods to improve the reduction given by the PSD in non-linear cases and established theoret-
ical justifications for the new methods. Two approaches have been taken: quadratic corrections
of the decoder and hyperreduction via optimal control. Tests conducted within hyperreduction
via control approach have given promising results. In particular, we have presented a variation
of the gradient descent which appeared to be very efficient on simple cases. We are still carrying
out additional tests in order to explain it and adapat the method to more complex cases. In the
geometrical part of the internship, we have continued to read in order to being familiar with
some geometrical tools. In particular, we have learned about hA-principle, which we want to use
to justify the symplectic reduction approach.

To conclude, I think that the numerical objectives of internship were partially reached.
We have explored the quadratic correction approach but we put it aside due to non-satisfying
results. The hyperreduction approach gived results, but we still are working on it and testing
the methods we presented. On the other hand, the geometrical objectives were reached since
we are now ready to start working on the conjecture that we want to prove. I could surely have
been expected to code more quickly, especially the quadratic corrections, and this is certainly
the reason why the numerical part is less developed than originally planed.

During this internship, I worked on some skills I acquired during the two years of Masters.
From the programming point of view, I used Python to implement methods I learned and this
gave me the opportunity to practise this language. From the numerical analysis point of view,
I enriched my knowledge about reduced order models, that we have seen in class in the case of
finite elements and that I have already seen in last year internship. I also used the theoretical
tool we learned in the optimal control lesson, namely the adjoint method, that I had to detail
in a case a little more difficult than the ones we have seen in class. I also worked on my English
skills as almost all the references I had to read were in English. I also developed new skills during
this internship: I discovered the h-principle and some techniques of proof very interesting. In
the field of soft skills, I often had to take a step back and think about the global mechanisms
rather than the technical details, but without losing sight of the geometric rigour. Because I
had a geometrician and two numerical analysts for supervisors, I sometimes had to switch from
a point of view to another to understand what there were saying about the same subject. I
found these exercises difficult and I know that I have a lot of room for improvement.
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A Quadratic corrections for PSD

In this chapter, we present a different approach to learn the Hamiltonian in low dimension.
We worked on it at the beginning of the internship, but it does not give satisfying results. We
present our work all the same because it is a lead that we could follow in future works.

As for the previous hyperreduction approach, we supposed that the PSD, or any other
linear reduction method, has already given us a decoder D : R* — R?" and an encoder
E : R?™ — R?¥ between the high and the low dimensional spaces. As we have seen for the
non-linear piano string model, the induced reduction give bad results when the equations are
too non-linear. This suggest that the submanifold £%*, on which lie the solutions of the PDE
we are looking at, has too strong non-linearities to be embedded in a low dimensional vector
subspace of R?". Therefore, it seems that we have to look for non-linear decoders D if we want
to obtain better results.

Here, we do not care about hyperreduction, which is viewed as the following step in the
reduction process. We actually look if it is possible to improve the passage from the low
dimensional space to the high dimensional one by adding a non-linear part to the decoder.
More precisely, we want to adapt the method proposed in [11] in the symplectic case and add
to the decoder a quadratic term which reduces the compression-decompression error. By doing
so, we have to make sure that the new decoder remains symplectic. In the following, we present
different variations of this idea and the results we obtained.

A.1 Shears

Before presenting the methods we have explored, we introduce the notion of shear that will
turn out to be useful to build families of symplectic quadratic maps. We say that a map from
R™ to R" is quadratic if all of its r coordinate functions are polynomial of degree inferior or
equal to 2.

Definition A.1 (Shear, [17]). A shear transformation is a map

. { R2m _>R2m
VI e~ (PQ)

such that Q; = q; and Py = p;+ 04,V (q) with V : R™ — R a cubic potential, that is a polynomial
function of degree 3.

Proposition A.2. In the symplectic space R*™ endowed with the usual symplectic form, a
shear is a symplectic quadratic map.

Proof. To prove this assertion, it is sufficient to see that oy is the transformation induced by
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the generating function
S:(P.q) — Pqg—V(q).

In fact, the transformation (p, q) — (P, Q) induced by S verifies

Qi = 55(Pq) = a4

for all < between 1 and m.

Moreover, as V is supposed to be cubic, oy is quadratic. ]

Note that the shears form an Abelian group for the composition and that the correspondance
V +— oy is a homomorphism between the additive group of the cubic functions and the shears.

Let us now see what is the physical meaning of a shear. Consider the Hamiltonian function
H : (p,q) — 3lp| + V(q). It represents an energy function which is obtained by the sum of a
kinetic energy and a potential one. The corresponding system is given by
{ p=-%=-V),

g==p

Denote by (p', q*) the state of the system at a time t. When € comes close to zero, we have
phe=p' —eV'(g),
¢t = ¢t + ept

t-i-s7 t-‘re)

We can see the transformation (p, ¢*) — (p'™¢, ¢'™¢), induced by the flow of the equation, as the
composition of the transformation (pt, ¢') — (p', ¢* + ep') induced by the Hamiltonian function
without potential energy and the shear o.y,. Therefore, we can link a shear with the effect of a
potential on a system. With that point of view, it seems to be reasonable to try correct a bad
reduction which is particularly wrong on the speed, as it is our case, with a shear.

The following result, proved in [17], gives a normal form, involving shears, for any quadratic
symplectic map.

Theorem A.3 (Normal form for symplectic quadratic maps, [17]). Any quadratic symplectic
map ¢ on R*™ can be decomposed as the composition of a symplectic linear map l, a shear o
and a symplectic affine function a of R*™, that is

¢p=aocol. (A.1)
Moreover, a and | are linked by the formula

a = dg(0) - 171 + ¢(0).

This results implies that any quadratic symplectomorphism is invertible and has another
quadratic symplectomorphism for inverse map.

Unfortunately, the proof of this result can not be adapted to the case of symplectic quadratic
maps between R?™ and R? with [ < m.

A.2 Quadratic correction with shears in low dimension

In this section, we look for a decoder D, of the form D o ¢), where ¢) : R% - R% is a
quadratic symplectic map.

75



A.2.1 Expression of the optimisation problem
Expression of the corrected decoder

We first take for the family (gb)\) , the group of the shears. The parameter A is then the
coefficients of V', which we write

Viy) = Z Aii + Z NijYiyi + Z Nij 1YY Yi-

1<i<k 1<igy<k 1<igj<i<k

In the following, R will represent the number of coefficients. We count k terms of order 1 and

@ terms of order 2 in the previous expression for V. In the same way, there are

k k k k—i+1 k . .
, (k—i+1)(k—i+2)
IHEDACSEDESUMIEEIE
i=1j=il=j i=1j=1 =1 m=1 =1
zk:((k+1)(k+2)_ 2k+3+f)
_zzl 2 2 2
_ B+ Dk +2) 2k +3k(k+1) | k(k+1)(2k+1)
N 2 2 2 12
B k(k+ 1)(k + 2)
B 6
terms of order 3 and Kk 4+ 1)k 4 5
o (k+1)(k+ )+k‘

6

According with the normal form of symplectic quadratic maps, if we would like to cover the
whole space of quadratic symplectomorphism of R?* in (¢y)y, we would have to compose the
shears with affines and linear symplectomorphism as in A.1. This complicates a lot the problem
so we limit ourselves to taking a = [ = id.

Objective function
We are looking for the A € R such that
|X = DA X [T o,

is minimal, where | - |p 2, v denotes the Froebenius norm in Mg, v(R), X the matrix of the
N sample in R?" and X the matrix of their PSD reduction in R?*. It happens that

by = |(P.Q) — D(P + VV(Q), Q)7 2n.n

|X — DX )
= HQ - Apsd@ %‘,n,N + HP - P - VV(Q))H%—',TL,N

where Apq is the submatrix of D such that D = (Affd A;(y)sd). The previous problem is then

equivalent to solving
argmin |P — P — VV(Q))
VeP3(RK)

%“,n,Na (AQ)

where P3(R¥) denotes the ring of polynomial functions of degree at most 3 on RF.
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A.2.2 Least-square formulation

Clearly, A — ¢, is a linear map. We can therefore rewrite the problem in a way such that it
becomes a least-square one. Set

Azt()\l )\k )\11 )\12 )\kk /\111 )\kkk)ERR.

In what follows, we use the lexico-graphic order when we work with the elements {1, j, 1} of
[1, k]3, starting by the smallest indice of the set and finishing by the largest. To simplify further
notations, we introduce the function P : [1, k] — [1, R] which associates to the set {i,j,1} its
position in the ordered list of all the 3-uplets (i1, i2,13) verifying i1 < i3 < i3. Fori < j <[, we
have that

i—1 1

k k
P(i,i,i) = ZZ

= _1 k(k:+3)+i(k:+3+(2i_1))>+i,

i

k—r+1)( k:—r+2)

r=1

. 3

2 2 6

Jj— . . . .
— V(2% — i —

s=1i t=s

P(Zajal) = P(Zvjvj) +1—7.

Forl<Il<klet S=1+k+ UHI). Let also F € Mg 1(R) be the matrix of the map
y € RF — 0,V (y), verifying 0,V (y) = FlY with Y = (1 Y1 e Yk YIYL ... ykyk) For all
1 <1 < k, we have that

k k
alV(y) = /\l + Z )\ilxi + 2>\ll$l + Z )\ijlmimj + Z 2)\ill$i$l + 3)\”15612
i=1lij 1<i<j<ki,j#l i=1li#l

so Fj = G'A with G! in Mg r(R) such that

Ghy = Girpinek = Grig) skt Py kk = b
Glorpainyik = Grain kit PaLD K1k = 2

l _
GP(l,l,l)JrkH,P(l,l,l)+K+k =3

for all i, in [1,k] different from [ with K = 2.

If we set

Gl

=
Il

G=1 .. and

Gk

we then have that VV (y) = YGA. Now, if we want to apply this to the matrix Q of the
snapshots and if we take

(e o
o= - |
0 tQ

77



we have to multiply the result by the permutation matrix P with sends the (ik + j)-th line of
GGA on the (jN + i)-th one, where N is the number of solutions recorded in X.
This finally gives the least-sqare formulation of the problem A.2:

argmin | X — PQGAHFn N
VePs(RF)

whose solution is given by

A.2.3 Corrected reduced model

The new decoder is written Dey = D o oy. We have

D(pv Q) = (Dgorr(pa Q>7 Dgorr(pa Q)) = (Adep + VV((]), Adeq

and therefore

VD q) =0, VDl (0, q) = Apsa-

CO’I"T‘(

{V Dcorr( ) Apsd7 {v Dcorr( ) = VZV(q)7

Then, the components of the new reduced Hamiltonian are given by

VoH(p,q) = "VDi, . (0,) - VaH(Deorr(p, ) + "V Dby (9, @) - VpH(Deorr (p; )
= "Apsd - VoH (Deorr (p,q)) + V2V (q) - VpH(Deorr (p, )

VoH(p,q) = tV 2D (0,0) - Vg H (Deorr (9, 0)) + 'Vp D2, (9,0) - VpH (Deorr (p, )
="Apsq - VpH(Deorr(p, q))-

A.2.4 Results

We have implemented this correction and we obtained the results presented Figures 77 and ?7?.
We see that the correction do not improve the solution in low dimension.

This can be explained by the fact that we do not change the image of the decoder in R?".
More precisely, the PSD gives a linear subspace of R?", but the manifold on which lies the
solutions may not be linear at all. The best that we can obtain with the PSD is therefore a
linear subspace in which this target manifold is included. In the cases where this manifold is
highly non-linear, this subspace can be of high dimension and this is why the linear reduction
fails.

Now, when we correct the decoder produced by the PSD, we change the reduced Hamiltonian
but we do not change the space in which it takes its values. If the dimension of the linear
subspace obtained with the PSD is too high or if it does not include the true manifold, then
the quadratic correction has few chance to really improve the resolution in low dimension.

A.3 Additive quadratic correction
Following an idea found in [11], we now look for a decoder of the form Do = D + 5.
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A.3.1 Tentative 1
Symplecticity condition

We look for ¢y of the form y — AY where Y = (y191, y2y2, ... Yoryor) and A is in Mo, 2k(R).
In this case, the jacobian of the new decoder at point y € R% is given by D + 2A4Y, with

Y = (18‘1 }9}7), where Y, and Y, are the n x k diagonal matrices with diagonal coefficients
Y15 oo, Yk and Yy, -, Yok

Decompose A into four submatrices a, b, ¢ and d of Moy 2 (R):

= A B
i-(e )
This gives

_ (Apa +24Y,  2BY,
J Deorr () = ( 2CY,  Apea +2DY,

According to previous computations, Dgy-- is symplectic if and only if

2V C(Apsa + 2AYy) = 2'(Apsa + 2AY,)CYy,
2!(Apsa + 2DY,)BY,, = 2Y B(Apea + 2DY,),
(Apsa + 2DY,)(Apsa + 2AY,) — AV BCY, = I

for all Y, and Y; diagonal matrices in M, 1(R).

Rearranging the terms and taking into account that tApsdApsd = [I; by construction, we
obtain
21@(’540 — tCA)Yq + tApstYq - thC’Ade =0,
2Y,(!DB —'BD)Y, + tApsdBY}D — thBAde =0, (A.3)
2Yp(tBC — tDA)Y;] — tApsdAYq — thDAde = 0.
for all Y, and Y.

When we set (Y),,Yy) = (0, I;) and (Y}, Y,) = (Ix,0) in the third equation, we respectively get
tApsqA = 0 and tApsdD = 0. Inserting these results in the third equation with (Y,,Y,) = (Ix, Ix),
we have {BC —t*DA = 0. Conversely, if we have ApsdA ApsdD =0and 'BC —'DA = 0, the

third equation is true for all Yy, Y.

On the other hand, when we take Y, = I and —Ij in the first equation, we obtain 2(*AC —
LCA) + ' A4,qC — 'CApsq = 0 and —2(*AC —'CA) + 'ApsaC — 'CApsq = 0. Adding the two
equation gives *A,,;C — *CA,sq = 0, substrating them *AC —*CA = 0. Now, if we introduce
the last expression in the third equation of A.3, we get 'A,,CY, — Y,'CA,sq = 0 for all Y. Let
us see that the symmetry of “A,;4C that we have just shown implies then that *A,,,C = 0. In
fact, if for all indices 4, j in [1,n],

n

Z psd lzCl] = [tApst] CApsd Z psd lelza

=1 =1
then
Z(Apsd)liclj(yq)jj = [tApstYq] [Y CApsd Z psd lel'L Z psd l'LCl] )
=1 =1 =1
SO

((Ya)is — (Y)ia) [*ApsaCl,; = (Ya)js — (Yo)ir) ) (Apsa)iiCij = 0

1

n
1=
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for all indices 4,7 and for all values of (Yg);; and (Yy);. This implies that *A,,qC = 0. Con-
versely, if we have A,,,C = 0 and "AC — ‘CA = 0 , then the first equation of A.3 in true for
all value of Y,. Exactly in the same way, we find that the second equation of A.3 is equivalent
to ‘A,sqB =0 and 'DB —'BD = 0.

Optimisation problem

Consider the loss function

o[ MR
. (A,B,C, D) — HX _AXH%',Qn,N’
where X (}enotes the compression-decompression error made by the PSD on the samples, that
is X — DX.

According to the preceeding section, Dy is symplectic if and only if A is a zero of the
functions

A, B,C,D) — HtApsdA”%“,k,kv
A,B,C, D)~ |'ApuB

g1 :

( )
g2 ( ) |%kk7
93 : (A, B,C, D) — [ ApsaC|F 1 s
g1+: (A, B,C,D) — HtApsdD“%,k,kv
( )
( )
( )

A> B7 C? D) — HtAC - tCAH%’,k,k?
A,B,C,D) — |'DB = "BD| 3.1
A,B,C,D) — |'BC —"DA|3), 1-

g5 -
g6 -
g7 -

Whatever the dimension of the matrices we are looking at, the Froebenius norm is Euclidian
for the scalar product (-,-) : (A4, B) — Tr(*AB). On M, (R)*, we use the scalar product
induced by the Cartesian product

{((A,B,C,D);(E,F,G,H)y=(A,E)+ (B,F)+ (C,G)+ (D,H)

and the associated norm || - ||

Note
K; = {(A,B,C,D) e M, x,(R)* | g;(A, B,C, D) = 0}

and K = (7_, K;. We want to solve

min  L(A,B,C, D).
(A,B,C,D)eK

Consider Taylor’s expansion of £ at (A4, B, C, D) in the direction of (h1, ha, hs, hy):
L(A+ hi,B+ ho,C + hg, D + hy)
= 1Q = (A+)Q = (B+ ho) Pl + [P = (C+ hs)Q = (D + ha) Pl
—|Q - AQ - BP|% -2 <Q — AQ — BP0 + h215> + O + haP|%

+|P - Cé — D15||%~ -2 (15 - Cé - DP, h3é + h415) + Hh3é + h415|\2F-
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Thanks to the properties of the trace, we have
(@-4Q - BA.mQ) = Tr (1@ - AQ - BP)nQ) = Tr (Q'(Q — AQ — BP))
— ((@-4Q-BP'Q.1).
Equivalent expressions holds for the other terms involving one of the h;, which gives
L(A+ hi,B + he,C + h3, D + hy)
— £(A,B,C,D) =2 ((Q - AQ - BPY'Q, ) —2 ((Q — AQ - BP)'P.h»)
~2((P~CQ - DP)Q,hs) =2 (P~ CQ— DP)'P,hy) + Ol ha, s, hu|)

so the gradient of L for our scalar product is

~2((@- 4Q - BPYQ,(Q — AQ - BP)'P,(P - CQ - DPY'Q, (P~ CQ - DP)'P).
Using the same arguments, we find that
Vgi(A, B,C, D) = (2a' A,544,0,0,0)
and that Vgo, Vg3 and Vg4 have similar expressions. Unfortunately, we also find that
Vgs(A, B,C,D) = 4(C'CA — C*'AC,0, A'AC — A'CA,0)

which equals to zero when g5(A, B,C, D) = 0. Similar results hold for g¢ and g7 so we can’t use
usual theoretical tools to characterise local minima.

Numerically, we will use a gradient descent to find a value of A which achieve a small value
of the loss.

Results
A.3.2 Tentative 2

We now want to add crossed terms y;y; for ¢ # j in the quadratic map. We then look for ¢\
of the form y — AY where Y = (y1y1,y1y2, ..., Y2ryox) and A is in My, s(R). Recall from a
k(k+1)

previous section that S =1+ k + ==~ is the dimension of Y.

Optimisation problem

Decompose A in (g) with A and B in M,, g.

Let G' the matrix in Mg 4,2(R) whose coefficients are 0 except for: the G p(y ; i).2ki+; Which
are 2 for i € [[1,2k] and for the G'p(1; j)2ki+; and the Gp(i; jyopjti, Which are 1 for all i < j
between 1 and 2k. The Jacobian matrix of f : y — Y at y is given by Jfly) = GY, where

Y 0 .. O

> 0o Y .

Y= = € Myz2 o1 (R).
. .. .. 0
0 0 Y
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Then, for Deorr @ @ = (p,q) = (Apsap + Bf(x), Apsaq + Af(x)), we have
VDl (#) = Apa + AGQ, VDL, (&) = AGP.
v, D, (3) = BGQ, VD, (2) = Ay + BGP,

corr corr

where é and P in Myj2 ,(R) are such that X = (¢ P)

v

Therefore, the symplecticity conditions for D, are, for all Q and ]5
'ApsaBGP +'Q'G(AB ' BA)GP +'Q'G' Adysg = 0,
HApsa + AGQ)BGQ — 'Q'G' B(Apsa + AGQ)
LPLGYA(Apsq + BGP) — (Ayeq + BGP)AGP

v
A

0,
0.

If we take Q = 0 in the first equation, we have tApsdBGif’ = 0 for all P. We can choose
P with all but one coefficient equal to zero. This leads to tApsdBGi = 0 for all column G; of
G, which means that *A,,;BG = 0. The same argument with P = 0 shows that tApsdAG = 0.

Now, taking P and Q with all but one coefficients equal to zero, we see that all the coefficients
of 'G(*AB —'BA)G are zero. Conversely, if *A,,qAG ="A, BG ='G(*AB—"BA)G = 0, then

the three equation above are satisfied for all Q and P and D¢ orr is symplectic.

The optimisation problem that we want to solve is therefore

min L(A,B,C,D).
(A,B)eK

with the loss function

o Mus(R)* >R
‘ (Aa B) — ”X - AX”%‘,%L,N?

where X (}enotes the compression-decompression error made by the PSD on the samples, that
is X —DX and K = {(A,B) € /\/ln,S(R)2 | tA,aAG ='A,54BG ='G(*AB —'BA)G = 0}.

Results
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B Generating functions

In this chapter, we present a summary of what we learned about generating functions in [2]
and [16]. We expect to use these notions in futur reduction methods for Hamiltonian systems.
In fact, as we will see, generating functions are useful tools to build symplectomorphisms f :
V — V on a given symplectic manifold (V,w). With a generating function S : V — R, we can
characterise f. When one wants to learn a Hamiltonian dynamic, this characterisation may be
interesting. Here, we take V = R?" and we use coordinates (p, q), with ¢,p € R". We endow
R?" with the usual smyplectic structure, given by w = d\ with A\ = pdg.

We are here interested in isosymplectic maps, that is f : R?* — R?" such that f*w = w.

In particular, Hamiltonian flows are isosymplectic transformations:
(6h) " = w.
To show it, first note that this equation is equivalent to Lx,w = 0. Then, use Cartan’s formula:
L.a =ta+d(1,a),

which is true for all p-form « and all vector field z in R?*. In this formula, L,a represents the
Lie derivative of the form « in the direction z and ¢, the interior product between z and «.
This immediately gives

txpdw + d(ix,w) = d(dH) = 0.

It is obvious that if f is isosymplectic, then the form A — f*\ is closed. In fact, it it even
exact: there exists S : R?” — R such that

pdq(p, q) + P(p,q)dQ(p, q) = dS(p, q). (B.1)

If we assume that the coordinates (¢, Q) are independent, we can express S in this coordinate
system. Note

We have o8 09
1 1
= — d P=— . B.2
Conversely, if a function S; : RY x RN — R verifies det gz;%; # 0, then the implicite function
theorem applied to % tells that we can express @ in terms of p := % and ¢. If we set

Pi(q,Q) = %(q,Q) and P(p,q) = Pi(q,Q(p,q)), we obtain an isosymplectic transformation
g:(p,q) — (P,Q). In fact, it verifies equation (B.1) so if we apply the exterior derivative and
use the fact that ddS = 0, we have g*w = w. The map f is such that p and P satisfy (B.2). We
then say that Sy is the gemerating function of f.
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Note that we obtained a cananical transformation from a single map from R?" to R. More-
over, every isosymplectic transformation which verify the independence condition between ¢
and @) can be obtained from a generating function.

It can happen that ¢ and ) are not independent: this is for example the case in the identity
function. This do not mean that previous computations can not be done anymore. We can
apply the same argument with the coordinates ¢ and P instead of ¢ and (). We then have

551 aSl
- Plp d Q=22pg).
For example, a generating function for the identity function is given by S : (P, q) — Pgq.
Actually, we can choose any partition (i1, ..., i), (J1, ..., jm) de (1, ..., V) such that

025,
det——— # 0.
o(P;,Q:)0q

For isosymplectic transformations close to the identity, we can choose generating functions
of the form )
S(P.q) = Pq+eS(P,q,e).

We then have

oS oS
sz—ea—q and Q=q+ea—P
so if we set H : (p,q) — S(p,q,0), we have
ar| oM o) _en
de le=0 g de le=0 g
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