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1 - How Lo model apeniodic (guambum) systems?



(1925-1926) Bindh of (modenm) Quambum Hechamics:
W, Weiserbeng (matnioe mechamics) - &. Gehradimgen. (wanse mechamics).
(1928) Binth of Quamtum TCheorvy of %&AA;

(1928 - t&do/\d Qmw og Rllsch s th%:
.@MW:M.MWQ@mw;

.@Bake?mmmgeﬂaww mamay canes;
.Ceﬁgmandmmuc M%WMW

(1984) Discovervy of Quasicnmyskal:

D. SRechbman et af.

F = = £ DA



@Defuodmanrwnﬁejmembs aboms im RY. UWhem d =3:

e 230 g:mdodsfwu groups (notations:, Ne{%ﬂechym bramalations);
o 32 jwint groupe (without bramalations);

o 11 Laiie groups (Lonay diffraction pakterms);

o 5 notational anymmetries (2,3,4,6fold = Crnypskallographic Theonem).

o = = = T 9ac
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» €
Toriodic m'truamﬁejmembs aboms im RY. UWhem d =3:

e 230 @mdodanm groups (notabions:, n%&mym, bramalations);

o 32 foimt groups (without bramalations);

o 11 Lasie goups (Lnay diffrackion paktenns);

o 5 notational anymmetries (2,3,4,6fold = Crnypskallographic Theonem).

> QWU\dAl:aQA

Un 1984 o difffraction patkevns with o forlidden 10-fold sngmmetruy

o Poimtlibe diffackion. pattenms (e im o penfect cugabal)

o fordidden srymmebuy (5,8,10,42-fold);

o&Bomﬁnamgeeﬂdm(Rf/gwMA') Gy B =r s B Hac






5-fold symmetric-QC (Al-Cu-Ru) Dodecahedral-QC (Ho-Mg-Zn)
[C. Politis et al., Mod. Phys. Lett. B 3, 1989] [AMES lab., US Department of Energy|

cosahedral-QC (composite silica spheres) Rhombic triacontahedral-QC (Th-Mg-C
[A. van Blaaderen, Nature 461, 2009) [T. Huie, J¥18, 2003]




‘ ufp ” 4? o 47 ;
o dbechamically hard amd [ragile.
o Superplastic brameition at Righ tempenabune.




.'. e
R
ne, 2 90 Oa O
KAk
=¥u¥nntnnnat
A

N

H
&

an®
Pu¥n

AL
g

utu®

L

A

N

=N

% na
]

A
Y

\

X
[

*
o

u

"’

N
P

Holly W
SuounOudn
o

o

m

AT
LA
LS

VLYY

2




QU@WMOWM-QJW



sbeb L R le the set off positions of a quasicryskal.



sbeb L R le the set off positions of a quasicryskal.
> Simgle-panbicle Hamiltoniom

= = =Y
M= -5 A+ W, W y; w(
wmwmbmumﬁwmogawhm.

o = = = T 9ac



sbeb L R le the set off positions of a quasicryskal.
> Simgle-panbicle Hamiltoniom
h

Hi= —5-A+ Vi, W o= y; w( - —y)

w is the typical potential off o simgle atom.

strong-resolvent

T, = {UaH]LUa—1 | ae]Rd}

Uaunuhanra(/rmoamhme)narmemtahmogb\mﬁahym

=] F = = £ DA



sbeb L R le the set off positions of a quasicryskal.
> Simgle-panbicle Hamiltoniom
h

Hi= —5-A+ Vi, W o= y; w( - —y)

w is the typical potential off o simgle atom.

strong-resolvent

T, = {UaH]LUa—1 | ae]Rd}
Ua urruharva (/r\noaex:hme) nepuesentalion 98 tramalakions.

Spec(Hy) = U Spec(H,,) .
H., €XHy,

=] F = = £ DA



¢ Delisne set I c R?

E+a:EiBmAM\Qr\O\LB]RdBa:0;

=] F = = £ DA



¢ Delisne set I c R?

E+a:EiBwnd.M\Qrb\iB]Rd5a:0;

>g)e,o,omex>ei

o Uniformlly discreke, ie. Hhene is 7> 0 auch Hak evenny open boll of
nadins r meets L ab most sm ome poink;

o Fhelatinely demse, ie. thene is A >0 suck Hak every closed ball of
nadiml?mad:omal:ﬂeaxxtmm/r\m\t.

e Del, p(RY) is tHe colleckion DB Delome sek 06 bz/r\e rnR.



¢ Delisne set I c R?

E+a:ELBM\AM\Qr3LERdBa:O;

>g)e,o,0fmebei

o Uniformlly discreke, ie. Hhene is 7> 0 auch Hak evenny open boll of
nadins r meets L ab most sm ome poink;

o Fhelatinely demse, ie. thene is A >0 suck Hak every closed ball of
nadiml?mad:omal:ﬂeaxxtmm/r\m\t.

e Del, p(RY) is tHe colleckion o[)) Delome sek 06 bz/r\e rnR.

Gore amy A >0 the mumber off pakches o € L off nadius A is fimike (up
to tramaslations).

=] F = = £ DA



> Che Houlll off Delorne seks (of bnype 1.A)
Che sek Q :=Dpel, g(RY) com e emdowed with o ('T\atkma[)_) J:/y[\oge%
Che neaulling Lopological apace  is compact, Kausdoff) amd second

counkalle

=] F = = £ DA



» Che Bull of Dellome. scks (of, bype 7,A)
Che set 0= pel, g(RY) cam fle emdowed. with o ('T\ahma[)_) J:oT\erand

Che neaulling Lopological apace  is compact, Kausdoff) amd second

counkalle.

Ugmenmagoeﬂmmtbgbwr,aﬂ%mmmm

L :=L+acQ, VaeR?

R 5 arls Ta € Homeo(2)

mm]RdaLhmamA,(QT]Rd' d/\dmannmaQA/\dAternw

£ DA



> The (bramsformation) Delome groupoid
It 1 descniled By

(Z)/L\
re o r T—
)
e M0 .=0 iAtP\eM\itA/r\am;

e =0 xR is He arvcw
or(wa)—wamds(wa)—waahetp\enam%ema/r\amdwwwew;

o U(w) = (w, mtp\eymﬂeddmxgo[))mutbp\mr(o%r

o y(w,a) = (T, w—a)wtp\emvu@wema/r\

.mn/r\mawemw{)

re .= {((w1,a1),(w2,a2)) erxr | s(wya)= f(wz,az)}

o (wa) 0 (T;'w b) = (w,a+b) is He multiplicabion.

& = =

it
N)
pe)
0)



Family of measunes {1“}ueq defimed by

LO(f) = /R fo,X)dx ,  fe Co(l) = Co(Q x RY) .

@W@b

L) Fon each w e r© l:P\eAu/rvr\MJZon“’ Lbhp\er-[%iﬂen re:=r-'(w)~R%
u.)@tyleo.cp\. fe Ce(lN) tp\efmo./r\. rO s ws u?(f) € C v combimuous;

i) Che ane leftimvaniant,

/rw F((Taw, @) o (,x)) dx = /}Rd f(Taw, a+ x) dx = / A(Taw,y) dy

[m]



» €. algeliraic sbruckune on Cy(r)
e Froduct (commolubion)

(f* g)(w, x)

/ f(w,y) 9(T—yw,x — y) dy
re~Rd
. cf@dgo«mt

%) = TTxw, %)
. %@r\mmxtahem

(DD = [ ATwwy=x) o) dy e () = 12(R)
o Roeduced-uminsersal merm

1] = sup [lma(NI 2 sup  lo(n)]
wer© p=bound. rep.



b(e*-apﬁeﬂno.og;s@ama@e@

A= e I

endosed with preduck « amd adjoimk 1.

F = = £ DA



4= o I

endonsed with feduck « amd. adjoint 1.
> il
Gon eack A e R Hene excisks a ®, 1 € 4 suck Hat

mo(Rop) = (Ho —iAL)™"

with H., € Hy, .



>(€*-a&aﬁ,@;no.989&&maﬂveeb

A= e I

WW@M*M\AWT.
»CMBB.Q. .
Gon eack A e R Hene excisks a ®, 1 € 4 suck Hat

To(Ran) = (Ho—ix) ™" woith  H, e .

o Che mt%o*umabuyvx about Spec(Hr,) is combaimed im the Delome
WM (r,r©®) ... somebimes demoted Qnd QxrRY.
o bom a[)]{)]twemt wrvr\hoocumabwﬂ acherme BD"L spec(Hr) musk fle based

daka coded im Q x7 RY.

[m] = = =

it
N)
pe)
0)



2 - Hows ko conabruct approximations?

=] F = = £ DA



r@

[e)

(.
] u—oTI©

S
with T amd 1O fepelegical apace amd r,s,u,1,0 combimuous mags



> Topelegical groupeid

(ZVL\
r@__-o r u—1©

S

with T and 1@ t@T\szogAcaQ Apace amd. 1,8, U,1,0 conbimusus MANs.
> g’eamd/\d

Wo&l
i) T s locallly compact, Hausdorff, second countalle;
u) ro is cefm/r\act;
ML) r amd s ane spem maps.

=] F = = £ DA



> Topelegical groupeid

(ZVL\
r@__-o r u—1©

S

with T and 1@ Ww%g}w?wmdr,s,u,z,om\hnww.
>g’emmi/\d
L)ruﬁmﬂﬂgww,gemﬁ%,mmdw«m@ﬂﬁe;

u) F(O),'uscefm/r\act;

ux)ramzismeofrmma/r\b
or(o)ugﬁm@@,m&tﬂemc&mmu:r(o)%ru&om;
o%ﬁmba%ﬁt-mmﬁnmm%mua@m{yw}

wEe r) -
=]



¢ Caulological field of groupoids

> Unvaniamb seks

Let MO amd AF_[)W [M] = s(r="(M)). M is imuoniomk L[)) amd. M\% Lg
M:[M].ZDABAM

Invr = {Mg O | M=M= [M]}.

o Lek wEMEInvr.UB’yEFAmetp\at r('y)zwtpwns(’y)EM;

ocep\ermb\id'imrM::rWibaweﬂQda&med.Wo&d.



> Invaniamt seks
Lok MCTO and deffime (] := s(r=(M)). M is imeniant ff and only §f

M:[M].ZDABAM

Imr:{Mgm”m:M:WH

o Lek wEMEInvr.UB’yEFAuantp\atr('y)zwtpwns(’y)eM;
ocep\eheAb\id'imer::rWibaweBQda&med.Wo&d.

» T

Let c1os(r®) He A/r\aceo[))cﬁeﬁed,au@aekouutpx the Viekonis h&r\oﬁogz\d

%(C,F) := {c'eclos(r(f’)) [CNC=0 & VOeJ-‘,C’ﬂO;é(ZJ}.

e Invr C Clos(I®);

e Inv ib oQMed, Lmrv]'\azi, geaxmdm% amd. Aece/r\dmwu%tagygel

I
it
N)
pe)
0)



¢ Caulological el of groupoids
> Cautological arnons apace

Tautr := {(M, Y)EInvr XTI |r(y)eM & s(v) € M} .

.%Wwﬂ%wwﬁe%ogzmxrum,%ﬂ%

F = = £ DA



¢ Caulological el of groupoids
> Cautological arnons apace

Tautr := {(M, Y)EInvr XTI |r(y)eM & s(v) € M} .

.%Mwﬂwwwﬁe%ogzmxrum,%ﬂ%

»C@m&sg@ﬁmitw

Taut(ro) = {(M,w) eInvr xIO |we M} .

F = = £ DA



ek el

Tautr =

{(M,v)eInvrxHr(v)eM & S(v)eM}.
o Endowed with He pooduct topology of Tnvr x T is closed, locallly
Taut’

) = {(M,w) eInvr xIO |we M} .

> C@au]:o@ogxmﬁ (p\amd.r\d) W (Tautr,Taut(ro))
o 1(M,7) := (M, (7)) amd s(M,7) := (M, s());

o (M) o (M,y'):=(M,yor);

o (M) =My ).



ek el

cf(Dbu/r\Qe(FTp)mRtP\at

L FMQWWMMWF
)p I'%Tmamo/rwnx&ungabom

iii) Filer. atructune p = Plr s =plro o r

.Ut@oMtRatrt_p—1(t)gruaw9,3noufrudgmaﬂ?ter

DA



¢ Caulological field of groupoids

cf(Dbu/r\Qe(FTp)AuthP\at

L Fwatwpa&ogmagﬁneufr\edmﬂtpxumtwr
)p I'%Tmamo/rwnwngabm

iii) Filer. atructune p = Plr s =plro o r

.’Jt[)f%mwmtrt—p—1(t)gruawl2,3nowrudgmaﬂ@ter

Cheorem 1

Lek (r, ) fe p\amd/%’ ?wu/r\md. omd. (Tautr Taut(o)) te asnsociaked

pr : Tautp — Invr

glroen Pyb\ pr(M,v)=M Chem (Tautr, Invr,pr) s a combimusus [))AE,OA.A QB
groupoids called the Eoutelogical [ield of T

DA



S—WMMmm/jnMWMMW9



TLbahyr\sQogimQA/r\aoe.A::{At}rEr awp,oed'imo{))(e*- aﬂge@ﬂao
> Combinuous field sbructune

e Chore io o collection 3 = (V1)1 of dense anlalgelinas
.%neachA::{A,}mytP\emwp t— A4, i combimueus;

.%%Mymwm%caﬁwm



T is o kopological apace. A= {A}icr a collection of €7 algelras.

> Combinuous field sbructune

o Thone iv o collection v :={Vi}hicr of demse subalgelnas;

o Jon cach A:={A} im ¥ the map t||All4, is conbimuous;

o The famiby ¥ is dlosed unden local approximations.
Chesnem 2
UB(A,y)uaw«\UmmG&a&ioB(e*-apﬁz@wﬂAmdi{)]AeyMa
a) G amuy f e Co(R), the maps t s [If(Ar)]a, ane combimuous;
b) Che map

T >t — spec(A;) € Comp(R)

is conbimuous with nespect to the dansdonfff mebnic.

=] F = = £ DA



kget(r,T,p)QeamﬁnWB&stDBRam&\dmm@QeW.égJu
Bea%mm%%xmrwwm@mag@mu%@n\utmmzk
B&@mﬁr\m@dr,.£r¢ A,::cc(r,)ﬂetﬂe‘e*-aﬁa,ﬁummatedteh

Chem A := {At}ter b o combimuous G.Aep,d. DB €. apﬁepim,e




é@a(r,r,p)@eam\bﬂwwbgwmymﬂﬂew.éeau
ﬁeagemwmrwmmma%mwmmm&
e groupoid 1. bet Ar:=TCoTy) e the € algelna associated to T
Chem A= {Ader is a conbimuous field off €7 algelbnas.

2-cooycle by Bechus, Bellissand & D;

o Cheorem 4 + Cheonem 3 imylly Hat the taukological field pnoduces
QWWDB(Q*OQ%&Wr

vany conbimuously with neapect ko the dauadonffl meknic.

DA



gte/r\ 0. Che /r\p\J\dAu:A is coded Qma a sek IL € Del, g(RY).

F = = £ DA



fﬂ:e/r\ 0. Che /r\p\J\dAu:A is coded Qrg a sek IL € Del, g(RY).
?te/r\ 1. Pnem Q:= Del, g(RY) ome buillds the Romdra

i r::QNTRdwnd.tP\eaModated.(e*-aQﬁegmA
with He nescluent element 7, .

=] F = = £ DA



fﬂ:e/r\ 0. Che /r\pmdmca is coded Qrg a sek IL € Del, g(RY).
S)te/r\ 1. Pnem Q:= Del, g(RY) ome buillds the Rumdra

i F::QMTRdwndtP\zmdated(e*-aQﬁzﬁmA
with He nescluent element 7, .

fﬂ:e/r\ Q.Om@«ﬂ&d»tpsgwlnvr.gm MEInvri{)}amd.

Mx@\di[))wel\/li/m/r\&ebtp\at TawEMBo’IaQQaGIRdM\eP\M
M%WMWFM::MNTRUMMW.

=] F = = £ DA



fﬂ:e/r\ 0. Che /r\‘R‘,W is coded Qrg a sek IL € Del, g(RY).
S)te/r\ 1. Pnem Q:= Del, g(RY) ome buillds the p\umdra

i F::QMTRdwndtP\zmdated(e*-aQﬁzﬂmA
with He nescluent element 7, .

?J:e/r\ Q.OmQ»uchthP\ﬁA/r\aceInvr.gimce MEInvri{)}amd.

MxQAdi[))WEMimvr\Qiebtp\at TawEMBo’IaQQaGIRdM\eP\M
M%WMWFM::MNTRUMMW.

?J:@rx 3. Ome Duilds Hie tauhypbgAmQ %\epﬂ. (Tautr, Invr,pr).

Nstice Hat prt(M) ~ Ty @m ol M e 1nvr.

=] F = = £ DA



fﬂ:e/r\ 0. Che /r\‘R‘,W is coded Qrg a sek IL € Del, g(RY).
S)te/r\ 1. Pnem Q:= Del, g(RY) ome buillds the p\umdra

F::QMTRdwndtP\zmdated(e*-aQﬁzﬂmA
with He nescluent element 7, .

?J:e/r\ Q.OmQ»uchthP\ﬁA/r\aceInvr.gimce MEInvri{)}amd.

MxQAdi[))WEMimvr\Qiebtp\at TawEMBo’IaQQaGIRdM\eP\M
M%WMWFM::MNTRUMMW.

?J:@rx 3. Ome Duilds Hie tauhypbgAmQ %\epﬂ. (Tautr, Invr,pr).

J@obmetptatp_1 M) :FMEon.aQQ M € Invr.

?h@lm 4. Orme Q}‘LUQ(L() tpue G\EPA GB (e ﬂﬂgﬂoﬂw {AM}MEI!‘IV
de[)fmaiprgAm—Cch = 9ace



Step 5. The imclusion Ty—T provides a nesbriction
Romomonphiam. A~y wick comaiabs in neabricking
“[))meb.e/r\” fecA ke a @U./T\Ltk(s’f\ fm = flr, € Am- Che magm

M= fiyy s a conbimusus seckiom og He GA&QLI. {Am}menvy -

=] F = = £ DA



S)J:er\ 5.6\@P\eimc&mMFMv—>F/rmmdmambuchm
RomomerupRism A Ay wick comsisks im neatnicting a
[))meb.b/r\ feAlko a @wmtm fu = flr, € An. Che map
M= fiyy s a conbimusus seckiom o[)] He @AEPLL {Am}menvy -
Shep 6. Che dosne of the RS-0l of T im 2 defies
miﬁvuahiamliAriML.oep\eneQe/oamtAu@-aﬂgeﬂﬂaib
A= Am, amd. He nelensamk oT\malZofL i R = TRalm, -

=] F = = £ DA



S)J:er\ 5.Cep\eimc&mMFMv—>FWoidmambuchm
RomomerupRism A Ay wick comsisks im neatnicting a
[))Lmtm\ feAlko a @wmtm fu = flr, € An. Che map
M= fiyy s a conbimusus seckiom o[)] He @AEPLL {Am}menvy -
Shep 6. Che dosne of the RS-0l of T im 2 defies
mmwuan\twaL.OGP\eneQe}wntu&-aﬂgeﬂmu

Ap = A, amd He nelevsamk oT\malZofL i Rap:=TRilm -

g)ter\ 7. Ome looks B@’L o sequemce {Mp}nen C Invr such
tP\atMn%MEwp\mn—)oowitprtotp\e%M

tonology.

=] F = = £ DA



Ster 8. Ome comqpuites

spec(Rar) := lim spec(Ra|m,)

whene He limit 16 with neapect the Fauadorff) mebnic.

=] F = = £ DA



Ster 8. Ome comqpuites

Spec(RyL) = n'i)mxSPec(Rz\Wn)
whene the Dimik is asith neapect He Hﬁm% mebric.

fﬂ:e/r\ 9. Frem spec(Rar) amd the Afr\akaZ callenlus ome
necomabruucks spec(7y).

=] F = = £ DA



Srep 8. Ome compubes
Spec(RaL) = n'i)mxSPec(Rz\Wn)
whene He limit 16 with neapect the Fauadorff) mebnic.

fﬂ:e/r\ 9. Frem spec(Rar) amd the A/r\ed:nujz callenlus ome
necomabruucks spec(7y).

Queskion

w% Jip\ewm/rwttabtmxbg spec(Ra|m,) W Al:e/r\. 8 should e conien Hham
the wnvr\utahmx eﬂ Spec(’R)\,]L)? Chere is o T\maggm—ued cnikerion ko
seleck He bequemce {Mn}ne]N?

=] F = = £ DA



4—%04»@%«%\5%6%7%/171%&9

F = = £ DA



. @wm weTO them [w] = s(r—'(w)) = (M) is He orllit DB w;
.wer(o)mmww&mdunuti@men&tu&om,m. [w] = [w];
oUBwer(o)Lba/r\y'dodicohiwnittp\an[w]EInvr%wmmwem.



> Jeniodicoid umits (gemenal case)

. %u\}en weTO them [w] = s(r—'(w)) = (M) is He orllit oﬁ w;

e wer® mmwwdmdum;gmen&tu&om,m. [w] = [];
.UBwer(") is o peniodicoid umik then [w] € Invr by consbruction.
o@bmxweﬂ,tp\m [w] = {Taw | a€ R}, L.e.l:P\e]R/d-yLQ»il:o[)]w;
oUBwGQMaWMW%M—MM%mMMA@

[w] ~ RY/stab,, := {Stabw—l—a | ae]Rd}

whene stab,, ={acRY | Tw=uw} wkﬂet&l‘n%rgeﬂ,w@w,
o [w] ibuwrvr\aot (cﬂoﬁeclm Q) amd. Stab,, mwwm/r\mim RY, i. e.

Stab, ~ Z9 ! x RY Byxwogﬂgd.%W,Z:O%mw;

OWWEQ@MMLWWMMTM.
=} =



>‘€o/mc&w;sm

which 16 Z9-imuvaniamk;

QMWMMWGF(O)MMMBQW@MMLW



>‘eo/r\c&ww/r\,b

oJ(D/r\eruedAcouiumd:wer W&uawﬂ)@@m@wm
whick s Z9-imsaniomt;
oﬂgwmmmtﬂmtkenm&edwr[w]w%

of, Rl cam e computed wia He Blecks Heonsy (mumerically

o 5 = E £ DA



>‘eo/r\c&wwm
ch@zr\el’w}c{,\c@uiumltwer MTMAAQQW@MMLW

wp\,\cp\mdevx}amamt

o §wis peniodicoid Hem He nestricted gnoupeid My describes a
off Ralpy cam le computed wia the Block's theory (numenically
o Lok My, e the orlit-closine of He unik described by the imitial Delone

»ek L. JDW»BW@WWWMaW{W}cQDB
WMMMM[M]%MEMWE%CUM

fpelogy of zom

u]
o)

I
it

DA



>‘€o/r\c&wwm,b

ch@zr\el’U@dAc@uiumAthr MTMAA@QW@PJD’W&M}LW
which s Z9-imsaniomt;

o §wis peniodicoid Hem He nestricted gnoupeid My describes a

of, Rl can e computed via the Block's Heory (mumenicallly

o Beb My e the onlit-closune of the wnit descnilled buy the imitial Delome

»sek L. JDW@BW%WMaW{W}CQDB
WMMMM@]->%MW@%%M

teT\on%o[))Invr
.UBMLWQW%MWM"&%%
WW«W&Q&M“SpeCH]L ww@ueclpy\dwmwhn%tp\e
A/r\abw.sPecRﬂ oBzr\ende\coT\enatom

o = = = T 9ac



Wp\mtp\eimmaniathMLGInvradmitbabaqumceoB
WMMW[MH]%MLMMM@%

o(eymT\[)ztAry\mac&nirbAhmximd:LUmtp\iAmeam&matohmjz

ommﬂmmogr@b[%mp\xgp\mdxmmm

=] F = = £ DA
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