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§ O˚u˚t¨lˇi‹n`e

1 – H`o“w ˚t´o ”m`oˆd`e¨l `a¯p`eˇr˚i`oˆd˚i`c (`qfi˚u`a‹n˚tˇu‹mffl) ¯sfi‹yṡfi˚t´e›m¯s?

2 – H`o“w ˚t´o `c´o“n¯sfi˚tˇr˚u`cˇt `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“n¯s?

3 – Aṗ¯p˚r`o“xˇi‹m`a˚tˇi`o“n! I”nffl ”w˝h˚i`c‚hffl (˚t´op̧`o˝l´oˆgˇi`c´a˜l) ¯sfi`e›n¯sfi`e?

4 – H`o“w ˚t´o `c‚h`oˆoşfi`e ˚t‚h`e `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ?



� B˜l´oˆc‚h„¯s ˜l´e´g´a`c›y
(1925-1926) B˚i˚r˚t‚hffl `o˝f (”m`oˆd`eˇr‹nffl) Q˚u`a‹n˚tˇu‹mffl M`e´c‚h`a‹n˚i`cṡ:
W. H`eˇi¯sfi`e›n˜bfleˇr`g (”m`a˚tˇr˚i‹x ”m`e´c‚h`a‹n˚i`cṡ) - E. S̀c‚h˚rffl`ö`d˚i‹n`g´eˇrffl (”wˆa‹vfle ”m`e´c‚h`a‹n˚i`cṡ).

(1928) B˚i˚r˚t‚hffl `o˝f Q˚u`a‹n˚tˇu‹mffl T‚h`e´o˘r‹y `o˝f S̀o˝lˇi`d¯s:
F. B˜l´oˆc‚hffl (P‚hffl.D ˚t‚h`eṡfi˚i¯s, ¯sfi˚u¯p`eˇr‹v˘i¯sfi˚i`o“nffl `o˝f H`eˇi¯sfi`e›n˜bfleˇr`g).

(1928 - ˚t´oˆd`a‹y) C`o“n¯sfi`e´qfi˚u`e›n`c´eṡ `o˝f B˜l´oˆc‚h„¯s ˚t‚h`e´o˘r‹y:
• C`o“n`d˚u`cˇtˇi‹v˘i˚t›y ¯p˚r`op̧`eˇr˚tˇi`eṡ: ˜bˆa‹n`dffl-`g´a¯pffl ¯sfi˚tˇr˚u`cˇtˇu˚r`e `o˝f ˚t‚h`e ¯sfi¯p`e´cˇtˇr˚u‹mffl;
• B`eˇt‚h`e-S̀o“m‹m`eˇr˜f´e¨l´dffl `c´o“n¯j´e´cˇtˇu˚r`e: ¯p˚r`o“vfle´dffl ˚i‹nffl ”m`a‹n‹y `c´a¯sfi`eṡ;
• T‚h`eˇr‹m`oˆd‹y›n`a‹m˚i`c ¯p˚r`op̧`eˇr˚tˇi`eṡ: `d`e›n¯sfi˚i˚t›y `o˝f ¯sfi˚t´a˚t´eṡ, K˚u˜bˆo ˜f´o˘r‹m˚u˜l´affl;
• S̀e›m˚i`c¨l´a¯sfi¯sfi˚i`c´a˜l ”m`oˆd`e¨lṡ: W`a‹n‹n˚i`eˇrffl ˜fˇu‹n`cˇtˇi`o“n¯s, P̀eˇi`eˇr˜lṡ ¯sfi˚u˜bşfi˚tˇi˚tˇu˚tˇi`o“nffl, `eˇt´c.;
• T`op̧`o˝l´oˆgˇi`c´a˜l `qfi˚u`a‹n˚tˇi˚z´a˚tˇi`o“nffl: QHE, K - ˚t‚h`e´o˘r‹y ˜f´o˘rffl ”m`a˚tˇt´eˇrffl.

(1984) D˚i¯sfi`c´o“vfleˇr‹y `o˝f Q˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜l:
D. S‚h`e´c‚h˚t›m`a‹nffl `eˇt `a˜l.



� Aṗ`eˇr˚i`oˆd˚i`cˇi˚t›y ˚i‹nffl P‚h‹yṡfi˚i`cṡ
I C˚r‹yṡfi˚t´a˜lṡ
P̀eˇr˚i`oˆd˚i`c `a˚r˚r`a‹n`g´e›m`e›n˚tṡ `o˝f `a˚t´o“m¯s ˚i‹nffl Rd . W‚h`e›nffl d =3:
• 230 F”y´oˆd`o˘r`o“v `gˇr`o˘u¯p¯s (˚r`o˘t´a˚tˇi`o“n¯s:, ˚r`e¨f¨l´e´cˇtˇi`o“n¯s, ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s);
• 32 ¯p`o˘i‹n˚t `gˇr`o˘u¯p¯s (”w˘i˚t‚h`o˘u˚t ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s);
• 11 L`affl˚üffl`e `gˇr`o˘u¯p¯s (X-˚r`a‹y `d˚i˜f¨fˇr`a`cˇtˇi`o“nffl ¯p`a˚tˇt´eˇr‹n¯s);

• 5 ˚r`o˘t´a˚tˇi`o“n`a˜l ¯sfi‹y›m‹m`eˇtˇr˚i`eṡ (2,3,4,6-˜f´o˝l´dffl ≡ C˚r‹yṡfi˚t´a˜l¨l´oˆgˇr`a¯p˛h˚i`c-T‚h`e´o˘r`e›mffl).

I Q˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜lṡ
I”nffl 1984 `affl `d˚i˜f¨fˇr`a`cˇtˇi`o“nffl ¯p`a˚tˇt´eˇr‹n¯s ”w˘i˚t‚hffl `affl ˜f´o˘r˜b˘i`d`d`e›nffl 10-˜f´o˝l´dffl ¯sfi‹y›m‹m`eˇtˇr‹y
”wˆa¯s `o˝bşfi`eˇr‹vfle´dffl. M`a‹n‹y (”m`eˇt´affl-)¯sfi˚t´a˜b˝l´e `qfi˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜lṡ ˛h`a‹vfle ˜bfle´e›nffl ˜f´o˘u‹n`dffl.
• P̀o˘i‹n˚t¨lˇi˛k`e `d˚i˜f¨fˇr`a`cˇtˇi`o“nffl ¯p`a˚tˇt´eˇr‹n¯s (˜lˇi˛k`e ˚i‹nffl `affl ¯p`eˇr˜f´e´cˇt `cˇr‹yṡfi˚t´a˜l);
• ˜f´o˘r˜b˘i`d`d`e›nffl ¯sfi‹y›m‹m`eˇtˇr‹y (5,8,10,12-˜f´o˝l´dffl);

• L`o“n`g-˚r`a‹n`g´e `o˘r`d`eˇrffl (˛k`e›y›wˆo˘r`d!).



� Aṗ`eˇr˚i`oˆd˚i`cˇi˚t›y ˚i‹nffl P‚h‹yṡfi˚i`cṡ
I C˚r‹yṡfi˚t´a˜lṡ
P̀eˇr˚i`oˆd˚i`c `a˚r˚r`a‹n`g´e›m`e›n˚tṡ `o˝f `a˚t´o“m¯s ˚i‹nffl Rd . W‚h`e›nffl d =3:
• 230 F”y´oˆd`o˘r`o“v `gˇr`o˘u¯p¯s (˚r`o˘t´a˚tˇi`o“n¯s:, ˚r`e¨f¨l´e´cˇtˇi`o“n¯s, ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s);
• 32 ¯p`o˘i‹n˚t `gˇr`o˘u¯p¯s (”w˘i˚t‚h`o˘u˚t ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s);
• 11 L`affl˚üffl`e `gˇr`o˘u¯p¯s (X-˚r`a‹y `d˚i˜f¨fˇr`a`cˇtˇi`o“nffl ¯p`a˚tˇt´eˇr‹n¯s);

• 5 ˚r`o˘t´a˚tˇi`o“n`a˜l ¯sfi‹y›m‹m`eˇtˇr˚i`eṡ (2,3,4,6-˜f´o˝l´dffl ≡ C˚r‹yṡfi˚t´a˜l¨l´oˆgˇr`a¯p˛h˚i`c-T‚h`e´o˘r`e›mffl).

I Q˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜lṡ
I”nffl 1984 `affl `d˚i˜f¨fˇr`a`cˇtˇi`o“nffl ¯p`a˚tˇt´eˇr‹n¯s ”w˘i˚t‚hffl `affl ˜f´o˘r˜b˘i`d`d`e›nffl 10-˜f´o˝l´dffl ¯sfi‹y›m‹m`eˇtˇr‹y
”wˆa¯s `o˝bşfi`eˇr‹vfle´dffl. M`a‹n‹y (”m`eˇt´affl-)¯sfi˚t´a˜b˝l´e `qfi˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜lṡ ˛h`a‹vfle ˜bfle´e›nffl ˜f´o˘u‹n`dffl.
• P̀o˘i‹n˚t¨lˇi˛k`e `d˚i˜f¨fˇr`a`cˇtˇi`o“nffl ¯p`a˚tˇt´eˇr‹n¯s (˜lˇi˛k`e ˚i‹nffl `affl ¯p`eˇr˜f´e´cˇt `cˇr‹yṡfi˚t´a˜l);
• ˜f´o˘r˜b˘i`d`d`e›nffl ¯sfi‹y›m‹m`eˇtˇr‹y (5,8,10,12-˜f´o˝l´dffl);

• L`o“n`g-˚r`a‹n`g´e `o˘r`d`eˇrffl (˛k`e›y›wˆo˘r`d!).



� Aṗ`eˇr˚i`oˆd˚i`cˇi˚t›y ˚i‹nffl P‚h‹yṡfi˚i`cṡ - D˚i˜f¨fˇr`a`cˇtˇi`o“nffl



� Aṗ`eˇr˚i`oˆd˚i`cˇi˚t›y ˚i‹nffl P‚h‹yṡfi˚i`cṡ - E˜l´e´cˇt. ”m˚i`cˇr`oşfi`c´op̧`e



� ‘‘S̊tˇr`a‹n`g´e’’ ¯p˛h‹yṡfi˚i`c´a˜l ¯p˚r`op̧`eˇr˚tˇi`eṡ
• I”n¯sfi˚u˜l´a˚t´o˘r¯s `a˚t ˜l´o“w ˚t´e›m¯p`eˇr`a˚tˇu˚r`e ... ”m`a`d`e `o˝f `g´oˆoˆdffl ”m`eˇt´a˜lṡ!
• M`e´c‚h`a‹n˚i`c´a˜l¨l›y ˛h`a˚r`dffl `a‹n`dffl ˜fˇr`a`gˇi˜l´e.
• S̊u¯p`eˇr¯p˜l´a¯sfi˚tˇi`c ˚tˇr`a‹n¯sfi˚i˚tˇi`o“nffl `a˚t ˛h˚i`g‚hffl ˚t´e›m¯p`eˇr`a˚tˇu˚r`e.

`a‹m`o˘r¯p˛h`o˘u¯s ¯sfi`o˝lˇi`d¯s

`d`eˇt´eˇr‹m˚i‹n˚i¯sfi˚tˇi`c

((

66

// `qfi˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜lṡ
66

?

		

¯sfi`o˝lˇi`dffl-¯sfi˚t´a˚t´e ¯p˛h‹yṡfi˚i`cṡ

((

66

`cˇr‹yṡfi˚t´a˜lṡ

¯p˚r`o˝bˆa˜b˘i˜lˇi¯sfi˚tˇi`c



� Aṗ`eˇr˚i`oˆd˚i`cˇi˚t›y ˚i‹nffl M`a˚t‚h`e›m`a˚tˇi`cṡ - O`cˇt´oˆg´o“n`a˜l



� Aṗ`eˇr˚i`oˆd˚i`cˇi˚t›y ˚i‹nffl M`a˚t‚h`e›m`a˚tˇi`cṡ - P̀e›n˚r`oşfi`e



� T‚h`e ¯sfi¯p`e´cˇtˇr`a˜l ¯p˚r`o˝b˝l´e›mffl
L`eˇt L ⊂ Rd ˜bfle ˚t‚h`e ¯sfi`eˇt `o˝f ¯p`oşfi˚i˚tˇi`o“n¯s `o˝f `affl `qfi˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜l.

I S̊i‹n`g¨l´e-¯p`a˚r˚tˇi`c¨l´e H`a‹m˚i˜lˇt´o“n˚i`a‹nffl

HL := − }
2m

∆ + VL, VL :=
∑
y∈L

w( · − y)

w ˚i¯s ˚t‚h`e ˚t›yṗ˚i`c´a˜l ¯p`o˘t´e›n˚tˇi`a˜l `o˝f `affl ¯sfi˚i‹n`g¨l´e `a˚t´o“mffl.

I I”n`d`eṗ`e›n`d`e›n`c´e ˜fˇr`o“mffl ˚t‚h`e `c‚h`o˘i`c´e `o˝f `a‹nffl `o˘r˚i`gˇi‹nffl

HL :=
{

UaHLUa
−1 | a ∈ Rd

} strong-resolvent

Ua ˚u‹n˚i˚t´a˚r‹y (¯p˚r`oj̧´e´cˇtˇi‹vfle) ˚r`eṗ˚r`eṡfi`e›n˚t´a˚tˇi`o“nffl `o˝f ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s.

I C`o“m¯p˚u˚t´a˚tˇi`o“n`a˜l (”vfleˇr‹y ˛h`a˚r`d!) ¯p˚r`o˝b˝l´e›mffl
Spec(HL) :=

⋃
Hω∈HL

Spec(Hω) .



� T‚h`e ¯sfi¯p`e´cˇtˇr`a˜l ¯p˚r`o˝b˝l´e›mffl
L`eˇt L ⊂ Rd ˜bfle ˚t‚h`e ¯sfi`eˇt `o˝f ¯p`oşfi˚i˚tˇi`o“n¯s `o˝f `affl `qfi˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜l.
I S̊i‹n`g¨l´e-¯p`a˚r˚tˇi`c¨l´e H`a‹m˚i˜lˇt´o“n˚i`a‹nffl

HL := − }
2m

∆ + VL, VL :=
∑
y∈L

w( · − y)

w ˚i¯s ˚t‚h`e ˚t›yṗ˚i`c´a˜l ¯p`o˘t´e›n˚tˇi`a˜l `o˝f `affl ¯sfi˚i‹n`g¨l´e `a˚t´o“mffl.

I I”n`d`eṗ`e›n`d`e›n`c´e ˜fˇr`o“mffl ˚t‚h`e `c‚h`o˘i`c´e `o˝f `a‹nffl `o˘r˚i`gˇi‹nffl

HL :=
{

UaHLUa
−1 | a ∈ Rd

} strong-resolvent

Ua ˚u‹n˚i˚t´a˚r‹y (¯p˚r`oj̧´e´cˇtˇi‹vfle) ˚r`eṗ˚r`eṡfi`e›n˚t´a˚tˇi`o“nffl `o˝f ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s.

I C`o“m¯p˚u˚t´a˚tˇi`o“n`a˜l (”vfleˇr‹y ˛h`a˚r`d!) ¯p˚r`o˝b˝l´e›mffl
Spec(HL) :=

⋃
Hω∈HL

Spec(Hω) .



� T‚h`e ¯sfi¯p`e´cˇtˇr`a˜l ¯p˚r`o˝b˝l´e›mffl
L`eˇt L ⊂ Rd ˜bfle ˚t‚h`e ¯sfi`eˇt `o˝f ¯p`oşfi˚i˚tˇi`o“n¯s `o˝f `affl `qfi˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜l.
I S̊i‹n`g¨l´e-¯p`a˚r˚tˇi`c¨l´e H`a‹m˚i˜lˇt´o“n˚i`a‹nffl

HL := − }
2m

∆ + VL, VL :=
∑
y∈L

w( · − y)

w ˚i¯s ˚t‚h`e ˚t›yṗ˚i`c´a˜l ¯p`o˘t´e›n˚tˇi`a˜l `o˝f `affl ¯sfi˚i‹n`g¨l´e `a˚t´o“mffl.

I I”n`d`eṗ`e›n`d`e›n`c´e ˜fˇr`o“mffl ˚t‚h`e `c‚h`o˘i`c´e `o˝f `a‹nffl `o˘r˚i`gˇi‹nffl

HL :=
{

UaHLUa
−1 | a ∈ Rd

} strong-resolvent

Ua ˚u‹n˚i˚t´a˚r‹y (¯p˚r`oj̧´e´cˇtˇi‹vfle) ˚r`eṗ˚r`eṡfi`e›n˚t´a˚tˇi`o“nffl `o˝f ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s.

I C`o“m¯p˚u˚t´a˚tˇi`o“n`a˜l (”vfleˇr‹y ˛h`a˚r`d!) ¯p˚r`o˝b˝l´e›mffl
Spec(HL) :=

⋃
Hω∈HL

Spec(Hω) .



� T‚h`e ¯sfi¯p`e´cˇtˇr`a˜l ¯p˚r`o˝b˝l´e›mffl
L`eˇt L ⊂ Rd ˜bfle ˚t‚h`e ¯sfi`eˇt `o˝f ¯p`oşfi˚i˚tˇi`o“n¯s `o˝f `affl `qfi˚u`a¯sfi˚i`cˇr‹yṡfi˚t´a˜l.
I S̊i‹n`g¨l´e-¯p`a˚r˚tˇi`c¨l´e H`a‹m˚i˜lˇt´o“n˚i`a‹nffl

HL := − }
2m

∆ + VL, VL :=
∑
y∈L

w( · − y)

w ˚i¯s ˚t‚h`e ˚t›yṗ˚i`c´a˜l ¯p`o˘t´e›n˚tˇi`a˜l `o˝f `affl ¯sfi˚i‹n`g¨l´e `a˚t´o“mffl.

I I”n`d`eṗ`e›n`d`e›n`c´e ˜fˇr`o“mffl ˚t‚h`e `c‚h`o˘i`c´e `o˝f `a‹nffl `o˘r˚i`gˇi‹nffl

HL :=
{

UaHLUa
−1 | a ∈ Rd

} strong-resolvent

Ua ˚u‹n˚i˚t´a˚r‹y (¯p˚r`oj̧´e´cˇtˇi‹vfle) ˚r`eṗ˚r`eṡfi`e›n˚t´a˚tˇi`o“nffl `o˝f ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s.

I C`o“m¯p˚u˚t´a˚tˇi`o“n`a˜l (”vfleˇr‹y ˛h`a˚r`d!) ¯p˚r`o˝b˝l´e›mffl
Spec(HL) :=

⋃
Hω∈HL

Spec(Hω) .



� D`e¨l´o“n`e ¯sfi`eˇt L ⊂ Rd

I D˚i¯sfi`cˇr`eˇt´e `a‹n`dffl `a¯p`eˇr˚i`oˆd˚i`c
L+ a = L ˚i˜f `a‹n`dffl `o“n˜l›y ˚i˜f Rd 3 a = 0;

I D`e¨l´o“n`e ¯sfi`eˇt
• U”n˚i˜f´o˘r‹m˜l›y `d˚i¯sfi`cˇr`eˇt´e, ˚iffl.`e. ˚t‚h`eˇr`e ˚i¯s r > 0 ¯sfi˚u`c‚hffl ˚t‚h`a˚t `e›vfleˇr‹y `op̧`e›nffl ˜bˆa˜l¨l `o˝f
˚r`a`d˚i˚u¯s r ”m`e´eˇtṡ L `a˚t ”m`oşfi˚t `o“nffl `o“n`e ¯p`o˘i‹n˚t;
• R`e¨l´a˚tˇi‹vfle¨l›y `d`e›n¯sfi`e, ˚iffl.`e. ˚t‚h`eˇr`e ˚i¯s R > 0 ¯sfi˚u`c‚hffl ˚t‚h`a˚t `e›vfleˇr‹y `c¨l´oşfi`e´dffl ˜bˆa˜l¨l `o˝f
˚r`a`d˚i˚u¯s R ”m`e´eˇtṡ L `a˚t ˜l´e´a¯sfi˚t `o“nffl `o“n`e ¯p`o˘i‹n˚t.

• Delr,R(Rd ) ˚i¯s ˚t‚h`e `c´o˝l¨l´e´cˇtˇi`o“nffl `o˝f D`e¨l´o“n`e ¯sfi`eˇt `o˝f ˚t›yṗ`e r ,R.

I F̊i‹n˚i˚t´e ˜l´oˆc´a˜l `c´o“m¯p˜l´e›xˇi˚t›y
F̀o˘rffl `a‹n‹y R > 0 ˚t‚h`e ”n˚u‹m˜bfleˇrffl `o˝f ¯p`a˚t´c‚h`eṡ ℘ ⊂ L `o˝f ˚r`a`d˚i˚u¯s R ˚i¯s ˜fˇi‹n˚i˚t´e (˚u¯pffl
˚t´o ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“n¯s).
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˚r`a`d˚i˚u¯s R ”m`e´eˇtṡ L `a˚t ˜l´e´a¯sfi˚t `o“nffl `o“n`e ¯p`o˘i‹n˚t.

• Delr,R(Rd ) ˚i¯s ˚t‚h`e `c´o˝l¨l´e´cˇtˇi`o“nffl `o˝f D`e¨l´o“n`e ¯sfi`eˇt `o˝f ˚t›yṗ`e r ,R.
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� F̊r`o“mffl D`e¨l´o“n`e ¯sfi`eˇtṡ ˚t´o `gˇr`o˘u¯p`o˘i`d¯s

I T‚h`e H˚u˜l¨l `o˝f D`e¨l´o“n`e ¯sfi`eˇtṡ (`o˝f ˚t›yṗ`e r ,R)
T‚h`e ¯sfi`eˇt Ω := Delr,R(Rd ) `c´a‹nffl ˜bfle `e›n`d`o“wfle´dffl ”w˘i˚t‚hffl `affl (”n`a˚tˇu˚r`a˜l) ˚t´op̧`o˝l´oˆg›y.
T‚h`e ˚r`eṡfi˚u˜lˇtˇi‹n`g ˚t´op̧`o˝l´oˆgˇi`c´a˜l ¯sfi¯p`a`c´e Ω ˚i¯s `c´o“m¯p`a`cˇt, H`a˚u¯sfi`d`o˘r˜f¨f `a‹n`dffl ¯sfi`e´c´o“n`dffl
`c´o˘u‹n˚t´a˜b˝l´e.

I T‚h`e D`e¨l´o“n`e `d‹y›n`a‹m˚i`c´a˜l ¯sfi‹yṡfi˚t´e›mffl
I˜f L ∈ Ω ˚i¯s `affl D`e¨l´o“n`e ¯sfi`eˇt `o˝f ˚t›yṗ`e r ,R ˚t‚h`e›nffl ˚i˚tṡ ˚tˇr`a‹n¯sfi˜l´a˚tˇi`o“nffl

TaL := L+ a ∈ Ω , ∀ a ∈ Rd

˚i¯s ¯sfi˚tˇi˜l¨l `affl D`e¨l´o“n`e ¯sfi`eˇt `o˝f ¯sfi`a‹m`e ˚t›yṗ`e. T‚h`e›nffl

Rd 3 a T7−→ Ta ∈ Homeo(Ω)

˚i¯s `a‹nffl Rd -`a`cˇtˇi`o“nffl `a‹n`dffl (Ω,T ,Rd ) ˚i¯s `affl `d‹y›n`a‹m˚i`c´a˜l ¯sfi‹yṡfi˚t´e›m¯s.
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� F̊r`o“mffl D`e¨l´o“n`e ¯sfi`eˇtṡ ˚t´o `gˇr`o˘u¯p`o˘i`d¯s
I T‚h`e (˚tˇr`a‹n¯sfi˜f´o˘r‹m`a˚tˇi`o“nffl) D`e¨l´o“n`e `gˇr`o˘u¯p`o˘i`dffl
I˚t ˚i¯s `d`eṡfi`cˇr˚i˜bfle´dffl ˜b“y

Γ(2) ◦ // Γ
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• Γ(0) := Ω ˚i¯s ˚t‚h`e ˚u‹n˚i˚t ¯sfi¯p`a`c´e;
• Γ := Ω×Rd ˚i¯s ˚t‚h`e `a˚r˚r`o“w ¯sfi¯p`a`c´e;
• r(ω, a) := ω `a‹n`dffl s(ω, a) := T−1

a ω `a˚r`e ˚t‚h`e ˚r`a‹n`g´e ”m`a¯pffl `a‹n`dffl ¯sfi`o˘u˚r`c´e ”m`a¯pffl;
• u(ω) := (ω, 0) ˚i¯s ˚t‚h`e `e›m˜bfle´d`d˚i‹n`g `o˝f ˚u‹n˚i˚tṡ, ˛h`e›n`c´e Γ(0) ↪→ Γ;
• ı(ω, a) := (T−1

a ω,−a) ˚i¯s ˚t‚h`e ˚i‹n‹vfleˇr¯sfi`e ”m`a¯pffl;
• `c´o“m¯p`oşfi`a˜b˝l´e `a˚r˚r`o“wş

Γ(2) :=
{

((ω1, a1), (ω2, a2)) ∈ Γ× Γ | s(ω1, a1) = r(ω2, a2)
}

• (ω, a) ◦ (T−1
a ω, b) := (ω, a + b) ˚i¯s ˚t‚h`e ”m˚u˜lˇtˇi¯p˜lˇi`c´a˚tˇi`o“nffl.



� F̊r`o“mffl `gˇr`o˘u¯p`o˘i`d¯s ˚t´o `o˝bşfi`eˇr‹vˆa˜b˝l´eṡ
I L`e¨fˇt-`c´o“n˚tˇi‹n˚u`o˘u¯s H`a`a˚rffl ¯sfi‹yṡfi˚t´e›mffl
F̀a‹m˚i˜l›y `o˝f ”m`e´a¯sfi˚u˚r`eṡ {µω}ω∈Ω `d`e¨fˇi‹n`e´dffl ˜b“y

µω(f ) :=

∫
Rd

f (ω, x)dx , f ∈ Cc(Γ) ≡ Cc(Ω×Rd ) .

P̊r`op̧`eˇr˚tˇi`eṡ:
˚iffl) F̀o˘rffl `e´a`c‚hffl ω ∈ Γ(0) ˚t‚h`e ¯sfi˚u¯p¯p`o˘r˚t `o˝f µω ˚i¯s ˚t‚h`e r -˜fˇi˜bfleˇrffl Γω := r−1(ω) ' Rd ;

˚i˚iffl) ˜f´o˘rffl `e´a`c‚hffl f ∈ Cc(Γ) ˚t‚h`e ”m`a¯pffl Γ(0) 3 ω 7→ µω(f ) ∈ C ˚i¯s `c´o“n˚tˇi‹n˚u`o˘u¯s;

˚i˚i˚iffl) T‚h`e ”m`e´a¯sfi˚u˚r`eṡ `a˚r`e ˜l´e¨fˇt-˚i‹n‹vˆa˚r˚i`a‹n˚t,
∫

Γω
f
(
(Taω, a) ◦ (ω, x)

)
dx =

∫
Rd

f (Taω, a + x) dx =

∫
ΓTaω

f (Taω, y) dy



� F̊r`o“mffl `gˇr`o˘u¯p`o˘i`d¯s ˚t´o `o˝bşfi`eˇr‹vˆa˜b˝l´eṡ
I C ∗- `a˜l´g´e¨b˘r`a˚i`c ¯sfi˚tˇr˚u`cˇtˇu˚r`e `o“nffl Cc(Γ)

• P̊r`oˆd˚u`cˇt (`c´o“n‹vˆo˝lˇu˚tˇi`o“nffl):

(f ? g)(ω, x) :=

∫
Γω'Rd

f (ω, y) g(T−yω, x − y) dy .

• A`d¯j´o˘i‹n˚t:
f †(ω, x) := f (T−xω,−x) .

• R`eṗ˚r`eṡfi`e›n˚t´a˚tˇi`o“n¯s:

(πω(f )ψ)(x) :=

∫
Γω

f (T−xω, y − x) ψ(y) dy , ψ ∈ L2(Γω , µω) ' L2(Rd )

• R`e´d˚u`c´e´dffl-˚u‹n˚i‹vfleˇr¯sfi`a˜l ”n`o˘r‹mffl:

|||f ||| := sup
ω∈Γ(0)

||πω(f )|| (∗)
= sup

ρ=bound. rep.
||ρ(f )||

(∗) ˜f´o˝l¨l´o“wş ˜fˇr`o“mffl ˚t‚h`e `a‹m`e›n`a˜b˘i˜lˇi˚t›y.



� F̊r`o“mffl `gˇr`o˘u¯p`o˘i`d¯s ˚t´o `o˝bşfi`eˇr‹vˆa˜b˝l´eṡ
I C ∗- `a˜l´g´e¨b˘r`affl `o˝f `o˝bşfi`eˇr‹vˆa˜b˝l´eṡ

A := Cc(Γ)
||| |||

`e›n`d`o“wfle´dffl ”w˘i˚t‚hffl ¯p˚r`oˆd˚u`cˇt ? `a‹n`dffl `a`d¯j´o˘i‹n˚t †.

I A˜f¨fˇi˜lˇi`a˚tˇi`o“nffl
F̀o˘rffl `e´a`c‚hffl λ ∈ R ˚t‚h`eˇr`e `e›xˇi¯sfi˚tṡ `affl Rλ,L ∈ A ¯sfi˚u`c‚hffl ˚t‚h`a˚t

πω(Rλ,L) :=
(
Hω − iλ1

)−1 ”w˘i˚t‚hffl Hω ∈ HL .

———————————– C`o“n`c¨lˇu¯sfi˚i`o“n¯s ———————————–
• T‚h`e ˚i‹n˜f´o˘r‹m`a˚tˇi`o“nffl `a˜bˆo˘u˚t Spec(HL) ˚i¯s `c´o“n˚t´a˚i‹n`e´dffl ˚i‹nffl ˚t‚h`e D`e¨l´o“n`e
`gˇr`o˘u¯p`o˘i˚u`dffl (Γ, Γ(0)) ... ¯sfi`o“m`eˇtˇi‹m`eṡ `d`e›n`o˘t´e´dffl ˜b“y Ω oT R

d .
• A”nffl ‘‘`e¨f¨fˇi`cˇi`e›n˚t’’ `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“nffl ¯sfi`c‚h`e›m`e ˜f´o˘rffl Spec(HL) ”m˚u¯sfi˚t ˜bfle ˜bˆa¯sfi`e´dffl
`o“nffl `a‹nffl ˚i‹n˚tˇr˚i‹n¯sfi˚i`c `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“nffl ¯sfi`c‚h`e›m`e `o˝f ˚t‚h`e ˚u‹n`d`eˇr˜l›yˇi‹n`g ¯sfi˚tˇr˚u`cˇtˇu˚r`a˜l
`d`a˚t´affl `c´oˆd`e´dffl ˚i‹nffl Ω oT R

d .
——————————————————————————————–
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———————————– C`o“n`c¨lˇu¯sfi˚i`o“n¯s ———————————–
• T‚h`e ˚i‹n˜f´o˘r‹m`a˚tˇi`o“nffl `a˜bˆo˘u˚t Spec(HL) ˚i¯s `c´o“n˚t´a˚i‹n`e´dffl ˚i‹nffl ˚t‚h`e D`e¨l´o“n`e
`gˇr`o˘u¯p`o˘i˚u`dffl (Γ, Γ(0)) ... ¯sfi`o“m`eˇtˇi‹m`eṡ `d`e›n`o˘t´e´dffl ˜b“y Ω oT R

d .
• A”nffl ‘‘`e¨f¨fˇi`cˇi`e›n˚t’’ `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“nffl ¯sfi`c‚h`e›m`e ˜f´o˘rffl Spec(HL) ”m˚u¯sfi˚t ˜bfle ˜bˆa¯sfi`e´dffl
`o“nffl `a‹nffl ˚i‹n˚tˇr˚i‹n¯sfi˚i`c `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“nffl ¯sfi`c‚h`e›m`e `o˝f ˚t‚h`e ˚u‹n`d`eˇr˜l›yˇi‹n`g ¯sfi˚tˇr˚u`cˇtˇu˚r`a˜l
`d`a˚t´affl `c´oˆd`e´dffl ˚i‹nffl Ω oT R

d .
——————————————————————————————–



� F̊r`o“mffl `gˇr`o˘u¯p`o˘i`d¯s ˚t´o `o˝bşfi`eˇr‹vˆa˜b˝l´eṡ
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§ O˚u˚t¨lˇi‹n`e

1 – H`o“w ˚t´o ”m`oˆd`e¨l `a¯p`eˇr˚i`oˆd˚i`c (`qfi˚u`a‹n˚tˇu‹mffl) ¯sfi‹yṡfi˚t´e›m¯s?

2 – H`o“w ˚t´o `c´o“n¯sfi˚tˇr˚u`cˇt `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“n¯s?

3 – Aṗ¯p˚r`o“xˇi‹m`a˚tˇi`o“n! I”nffl ”w˝h˚i`c‚hffl (˚t´op̧`o˝l´oˆgˇi`c´a˜l) ¯sfi`e›n¯sfi`e?

4 – H`o“w ˚t´o `c‚h`oˆoşfi`e ˚t‚h`e `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ?



� H`a‹n`d‹y `gˇr`o˘u¯p`o˘i`d¯s
I T`op̧`o˝l´oˆgˇi`c´a˜l `gˇr`o˘u¯p`o˘i`dffl

Γ(2) ◦ // Γ
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”w˘i˚t‚hffl Γ `a‹n`dffl Γ(0) ˚t´op̧`o˝l´oˆgˇi`c´a˜l ¯sfi¯p`a`c´e `a‹n`dffl r , s, u, ı, ◦ `c´o“n˚tˇi‹n˚u`o˘u¯s ”m`a¯p¯s.

I H`a‹n`d‹y `gˇr`o˘u¯p`o˘i`dffl
˚iffl) Γ ˚i¯s ˜l´oˆc´a˜l¨l›y `c´o“m¯p`a`cˇt, H`a˚u¯sfi`d`o˘r˜f¨f, ¯sfi`e´c´o“n`dffl `c´o˘u‹n˚t´a˜b˝l´e;
˚i˚iffl) Γ(0) ˚i¯s `c´o“m¯p`a`cˇt;
˚i˚i˚iffl) r `a‹n`dffl s `a˚r`e `op̧`e›nffl ”m`a¯p¯s.

I P̊r`op̧`eˇr˚tˇi`eṡ `o˝f ˛h`a‹n`d‹y `gˇr`o˘u¯p`o˘i`d¯s
• Γ(0) ˚i¯s H`a˚u¯sfi`d`o˘r˜f¨f, `a‹n`dffl ˚t‚h`e ˚i‹n`c¨lˇu¯sfi˚i`o“nffl u : Γ(0) ↪→ Γ ˚i¯s `c¨l´oşfi`e´dffl;
• T‚h`eˇr`e ˚i¯s `affl ˜l´e¨fˇt-`c´o“n˚tˇi‹n˚u`o˘u¯s H`a`a˚rffl ¯sfi‹yṡfi˚t´e›mffl {µω}ω∈Γ(0) .
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� T`a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl `o˝f `gˇr`o˘u¯p`o˘i`d¯s
I I”n‹vˆa˚r˚i`a‹n˚t ¯sfi`eˇtṡ
L`eˇt M ⊆ Γ(0) `a‹n`dffl `d`e¨fˇi‹n`e [M] := s(r−1(M)). M ˚i¯s ˚i‹n‹vˆa˚r˚i`a‹n˚t ˚i˜f `a‹n`dffl `o“n˜l›y ˚i˜f
M = [M]. D`e¨fˇi‹n`e

InvΓ :=
{

M ⊆ Γ(0) | M = M = [M]
}
.

• L`eˇt ω ∈ M ∈ InvΓ. I˜f γ ∈ Γ ¯sfi˚u`c‚hffl ˚t‚h`a˚t r(γ) = ω ˚t‚h`e›nffl s(γ) ∈ M ;
• T‚h`e ˚r`eṡfi˚tˇr˚i`cˇtˇi`o“nffl ΓM := Γ|M ˚i¯s `affl ”wfle¨l¨l `d`e¨fˇi‹n`e´dffl `gˇr`o˘u¯p`o˘i`dffl.

I T`op̧`o˝l´oˆg›y
L`eˇt Clos(Γ(0)) ˚t‚h`e ¯sfi¯p`a`c´e `o˝f `c¨l´oşfi`e´dffl ¯sfi˚u˜bşfi`eˇtṡ ”w˘i˚t‚hffl ˚t‚h`e V˚i`eˇt´o˘r˚i¯s ˚t´op̧`o˝l´oˆg›y

U (C,F) :=
{

C′ ∈ Clos(Γ(0)) | C′ ∩ C = ∅ & ∀ O ∈ F ,C′ ∩ O 6= ∅
}
.

• InvΓ ⊆ Clos(Γ(0)) ;
• InvΓ ˚i¯s `c¨l´oşfi`e´dffl, `c´o“m¯p`a`cˇt, H`a˚u¯sfi`d`o˘r˜f¨f `a‹n`dffl ¯sfi`e´c´o“n`dffl `c´o˘u‹n˚t´a˜b˝l´e.
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• L`eˇt ω ∈ M ∈ InvΓ. I˜f γ ∈ Γ ¯sfi˚u`c‚hffl ˚t‚h`a˚t r(γ) = ω ˚t‚h`e›nffl s(γ) ∈ M ;
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� T`a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl `o˝f `gˇr`o˘u¯p`o˘i`d¯s
I T`a˚u˚t´o˝l´oˆgˇi`c´a˜l `a˚r˚r`o“w ¯sfi¯p`a`c´e

TautΓ :=
{

(M, γ) ∈ InvΓ × Γ | r(γ) ∈ M & s(γ) ∈ M
}
.

• E”n`d`o“wfle´dffl ”w˘i˚t‚hffl ˚t‚h`e ¯p˚r`oˆd˚u`cˇt ˚t´op̧`o˝l´oˆg›y `o˝f InvΓ × Γ ˚i¯s `c¨l´oşfi`e´dffl, ˜l´oˆc´a˜l¨l›y
`c´o“m¯p`a`cˇt, H`a˚u¯sfi`d`o˘r˜f¨f `a‹n`dffl ¯sfi`e´c´o“n`dffl `c´o˘u‹n˚t´a˜b˝l´e.

I T`a˚u˚t´o˝l´oˆgˇi`c´a˜l ˚u‹n˚i˚t ¯sfi¯p`a`c´e

Taut(0)
Γ :=

{
(M, ω) ∈ InvΓ × Γ(0) | ω ∈ M

}
.

I T`a˚u˚t´o˝l´oˆgˇi`c´a˜l (˛h`a‹n`d‹y) `gˇr`o˘u¯p`o˘i`dffl (TautΓ,Taut
(0)
Γ )

• r(M, γ) := (M, r(γ)) `a‹n`dffl s(M, γ) := (M, s(γ));
• (M, γ) ◦ (M, γ′) := (M, γ ◦ γ′);
• (M, γ)−1 := (M, γ−1).
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� T`a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl `o˝f `gˇr`o˘u¯p`o˘i`d¯s
I C`o“n˚tˇi‹n˚u`o˘u¯s F̊i`e¨l´d¯s `o˝f Gˇr`o˘u¯p`o˘i`d¯s
A ˚tˇr˚i¯p˜l´e (Γ,T , p) ¯sfi˚u`c‚hffl ˚t‚h`a˚t:
˚iffl) Γ ˚i¯s `affl ˚t´op̧`o˝l´oˆgˇi`c´a˜l `gˇr`o˘u¯p`o˘i`dffl ”w˘i˚t‚hffl ˚u‹n˚i˚t ¯sfi¯p`a`c´e Γ(0) ↪→ Γ;
˚i˚iffl) p : Γ→ T ˚i¯s `a‹nffl `op̧`e›nffl ¯sfi˚u˚r¯j´e´cˇtˇi`o“nffl;
˚i˚i˚iffl) F̊i˜bfleˇrffl ¯sfi˚tˇr˚u`cˇtˇu˚r`e p = p|Γ(0) ◦ s = p|Γ(0) ◦ r .
• I˚t ˜f´o˝l¨l´o“wş ˚t‚h`a˚t Γt := p−1(t) ⊆ Γ ˚i¯s `affl ¯sfi˚u˜b-`gˇr`o˘u¯p˚i`dffl ˜f´o˘rffl `a˜l¨l t ∈ T .

———————————– T‚h`e´o˘r`e›mffl 1 ———————————-

L`eˇt (Γ, Γ(0)) ˜bfle `affl ˛h`a‹n`d‹y `gˇr`o˘u¯p`o˘i`dffl `a‹n`dffl (TautΓ,Taut
(0)
Γ ) ˚t‚h`e `a¯sfi¯sfi`oˆcˇi`a˚t´e´dffl

˚t´a˚u˚t´o˝l´oˆgˇi`c´a˜l `gˇr`o˘u¯p`o˘i`dffl. C`o“n¯sfi˚i`d`eˇrffl ˚t‚h`e ”m`a¯pffl

pΓ : TautΓ −→ InvΓ

`gˇi‹vfle›nffl ˜b“y pΓ(M, γ) = M. T‚h`e›nffl (TautΓ,InvΓ, pΓ) ˚i¯s `affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´d¯s `o˝f
`gˇr`o˘u¯p`o˘i`d¯s `c´a˜l¨l´e´dffl ˚t‚h`e ˚t´a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl `o˝f Γ.
——————————————————————————————–



� T`a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl `o˝f `gˇr`o˘u¯p`o˘i`d¯s
I C`o“n˚tˇi‹n˚u`o˘u¯s F̊i`e¨l´d¯s `o˝f Gˇr`o˘u¯p`o˘i`d¯s
A ˚tˇr˚i¯p˜l´e (Γ,T , p) ¯sfi˚u`c‚hffl ˚t‚h`a˚t:
˚iffl) Γ ˚i¯s `affl ˚t´op̧`o˝l´oˆgˇi`c´a˜l `gˇr`o˘u¯p`o˘i`dffl ”w˘i˚t‚hffl ˚u‹n˚i˚t ¯sfi¯p`a`c´e Γ(0) ↪→ Γ;
˚i˚iffl) p : Γ→ T ˚i¯s `a‹nffl `op̧`e›nffl ¯sfi˚u˚r¯j´e´cˇtˇi`o“nffl;
˚i˚i˚iffl) F̊i˜bfleˇrffl ¯sfi˚tˇr˚u`cˇtˇu˚r`e p = p|Γ(0) ◦ s = p|Γ(0) ◦ r .
• I˚t ˜f´o˝l¨l´o“wş ˚t‚h`a˚t Γt := p−1(t) ⊆ Γ ˚i¯s `affl ¯sfi˚u˜b-`gˇr`o˘u¯p˚i`dffl ˜f´o˘rffl `a˜l¨l t ∈ T .

———————————– T‚h`e´o˘r`e›mffl 1 ———————————-

L`eˇt (Γ, Γ(0)) ˜bfle `affl ˛h`a‹n`d‹y `gˇr`o˘u¯p`o˘i`dffl `a‹n`dffl (TautΓ,Taut
(0)
Γ ) ˚t‚h`e `a¯sfi¯sfi`oˆcˇi`a˚t´e´dffl

˚t´a˚u˚t´o˝l´oˆgˇi`c´a˜l `gˇr`o˘u¯p`o˘i`dffl. C`o“n¯sfi˚i`d`eˇrffl ˚t‚h`e ”m`a¯pffl

pΓ : TautΓ −→ InvΓ

`gˇi‹vfle›nffl ˜b“y pΓ(M, γ) = M. T‚h`e›nffl (TautΓ,InvΓ, pΓ) ˚i¯s `affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´d¯s `o˝f
`gˇr`o˘u¯p`o˘i`d¯s `c´a˜l¨l´e´dffl ˚t‚h`e ˚t´a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl `o˝f Γ.
——————————————————————————————–



§ O˚u˚t¨lˇi‹n`e

1 – H`o“w ˚t´o ”m`oˆd`e¨l `a¯p`eˇr˚i`oˆd˚i`c (`qfi˚u`a‹n˚tˇu‹mffl) ¯sfi‹yṡfi˚t´e›m¯s?

2 – H`o“w ˚t´o `c´o“n¯sfi˚tˇr˚u`cˇt `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“n¯s?

3 – Aṗ¯p˚r`o“xˇi‹m`a˚tˇi`o“n! I”nffl ”w˝h˚i`c‚hffl (˚t´op̧`o˝l´oˆgˇi`c´a˜l) ¯sfi`e›n¯sfi`e?

4 – H`o“w ˚t´o `c‚h`oˆoşfi`e ˚t‚h`e `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ?



� C`o“n˚tˇi‹n˚u`o˘u¯s F̊i`e¨l´d¯s `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s
T ˚i¯s `affl ˚t´op̧`o˝l´oˆgˇi`c´a˜l ¯sfi¯p`a`c´e. A := {At}t∈T `affl `c´o˝l¨l´e´cˇtˇi`o“nffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s.
I C`o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl ¯sfi˚tˇr˚u`cˇtˇu˚r`e
• T‚h`eˇr`e ˚i¯s `affl `c´o˝l¨l´e´cˇtˇi`o“nffl Y := {Yt}t∈T `o˝f `d`e›n¯sfi`e ¯sfi˚u˜bˆa˜l´g´e¨b˘r`a¯s;
• F̀o˘rffl `e´a`c‚hffl A := {At} ˚i‹nffl Y ˚t‚h`e ”m`a¯pffl t 7→ ‖At‖At ˚i¯s `c´o“n˚tˇi‹n˚u`o˘u¯s;
• T‚h`e ˜f´a‹m˚i˜l›y Y ˚i¯s `c¨l´oşfi`e´dffl ˚u‹n`d`eˇrffl ˜l´oˆc´a˜l `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“n¯s.

———————————– T‚h`e´o˘r`e›mffl 2 ———————————-

I˜f (A,Y) ˚i¯s `affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s `a‹n`dffl ˚i˜f A ∈ Y ˚i¯s `affl
`c´o“n˚tˇi‹n˚u`o˘u¯s ¯sfi`e¨l¨f-`a`d¯j´o˘i‹n˚t ˜fˇi`e¨l´dffl, ˚t‚h`e›nffl:
`affl) F̀o˘rffl `a‹n‹y f ∈ C0(R), ˚t‚h`e ”m`a¯p¯s t 7→ ‖f (At )‖At `a˚r`e `c´o“n˚tˇi‹n˚u`o˘u¯s;
˜b) T‚h`e ”m`a¯pffl

T 3 t 7−→ Spec(At ) ∈ Comp(R)

˚i¯s `c´o“n˚tˇi‹n˚u`o˘u¯s ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t´o ˚t‚h`e H`a˚u¯sfi`d`o˘r˜f¨f ”m`eˇtˇr˚i`c.
——————————————————————————————–



� C`o“n˚tˇi‹n˚u`o˘u¯s F̊i`e¨l´d¯s `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s
T ˚i¯s `affl ˚t´op̧`o˝l´oˆgˇi`c´a˜l ¯sfi¯p`a`c´e. A := {At}t∈T `affl `c´o˝l¨l´e´cˇtˇi`o“nffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s.
I C`o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl ¯sfi˚tˇr˚u`cˇtˇu˚r`e
• T‚h`eˇr`e ˚i¯s `affl `c´o˝l¨l´e´cˇtˇi`o“nffl Y := {Yt}t∈T `o˝f `d`e›n¯sfi`e ¯sfi˚u˜bˆa˜l´g´e¨b˘r`a¯s;
• F̀o˘rffl `e´a`c‚hffl A := {At} ˚i‹nffl Y ˚t‚h`e ”m`a¯pffl t 7→ ‖At‖At ˚i¯s `c´o“n˚tˇi‹n˚u`o˘u¯s;
• T‚h`e ˜f´a‹m˚i˜l›y Y ˚i¯s `c¨l´oşfi`e´dffl ˚u‹n`d`eˇrffl ˜l´oˆc´a˜l `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“n¯s.

———————————– T‚h`e´o˘r`e›mffl 2 ———————————-

I˜f (A,Y) ˚i¯s `affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s `a‹n`dffl ˚i˜f A ∈ Y ˚i¯s `affl
`c´o“n˚tˇi‹n˚u`o˘u¯s ¯sfi`e¨l¨f-`a`d¯j´o˘i‹n˚t ˜fˇi`e¨l´dffl, ˚t‚h`e›nffl:
`affl) F̀o˘rffl `a‹n‹y f ∈ C0(R), ˚t‚h`e ”m`a¯p¯s t 7→ ‖f (At )‖At `a˚r`e `c´o“n˚tˇi‹n˚u`o˘u¯s;
˜b) T‚h`e ”m`a¯pffl

T 3 t 7−→ Spec(At ) ∈ Comp(R)

˚i¯s `c´o“n˚tˇi‹n˚u`o˘u¯s ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t´o ˚t‚h`e H`a˚u¯sfi`d`o˘r˜f¨f ”m`eˇtˇr˚i`c.
——————————————————————————————–



� F̊i`e¨l´dffl `o˝f `gˇr`o˘u¯p`o˘i`d¯s `a‹n`dffl ˚r`e¨l´a˚t´e´dffl `a˜l´g´e¨b˘r`a¯s
———————————– T‚h`e´o˘r`e›mffl 3 ———————————-

L`eˇt (Γ,T , p) ˜bfle `affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl `o˝f ˛h`a‹n`d‹y `a‹m`e›n`a˜b˝l´e `gˇr`o˘u¯p`o˘i`d¯s. L`eˇt µ
˜bfle `affl H`a`a˚rffl ¯sfi‹yṡfi˚t´e›mffl `o“nffl Γ ”w˝h˚i`c‚hffl ˚i‹n`d˚u`c´eṡ `affl H`a`a˚rffl ¯sfi‹yṡfi˚t´e›mffl µt `o“nffl `e´a`c‚hffl
˜fˇi˜bfleˇrffl `gˇr`o˘u¯p`o˘i`dffl Γt . L`eˇt At := Cc(Γt ) ˜bfle ˚t‚h`e C ∗- `a˜l´g´e¨b˘r`affl `a¯sfi¯sfi`oˆcˇi`a˚t´e´dffl ˚t´o Γt .
T‚h`e›nffl A := {At}t∈T ˚i¯s `affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s.
——————————————————————————————–

• P̊r`o“vfle´dffl ˜b“y L`a‹n`d¯sfi‹m`a‹nffl & R`a‹m`a˚z´a‹nffl `a‹n`dffl `e›xˇt´e›n`d`e´dffl ˚t´o ˚t‚h`e `c´a¯sfi`e `o˝f `affl
2-`c´oˆc›y´c¨l´e ˜b“y B`e´c‚k˚u¯s, B`e¨l¨lˇi¯sfi¯sfi`a˚r`dffl & D.;
• T‚h`e´o˘r`e›mffl 1 + T‚h`e´o˘r`e›mffl 3 ˚i‹m¯p˜l›y ˚t‚h`a˚t ˚t‚h`e ˚t´a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl ¯p˚r`oˆd˚u`c´eṡ
`affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s;

• T‚h`e›nffl T‚h`e´o˘r`e›mffl 2 ˚i‹m¯p˜lˇi`eṡ ˚t‚h`a˚t ˚t‚h`e ¯sfi¯p`e´cˇtˇr`affl `o˝f `c´o“n˚tˇi‹n˚u`o˘u¯s ¯sfi`e´cˇtˇi`o“n¯s
”vˆa˚r‹y `c´o“n˚tˇi‹n˚u`o˘u¯sfi˜l›y ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t´o ˚t‚h`e H`a˚u¯sfi`d`o˘r˜f¨f ”m`eˇtˇr˚i`c.



� F̊i`e¨l´dffl `o˝f `gˇr`o˘u¯p`o˘i`d¯s `a‹n`dffl ˚r`e¨l´a˚t´e´dffl `a˜l´g´e¨b˘r`a¯s
———————————– T‚h`e´o˘r`e›mffl 3 ———————————-

L`eˇt (Γ,T , p) ˜bfle `affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl `o˝f ˛h`a‹n`d‹y `a‹m`e›n`a˜b˝l´e `gˇr`o˘u¯p`o˘i`d¯s. L`eˇt µ
˜bfle `affl H`a`a˚rffl ¯sfi‹yṡfi˚t´e›mffl `o“nffl Γ ”w˝h˚i`c‚hffl ˚i‹n`d˚u`c´eṡ `affl H`a`a˚rffl ¯sfi‹yṡfi˚t´e›mffl µt `o“nffl `e´a`c‚hffl
˜fˇi˜bfleˇrffl `gˇr`o˘u¯p`o˘i`dffl Γt . L`eˇt At := Cc(Γt ) ˜bfle ˚t‚h`e C ∗- `a˜l´g´e¨b˘r`affl `a¯sfi¯sfi`oˆcˇi`a˚t´e´dffl ˚t´o Γt .
T‚h`e›nffl A := {At}t∈T ˚i¯s `affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s.
——————————————————————————————–

• P̊r`o“vfle´dffl ˜b“y L`a‹n`d¯sfi‹m`a‹nffl & R`a‹m`a˚z´a‹nffl `a‹n`dffl `e›xˇt´e›n`d`e´dffl ˚t´o ˚t‚h`e `c´a¯sfi`e `o˝f `affl
2-`c´oˆc›y´c¨l´e ˜b“y B`e´c‚k˚u¯s, B`e¨l¨lˇi¯sfi¯sfi`a˚r`dffl & D.;
• T‚h`e´o˘r`e›mffl 1 + T‚h`e´o˘r`e›mffl 3 ˚i‹m¯p˜l›y ˚t‚h`a˚t ˚t‚h`e ˚t´a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl ¯p˚r`oˆd˚u`c´eṡ
`affl `c´o“n˚tˇi‹n˚u`o˘u¯s ˜fˇi`e¨l´dffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s;

• T‚h`e›nffl T‚h`e´o˘r`e›mffl 2 ˚i‹m¯p˜lˇi`eṡ ˚t‚h`a˚t ˚t‚h`e ¯sfi¯p`e´cˇtˇr`affl `o˝f `c´o“n˚tˇi‹n˚u`o˘u¯s ¯sfi`e´cˇtˇi`o“n¯s
”vˆa˚r‹y `c´o“n˚tˇi‹n˚u`o˘u¯sfi˜l›y ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t´o ˚t‚h`e H`a˚u¯sfi`d`o˘r˜f¨f ”m`eˇtˇr˚i`c.



� I”m¯p˜l´e›m`e›n˚tˇi‹n`g ˚t‚h`e `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“nffl ¯sfi`c‚h`e›m`e
S̊t´eṗffl 0. T‚h`e ¯p˛h‹yṡfi˚i`cṡ ˚i¯s `c´oˆd`e´dffl ˜b“y `affl ¯sfi`eˇt L ∈ Delr ,R(Rd ).

S̊t´eṗffl 1. F̊r`o“mffl Ω := Delr ,R(Rd ) `o“n`e ˜b˘u˚i˜l´d¯s ˚t‚h`e ˛h`a‹n`d‹y
`gˇr`o˘u¯p`o˘i`dffl Γ := Ω oT R

d `a‹n`dffl ˚t‚h`e `a¯sfi¯sfi`oˆcˇi`a˚t´e´dffl C ∗- `a˜l´g´e¨b˘r`affl A
”w˘i˚t‚hffl ˚t‚h`e ˚r`eṡfi`o˝l›vfle›n˚t `e¨l´e›m`e›n˚t Rλ.

S̊t´eṗffl 2. O”n`e ˜b˘u˚i˜l´d¯s ˚t‚h`e ¯sfi¯p`a`c´e InvΓ. S̊i‹n`c´e M ∈ InvΓ ˚i˜f `a‹n`dffl
`o“n˜l›y ˚i˜f ω ∈ M ˚i‹m¯p˜lˇi`eṡ ˚t‚h`a˚t Taω ∈ M ˜f´o˘rffl `a˜l¨l a ∈ Rd `o“n`e ˛h`a¯s
˚t‚h`a˚t ˚t‚h`e ˚r`eṡfi˚tˇr˚i`cˇt´e´dffl `gˇr`o˘u¯p`o˘i`dffl ΓM := M oT R

d ˚i¯s ”wfle¨l¨l `d`e¨fˇi‹n`e´dffl.

S̊t´eṗffl 3. O”n`e ˜b˘u˚i˜l´d¯s ˚t‚h`e ˚t´a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl (TautΓ,InvΓ,pΓ).
Ǹo˘tˇi`c´e ˚t‚h`a˚t p−1

Γ (M) ' ΓM ˜f´o˘rffl `a˜l¨l M ∈ InvΓ.

S̊t´eṗffl 4. O”n`e ˜b˘u˚i˜l´d¯s ˚t‚h`e ˜fˇi`e¨l´dffl `o˝f C ∗- `a˜l´g´e¨b˘r`a¯s {AM}M∈InvΓ

`d`e¨fˇi‹n`e´dffl ˜b“y AM := Cc(ΓM).
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”w˘i˚t‚hffl ˚t‚h`e ˚r`eṡfi`o˝l›vfle›n˚t `e¨l´e›m`e›n˚t Rλ.
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S̊t´eṗffl 3. O”n`e ˜b˘u˚i˜l´d¯s ˚t‚h`e ˚t´a˚u˚t´o˝l´oˆgˇi`c´a˜l ˜fˇi`e¨l´dffl (TautΓ,InvΓ,pΓ).
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S̊t´eṗffl 6. T‚h`e `c¨l´oşfi˚u˚r`e `o˝f ˚t‚h`e Rd -`o˘r˜b˘i˚t `o˝f L ˚i‹nffl Ω `d`e¨fˇi‹n`eṡ
`a‹nffl ˚i‹n‹vˆa˚r˚i`a‹n˚t ¯sfi`eˇt ML. T‚h`e ˚r`e¨l´e›vˆa‹n˚t ¯sfi˚u˜b-`a˜l´g´e¨b˘r`affl ˚i¯s
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S̊t´eṗffl 6. T‚h`e `c¨l´oşfi˚u˚r`e `o˝f ˚t‚h`e Rd -`o˘r˜b˘i˚t `o˝f L ˚i‹nffl Ω `d`e¨fˇi‹n`eṡ
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S̊t´eṗffl 8. O”n`e `c´o“m¯p˚u˚t´eṡ

Spec(Rλ,L) := lim
n→∞

Spec(Rλ|Mn )

”w˝h`eˇr`e ˚t‚h`e ˜lˇi‹m˚i˚t ˚i¯s ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t‚h`e H`a˚u¯sfi`d`o˘r˜f¨f ”m`eˇtˇr˚i`c.

S̊t´eṗffl 9. F̊r`o“mffl Spec(Rλ,L) `a‹n`dffl ˚t‚h`e ¯sfi¯p`e´cˇtˇr`a˜l `c´a˜l´cˇu˜lˇu¯s `o“n`e
˚r`e´c´o“n¯sfi˚tˇr˚u`cˇtṡ Spec(HL).

————————————- Q˚u`eṡfi˚tˇi`o“nffl ————————————

W‚h‹y ˚t‚h`e `c´o“m¯p˚u˚t´a˚tˇi`o“nffl `o˝f Spec(Rλ|Mn ) ˚i¯s ¯sfi˚t´eṗffl 8 ¯sfi˛h`o˘u˜l´dffl ˜bfle `e´a¯sfi˚i`eˇrffl ˚t‚h`a‹nffl
˚t‚h`e `c´o“m¯p˚u˚t´a˚tˇi`o“nffl `o˝f Spec(Rλ,L)? T‚h`eˇr`e ˚i¯s `affl ¯p˚r`e¨f´eˇr˚r`e´dffl `cˇr˚i˚t´eˇr˚i`o“nffl ˚t´o
¯sfi`e¨l´e´cˇt ˚t‚h`e ¯sfi`e´qfi˚u`e›n`c´e {Mn}n∈N?
——————————————————————————————–
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§ O˚u˚t¨lˇi‹n`e

1 – H`o“w ˚t´o ”m`oˆd`e¨l `a¯p`eˇr˚i`oˆd˚i`c (`qfi˚u`a‹n˚tˇu‹mffl) ¯sfi‹yṡfi˚t´e›m¯s?

2 – H`o“w ˚t´o `c´o“n¯sfi˚tˇr˚u`cˇt `a¯p¯p˚r`o“xˇi‹m`a˚tˇi`o“n¯s?

3 – Aṗ¯p˚r`o“xˇi‹m`a˚tˇi`o“n! I”nffl ”w˝h˚i`c‚hffl (˚t´op̧`o˝l´oˆgˇi`c´a˜l) ¯sfi`e›n¯sfi`e?

4 – H`o“w ˚t´o `c‚h`oˆoşfi`e ˚t‚h`e `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ?



� P̀eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ
I P̀eˇr˚i`oˆd˚i`c´o˘i`dffl ˚u‹n˚i˚tṡ (`g´e›n`eˇr`a˜l `c´a¯sfi`e)
• Gˇi‹vfle›nffl ω ∈ Γ(0) ˚t‚h`e›nffl [ω] := s(r−1(ω)) = s(Γω) ˚i¯s ˚t‚h`e `o˘r˜b˘i˚t `o˝f ω;
• ω ∈ Γ(0) ˚i¯s `c´a˜l¨l´e´dffl ¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl ˚u‹n˚i˚t ˚i˜f ˚i˚tṡ `o˘r˜b˘i˚t ˚i¯s `c¨l´oşfi`e´dffl, ˚iffl.`e. [ω] = [ω];
• I˜f ω ∈ Γ(0) ˚i¯s `affl ¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl ˚u‹n˚i˚t ˚t‚h`e›nffl [ω] ∈ InvΓ ˜b“y `c´o“n¯sfi˚tˇr˚u`cˇtˇi`o“nffl.

I P̀eˇr˚i`oˆd˚i`c´o˘i`d¯s ˚u‹n˚i˚t (D`e¨l´o“n`e `gˇr`o˘u¯p`o˘i`dffl)
• Gˇi‹vfle›nffl ω ∈ Ω ˚t‚h`e›nffl [ω] = {Taω | a ∈ Rd}, ˚iffl.`e. ˚t‚h`e Rd -`o˘r˜b˘i˚t `o˝f ω;
• I˜f ω ∈ Ω ˚i¯s `affl ¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl ˚u‹n˚i˚t ˚t‚h`e `o˘r˜b˘i˚t-¯sfi˚t´a˜b˘i˜lˇi˚z´eˇrffl ˚t‚h`e´o˘r`e›mffl ¯p˚r`o“v˘i`d`eṡ

[ω] ' Rd/Stabω :=
{
Stabω + a | a ∈ Rd

}
”w˝h`eˇr`e Stabω := {a ∈ Rd | Taω = ω} ˚i¯s ˚t‚h`e ¯sfi˚t´a˜b˘i˜lˇi˚z´eˇrffl ¯sfi˚u˜bˆgˇr`o˘u¯pffl;
• [ω] ˚i¯s `c´o“m¯p`a`cˇt (`c¨l´oşfi`e´dffl ˚i‹nffl Ω) `a‹n`dffl Stabω ˚i¯s `c´o-`c´o“m¯p`a`cˇt ˚i‹nffl Rd , ˚iffl. `e.
Stabω ' Zd−` ×R` ˜f´o˘rffl ¯sfi`o“m`e 0 6 ` 6 d . H`o“wfle›vfleˇrffl, ` = 0 ˜b“y `d˚i¯sfi`cˇr`eˇt´e›n`eṡfi¯s;

• ω `c´o˘r˚r`eṡfi¯p`o“n`d¯s ˚t´o `affl D`e¨l´o“n`e ¯sfi`eˇt Lω ”w˝h˚i`c‚hffl ˚i¯s ¯p`eˇr˚i`oˆd˚i`c.
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• Gˇi‹vfle›nffl ω ∈ Γ(0) ˚t‚h`e›nffl [ω] := s(r−1(ω)) = s(Γω) ˚i¯s ˚t‚h`e `o˘r˜b˘i˚t `o˝f ω;
• ω ∈ Γ(0) ˚i¯s `c´a˜l¨l´e´dffl ¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl ˚u‹n˚i˚t ˚i˜f ˚i˚tṡ `o˘r˜b˘i˚t ˚i¯s `c¨l´oşfi`e´dffl, ˚iffl.`e. [ω] = [ω];
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� P̀eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ
I C`o“n`c¨lˇu¯sfi˚i`o“n¯s
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”w˝h˚i`c‚hffl ˚i¯s Zd -˚i‹n‹vˆa˚r˚i`a‹n˚t;

• I˜f ω ˚i¯s ¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl ˚t‚h`e›nffl ˚t‚h`e ˚r`eṡfi˚tˇr˚i`cˇt´e´dffl `gˇr`o˘u¯p`o˘i`dffl Γ[ω] `d`eṡfi`cˇr˚i˜bfleṡ `affl
¯p`eˇr˚i`oˆd˚i`c ¯sfi‹yṡfi˚t´e›mffl ”w˘i˚t‚hffl ¯p`o˘t´e›n˚tˇi`a˜l ¯sfi˚u¯p¯p`o˘r˚t´e´dffl `o“nffl Lω `a‹n`dffl ˚t‚h`e ¯sfi¯p`e´cˇtˇr˚u‹mffl
`o˝f Rλ|[ω] `c´a‹nffl ˜bfle `c´o“m¯p˚u˚t´e´dffl ”v˘i`affl ˚t‚h`e B˜l´oˆc‚h„¯s ˚t‚h`e´o˘r‹y (”n˚u‹m`eˇr˚i`c´a˜l¨l›y
`c´o“m¯p˚u˚t´a˜b˝l´e).
• L`eˇt ML ˜bfle ˚t‚h`e `o˘r˜b˘i˚t-`c¨l´oşfi˚u˚r`e `o˝f ˚t‚h`e ˚u‹n˚i˚t `d`eṡfi`cˇr˚i˜bfle´dffl ˜b“y ˚t‚h`e ˚i‹n˚i˚tˇi`a˜l D`e¨l´o“n`e
¯sfi`eˇt L. A ¯sfi`e´qfi˚u`e›n`c´e `o˝f ¯p`eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ ˚i¯s `affl ¯sfi`e´qfi˚u`e›n`c´e {ωn} ⊂ Ω `o˝f
¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl `e¨l´e›m`e›n˚tṡ ¯sfi˚u`c‚hffl ˚t‚h`a˚t [ωn]→ ML ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t´o ˚t‚h`e V˚i`eˇt´o˘r˚i¯s
˚t´op̧`o˝l´oˆg›y `o˝f InvΓ.

• I˜f ML `a`d‹m˚i˚tṡ `affl ¯sfi`e´qfi˚u`e›n`c´e `o˝f ¯p`eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ ωn ˚t‚h`e›nffl ˚t‚h`e
`o˘r˚i`gˇi‹n`a˜l ¯sfi¯p`e´cˇtˇr`a˜l ¯p˚r`o˝b˝l´e›mffl Spec(HL) ˚i¯s ¯sfi`o˝l›vfle´dffl ˜b“y `c´o“m¯p˚u˚tˇi‹n`g ˚t‚h`e
¯sfi¯p`e´cˇtˇr`affl Spec(Rλ|[ωn ]) `o˝f ¯p`eˇr˚i`oˆd˚i`c `op̧`eˇr`a˚t´o˘r¯s.



� P̀eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ
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`c´o“m¯p˚u˚t´a˜b˝l´e).
• L`eˇt ML ˜bfle ˚t‚h`e `o˘r˜b˘i˚t-`c¨l´oşfi˚u˚r`e `o˝f ˚t‚h`e ˚u‹n˚i˚t `d`eṡfi`cˇr˚i˜bfle´dffl ˜b“y ˚t‚h`e ˚i‹n˚i˚tˇi`a˜l D`e¨l´o“n`e
¯sfi`eˇt L. A ¯sfi`e´qfi˚u`e›n`c´e `o˝f ¯p`eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ ˚i¯s `affl ¯sfi`e´qfi˚u`e›n`c´e {ωn} ⊂ Ω `o˝f
¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl `e¨l´e›m`e›n˚tṡ ¯sfi˚u`c‚hffl ˚t‚h`a˚t [ωn]→ ML ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t´o ˚t‚h`e V˚i`eˇt´o˘r˚i¯s
˚t´op̧`o˝l´oˆg›y `o˝f InvΓ.

• I˜f ML `a`d‹m˚i˚tṡ `affl ¯sfi`e´qfi˚u`e›n`c´e `o˝f ¯p`eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ ωn ˚t‚h`e›nffl ˚t‚h`e
`o˘r˚i`gˇi‹n`a˜l ¯sfi¯p`e´cˇtˇr`a˜l ¯p˚r`o˝b˝l´e›mffl Spec(HL) ˚i¯s ¯sfi`o˝l›vfle´dffl ˜b“y `c´o“m¯p˚u˚tˇi‹n`g ˚t‚h`e
¯sfi¯p`e´cˇtˇr`affl Spec(Rλ|[ωn ]) `o˝f ¯p`eˇr˚i`oˆd˚i`c `op̧`eˇr`a˚t´o˘r¯s.



� P̀eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ
I C`o“n`c¨lˇu¯sfi˚i`o“n¯s
• A ¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl ˚u‹n˚i˚t ω ∈ Γ(0) `c´o˘r˚r`eṡfi¯p`o“n`d¯s ˚t´o `affl ¯p`eˇr˚i`oˆd˚i`c D`e¨l´o“n`e ¯sfi`eˇt Lω
”w˝h˚i`c‚hffl ˚i¯s Zd -˚i‹n‹vˆa˚r˚i`a‹n˚t;
• I˜f ω ˚i¯s ¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl ˚t‚h`e›nffl ˚t‚h`e ˚r`eṡfi˚tˇr˚i`cˇt´e´dffl `gˇr`o˘u¯p`o˘i`dffl Γ[ω] `d`eṡfi`cˇr˚i˜bfleṡ `affl
¯p`eˇr˚i`oˆd˚i`c ¯sfi‹yṡfi˚t´e›mffl ”w˘i˚t‚hffl ¯p`o˘t´e›n˚tˇi`a˜l ¯sfi˚u¯p¯p`o˘r˚t´e´dffl `o“nffl Lω `a‹n`dffl ˚t‚h`e ¯sfi¯p`e´cˇtˇr˚u‹mffl
`o˝f Rλ|[ω] `c´a‹nffl ˜bfle `c´o“m¯p˚u˚t´e´dffl ”v˘i`affl ˚t‚h`e B˜l´oˆc‚h„¯s ˚t‚h`e´o˘r‹y (”n˚u‹m`eˇr˚i`c´a˜l¨l›y
`c´o“m¯p˚u˚t´a˜b˝l´e).
• L`eˇt ML ˜bfle ˚t‚h`e `o˘r˜b˘i˚t-`c¨l´oşfi˚u˚r`e `o˝f ˚t‚h`e ˚u‹n˚i˚t `d`eṡfi`cˇr˚i˜bfle´dffl ˜b“y ˚t‚h`e ˚i‹n˚i˚tˇi`a˜l D`e¨l´o“n`e
¯sfi`eˇt L. A ¯sfi`e´qfi˚u`e›n`c´e `o˝f ¯p`eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ ˚i¯s `affl ¯sfi`e´qfi˚u`e›n`c´e {ωn} ⊂ Ω `o˝f
¯p`eˇr˚i`oˆd˚i`c´o˘i`dffl `e¨l´e›m`e›n˚tṡ ¯sfi˚u`c‚hffl ˚t‚h`a˚t [ωn]→ ML ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t´o ˚t‚h`e V˚i`eˇt´o˘r˚i¯s
˚t´op̧`o˝l´oˆg›y `o˝f InvΓ.

• I˜f ML `a`d‹m˚i˚tṡ `affl ¯sfi`e´qfi˚u`e›n`c´e `o˝f ¯p`eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ ωn ˚t‚h`e›nffl ˚t‚h`e
`o˘r˚i`gˇi‹n`a˜l ¯sfi¯p`e´cˇtˇr`a˜l ¯p˚r`o˝b˝l´e›mffl Spec(HL) ˚i¯s ¯sfi`o˝l›vfle´dffl ˜b“y `c´o“m¯p˚u˚tˇi‹n`g ˚t‚h`e
¯sfi¯p`e´cˇtˇr`affl Spec(Rλ|[ωn ]) `o˝f ¯p`eˇr˚i`oˆd˚i`c `op̧`eˇr`a˚t´o˘r¯s.



� P̀eˇr˚i`oˆd˚i`c `a¯p¯p˚r`o“xˇi‹m`a‹n˚tṡ

——————————– M`a˚i‹nffl `qfi˚u`eṡfi˚tˇi`o“nffl ——————————-

W‚h`e›nffl ˚t‚h`e ˚i‹n‹vˆa˚r˚i`a‹n˚t ¯sfi`eˇt ML ∈ InvΓ `a`d‹m˚i˚tṡ `affl ¯sfi`e´qfi˚u`e›n`c´e `o˝f
¯p`eˇr˚i`oˆd˚i`c ˚u‹n˚i˚tṡ ¯sfi˚u`c‚hffl ˚t‚h`a˚t [ωn]→ ML ”w˘i˚t‚hffl ˚r`eṡfi¯p`e´cˇt ˚t´o ˚t‚h`e
V˚i`eˇt´o˘r˚i¯s ˚t´op̧`o˝l´oˆg›y?
——————————————————————————————–

• C`o“m¯p˜l´eˇt´e `c‚h`a˚r`a`cˇt´eˇr˚i˚z´a˚tˇi`o“nffl ˚i‹nffl d = 1. I”nffl ˚t‚h˚i¯s `c´a¯sfi`e `affl `c´o“m˜b˘i‹n`a˚t´o˘r˚i`a˜l
`d`eṡfi`cˇr˚i¯p˚tˇi`o“nffl ˜f´o˘rffl D`e¨l´o“n`e ¯sfi`eˇtṡ ˚i¯s `a‹vˆa˚i˜l´a˜b˝l´e;

• W`o˘r˛kffl ˚i‹nffl ¯p˚r`oˆgˇr`eṡfi¯s ˜f´o˘rffl ˛h˚i`g‚h`eˇrffl `d˚i‹m`e›n¯sfi˚i`o“nffl.



� ... `a‹n`dffl ˚t‚h`e ˚t´op̧`o˝l´oˆgˇi`c´a˜l ˚i‹n¯sfi˚u˜l´a˚t´o˘r¯s?

`a˚rX˚i‹v: 1710.07681

• I”nffl ˚t‚h˚i¯s ¯p`a¯p`eˇrffl (`e.`g. ˚i‹nffl T‚h`e´o˘r`e›mffl 2.2) ˚t‚h`e `c´o“n‹vfleˇr`g´e›n`c´e
˚r`eṡfi˚u˜lˇtṡ `d`eṡfi`cˇr˚i˜bfle´dffl ˚i‹nffl ˚t‚h˚i¯s ˚t´a˜l‚kffl ˛h`a‹vfle ˜bfle´e›nffl ˚u¯sfi`e´dffl.



� ... `a‹n`dffl ˚t‚h`e ˚t´op̧`o˝l´oˆgˇi`c´a˜l ˚i‹n¯sfi˚u˜l´a˚t´o˘r¯s?

`a˚rX˚i‹v: 1710.07681

• I”nffl ˚t‚h˚i¯s ¯p`a¯p`eˇrffl (`e.`g. ˚i‹nffl T‚h`e´o˘r`e›mffl 2.2) ˚t‚h`e `c´o“n‹vfleˇr`g´e›n`c´e
˚r`eṡfi˚u˜lˇtṡ `d`eṡfi`cˇr˚i˜bfle´dffl ˚i‹nffl ˚t‚h˚i¯s ˚t´a˜l‚kffl ˛h`a‹vfle ˜bfle´e›nffl ˚u¯sfi`e´dffl.



� ... `a‹n`dffl ˚t‚h`e ˚t´op̧`o˝l´oˆgˇi`c´a˜l ˚i‹n¯sfi˚u˜l´a˚t´o˘r¯s?

`a˚rX˚i‹v: 1710.07681

• I”nffl ˚t‚h˚i¯s ¯p`a¯p`eˇrffl (`e.`g. ˚i‹nffl T‚h`e´o˘r`e›mffl 2.2) ˚t‚h`e `c´o“n‹vfleˇr`g´e›n`c´e
˚r`eṡfi˚u˜lˇtṡ `d`eṡfi`cˇr˚i˜bfle´dffl ˚i‹nffl ˚t‚h˚i¯s ˚t´a˜l‚kffl ˛h`a‹vfle ˜bfle´e›nffl ˚u¯sfi`e´dffl.



T‚h`a‹n˛kffl ”y´o˘uffl
˜f´o˘rffl

”y´o˘u˚rffl `a˚tˇt´e›n˚tˇi`o“nffl !
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