
STABLE HOMOLOGY VIA FUNCTOR HOMOLOGY

CHRISTINE VESPA

Abstract. This text is a preliminary version of material used for a course at the Uni-
versity of Copenhagen, part of ”Workshop and Masterclass on Homological stability”
August 26-30, 2013. This lecture concerns the method developped, in collaboration
with Aurélien Djament, in [DV10] and used in [Dja12] and [DVa] to compute the sta-
ble homology of a family of groups with coefficients given by a polynomial functor.
We will not give the details of the proofs of the results. Instead we will focus on the
general strategy and discuss the examples in details.
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1. Overview of the results

This lecture concerns homology of discrete groups. We are interested by stable phe-
nomena, that is we are not interested by a particular group G but by families of
groups {Gn}n≥0 indexed by the natural numbers and related by canonical inclusions
Gn ↪→ Gn+1.

We fix a commutative ring k.

1.1. What is stable homology? Let (C,⊕, 0) be a symmetric monoidal category. We
suppose that the unit 0 is the null object of C (i.e. is initial and terminal). Let A be
an object in C, we denote by G(n) the automorphism group AutC(A

⊕n). Evaluating a
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functor F : C → k-Mod on A⊕n we obtain, in a natural way a module on AutC(A
⊕n),

so we can consider H∗(G(n), F (A⊕n)).

Moreover remark that the canonical map A⊕n ' A⊕n⊕0
Id⊕(0→A)−−−−−−→ A⊕n⊕A ' A⊕n+1

is compatible with the action of the automorphism groups AutC(A
⊕n) via the morphism

Aut(A⊕n)
g 7→g⊕IdA−−−−−→ Aut(A⊕n+1). So we obtain a natural sequence of morphisms:

(1) . . .→ Hk(G(n), F (A⊕n))→ Hk(G(n+ 1), F (A⊕n+1))→ . . . .

Most of the time, we are unable to compute completely this sequence of homology
groups. But for several cases we know the answers to the following questions which
appear naturally:

• (Q1): Does this sequence stabilize? (i.e. for all k ∈ N does it exist an
integer N(k) such that

∀n ≥ N(k), Hk(G(n), F (A⊕n)) ' Hk(G(n+ 1), F (A⊕n+1)).)

If the answer is yes, what is the smaller integer N(k) having this
property? When the previous sequence stabilizes we say that the
groups {G(n)} satisfy homology stability (with coefficients given by
F ).
• (Q2): Can we compute the colimit of this sequence?

This colimit is called the stable homology of the family of groups
{G(n)} with coefficients twisted by F and will be denoted by Hk(G∞, F∞).

Remark that these two questions are independent but if we know the answer to the
second question and if we know the value of N(k) in the first question, we obtain
information on Hk

(
G(n), F (A⊕n)

)
for n big enough.

As we can see in the next example, this general setting of a symmetric monoidal
category let us to cover several families of groups.

Example 1.1. • The category of finite sets equipped with the disjoint union q is
a symmetric monoidal category (the unit is the empty set). Let A be the set
having one element. In this case Aut(A⊕n) = Sn (the symmetric group on n
letters).
• Let R be a ring. The category of projective left R-modules of finite type P(R)

equipped with the direct sum ⊕ is a symmetric monoidal category (the unit is
the null module). Let A be the R-module R. In this case Aut(A⊕n) = GLn(R).
• Let k be a field. The category of finite dimensional quadratic space over k with

the orthogonal sum ⊥ is a symmetric monoidal category (the unit is the null
space). Let A be the hyperbolic plane (i.e. the vector space k2 with the quadratic
form given by (x, y) 7→ xy. In this case Aut(A⊕n) = On,n(k).
• The categories of finitely generated free groups gr equipped with the free product
∗ is a symmetric monoidal category (the unit is the null group). Let A be the
group Z. In this case Aut(A⊕n) = Aut(Z∗n) (the automorphism group of the free
groups in n generators).

We talk about homology with twisted coefficients when the action of the groups on
the coefficients in non trivial. However, we talk about homology with trivial coefficients.
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This lecture mainly concerns (Q2) so, in the sequel, I will focus on the answers of this
second question. However, remark that functor categories methods can also be used to
prove stability results (see [CDG] and the lecture of Djament).

1.2. The results. In this section we will give the known results concerning the question
(Q2). These results are summarized in the following table.

constant functor reduced covariant reduced contravariant bireduced
polynomial functor F polynomial functor F polynomial

Q Fp Z bifunctor B

Sn 0 [Nak61] [Bet02] ? ?

GLn(k) [Bor74] [Qui72] [Bet92] consequence of [FFSS99] [Bet99]
[Bet92] [Sco]

On(k) [FP78] [DV10] [DV10] [DV10]
[Dja12] [Dja12] [Dja12]

Spn(k) [FP78] [DV10] [DV10] [DV10]
[Dja12] [Dja12] [Dja12]

Aut(Z∗n) [Gal11] [Gal11] [Gal11] [DVb] ? ?
partial result in [DVb]

The methods used to compute the stable homology with trivial coefficients (i.e. for
F the constant functor) and with twisted coefficients (i.e. F a non constant functor)
are completely different. This lecture concerns the case of twisted coefficients.
However, to compute the stable homology with twisted coefficients we need to know the
value of stable homology with trivial coefficients. In fact we obtain in [DV10] a general
result computing stable homology with twisted coefficients from stable homology with
trivial coefficients and functor homology (see Theorem 3.2). That is why we recall also
the values of stable homology with trivial coefficients in this document.

1.2.1. Stable homology with trivial coefficients.
The symmetric groups Sn

Since the symmetric group is a finite group, rational homology of Sn is trivial and so
is also the rational stable homology.

For coefficients in finite field, the result is given by Nakaoka in 1961.

Theorem 1.2 (Nakaoka [Nak61]). (1) For p = 2 we have:

H∗(S∞;F2) ' F2[x1, x2, . . . , xI , . . .]

where I runs over all admissible sequences, xI has dimension d(I) and bidegree
b(I).
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(2) For p an odd prime, H∗(S∞;Fp) is a tensor product of exterior algebras on odd
dimensional generators and polynomial algebras on even generators where each
generator has a known bidegree.

The proof of Nakaoka is based on topological methods. A good reference for a more
algebraic proof of stable homology of symmetric groups with trivial coefficients is [AM04]
Chapter V I.

Groups of matrices: GLn(k), On(k) and Spn(k) General linear groups GLn(k)
The computation of the homology of GL∞(k) is out of reach for any k. However, for
particular rings k this computation is accessible.

In [Qui72], Quillen computes the (co)homology of GLn(k) when k is a finite field of
characteristic p. He computes it completely for coefficients in Fm if m 6= p. For m = p
he obtains the following result:

Theorem 1.3 (Quillen [Qui72]). : For k a finite field of characteristic p we have:

H0(GL∞(k);Fp) = Fp and Hj(GL∞(k);Fp) = 0 for j > 0.

Remark 1.4. Quillen proves also in [Qui72] that

H0(GLn(F̄p);Fp) = Fp and Hj(GLn(F̄p);Fp) = 0 for j > 0.

In [Sus83], Suslin shows that the natural map H∗(GL∞(k);Z/n)→ H∗(GL∞(K);Z/n)
is an isomorphism for any extension k ⊂ K of algebraically closed fields. Combining
this with the Quillen’s result we obtain the calculation of H∗(GL∞(K),Fp) for any
algebraically closed field K of characteristic p.

Remark 1.5. Results of Borel in [Bor74] let us to compute H∗(GL∞(R);Q).

For more details on the homology of linear groups see [Knu01].
Orthogonal and symplectic groups
Generalizing the methods of Quillen, Fiedorowicz and Priddy obtain in [FP78] the

following results:

Theorem 1.6 (Fiedorowicz-Priddy [FP78]). For k a field with q = pr elements (p odd)
we have:

H0(O∞(k);Fp) = Fp and Hj(O∞(k);Fp) = 0 for j > 0.

H0(Sp∞(k);Fp) = Fp and Hj(Sp∞(k);Fp) = 0 for j > 0.

For k a field such that char(k) = 2 we have:

H∗(O∞(k);F2) = H∗(Z/2;F2).

Automorphism groups of free groups Aut(Z∗n)
In a recent work, Galatius obtains the following beautiful theorem:

Theorem 1.7 (Galatius [Gal11]). Let Z∗n be the free group freely generated on {x1, . . . , xn}
and φn : Sn → Aut(Z∗n) the homomorphism given by φn(σ) : xi 7→ xσ(i) for σ ∈ Sn.
The induced homomorphism:

(φn)∗ : Hk(Sn;Z)→ Hk(Aut(Z∗n);Z)

is an isomorphism for 2k + 1 ≤ n.
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By the computations of Nakaoka for the symmetric groups, we can deduce the com-
putation of the stable homology of automorphism groups of free groups Aut(Z∗n) with
integral coefficients. For k a field, using the universal coefficient theorem we deduce the
isomorphism:

(φn)∗ : Hk(Sn; k) ' Hk(Aut(Z∗n); k)

for 2k + 1 ≤ n. In particular, since Sn is a finite group, the homology groups of Sn

with rational coefficients vanish so the previous theorem has the following corollary.

Corollary 1.8 (Galatius [Gal11]). Let Z∗n be the free group, then:

Hk(Aut(Z∗n);Q) = 0 for 2k + 1 ≤ n.

This result had been conjectured by Hatcher and Vogtmann in [HV98].

1.2.2. Stable homology with twisted coefficients. The results in this area consist to inter-
pret stable homology with twisted coefficients as functor homology (i.e. as Tor groups
in functor categories). The power of these results is in the fact that we have powerful
tools to compute such Tor groups in order to obtain explicit computations.

The symmetric groups Sn

In 2002 Betley proves that stable homology of symmetric groups with twisted coeffi-
cients is highly non trivial even for functors of finite degree. He obtains the following
result

Theorem 1.9 (Betley [Bet02]). For all functor F from Γ to Ab we have a non
natural isomorphism:

Hn(S∞;F∞) '
⊕

p+ q = n
i ∈ N

Hp

(
S∞;Hq(Si; cr(F )({1, . . . , i})

)
.

General linear groups GLn(k)

Theorem 1.10 (Betley [Bet92]). Let R be a commutative ring and F be a reduced
polynomial functor from P(R) to k-mod then:

H∗(GL∞(R);F∞) = 0.

In 1999, Betley and Suslin obtained independently a generalization of the previous
results for coefficients given by a polynomial bifunctor.

Theorem 1.11 (Betley [Bet99], Suslin [FFSS99] (appendix)). Let k be a finite field
and B be a bireduced polynomial bifunctor from P(k)op ×P(k) to k-mod then there is
a natural isomorphism of graded k-vector-spaces:

H∗(GL∞(k);B∞) ' TorP(k)op×P(k)
∗ (k[HomP(k)op(−,−)], B) ' HH∗(P(k);B)

where HH∗(P(k);B) is the Hochschild homology of the category P(k) with coefficients
in the bifunctor B. (See lecture 2 for the definition of Hochschild homology).

Concrete examples of Tor groups in P(k)op × P(k) are given in [FFSS99] for usual
functors.

This theorem has been extended by Scorichenko in 2000 in his PhD-thesis
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Theorem 1.12 (Scorichenko [Sco]). Let R be a ring and B be a bipolynomial bifunctor
from P(R)op×P(R) to k-mod then there is a natural isomorphism of graded k-vector-
spaces:

H∗(GL∞(R);B∞) ' HH∗(GL∞(R)×P(R);B)

(where the action of GL∞(R) in the right hand side is trivial).

Remark 1.13. (1) When R = k (a finite field) the homology of GL∞(k) with coeffi-
cients in k is trivial (see Theorem 1.3). So the term GL∞(R) in the right hand
side of the isomorphism in Theorem 1.12 disappears and we recover Theorem
1.11.

(2) Theorem 1.10 can be obtained as a corollary of Theorem 1.12.

Orthogonal and symplectic groups

Theorem 1.14. [DV10] Let k be a finite field of odd characteristic and F be a polyno-
mial functor from P(k) to k-Mod. There exists a natural isomorphism:

H∗
(
O∞(k);F∞

)
' Tor

Efk
∗ (V 7→ k[S2(V ∗)], F )

where Efk is the category of finite k-vector spaces and S2 is the second symmetric power.

As a consequence of Theorem 1.14 we obtain explicit computations of stable homology
of orthogonal groups with twisted coefficients. For example, for the symmetric powers,
we obtain:

Theorem 1.15. [DV10] Let k be a finite field of odd cardinality q. For the symmetric
powers S•, the bigraduate algebra

H∗
(
O∞(k);S•∞

)
is polynomial on the generators αm,s of bidegree (2qsm, qs + 1) (where the first degree is
the homological degree and the second degree is the internal degree).

In [DV10] we obtain also the explicit computation of H∗
(
O∞(k); Λ•∞

)
(see Theorem

4.19 in [DV10] ).

Theorem 1.16. [DV10] Let k be a finite field and F be a polynomial functor from P(k)
to k-Mod. There exists a natural isomorphism:

H∗
(
Sp∞(k);F∞

)
' Tor

Efk
∗ (V 7→ k[Λ2(V ∗)], F )

where Efk is the category of finite k-vector spaces and Λ2 is the second exterior power.

As a consequence of Theorem 1.16 we obtain explicit computations of stable homology
of symplectic groups with twisted coefficients.

Remark 1.17. Touzé obtained in [Tou10] similar results for orthogonal and symplectic
groups over a finite field viewed as algebraic groups. In this setting polynomial functors
are replaced by strict polynomial functors. Recall that strict polynomial functors were
introduced by Friedlander and Suslin in [FS97]. Roughly speaking they are the good
analogue of polynomial functors in the algebro-geometric setting.
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In [Dja12] Djament generalizes Theorem 1.14 for a ring. More precisely, he proves
the following result:

Theorem 1.18. [Dja12] Let R be a ring with involution a 7→ ā and F be a polynomial
functor from P(R) to Ab. There exists a isomorphism of abelian groups:

Hp+q(U∞,∞(R);F∞) '
⊕
p+q=n

Hp(U∞,∞(R);TorP(R)
q (Z[S2], F ))

where S2 : P (R)op → Ens is the functor given by S2(M) = {hermitian forms on M}.

See [Dja12] for explicit computations.
Automorphism groups of free groups Aut(Z∗n)

Theorem 1.19. [DVb] Let F be a reduced polynomial functor from the category gr of
finitely generated free groups to the category Ab of abelian groups. Then

colim
n∈N

H∗

(
Aut

(
Z∗n
)
;F
(
Z∗n
))

= 0.

Remark 1.20. If F is the abelianization functor a : gr → Ab, Theorem 1.19 was known.
In fact, Hatcher and Wahl proved that the stable homology groups of Aut(Z∗n) with
coefficients in Zn are trivial using the stability of the homology groups of the mapping
class groups of certain 3-manifolds (see [HW05], [HW] and [HW10]). Furthermore, by an
observation of Randal-Williams in [RW], for F = T n ◦ a Theorem 1.19 can be deduced
from the paper of Hatcher and Vogtmann [HV04] (see also its erratum [HVW] with
Wahl). By completely different and purely algebraic methods, Satoh studies in [Sat06]
and [Sat07] first and second homology groups of the automorphism group of a free group
with coefficients given by the abelianization functor and obtains some computations in
the non stable range.

Remark 1.21. Theorem 1.19 should be compare with Theorem 1.7 due to Galatius.
In the stable range, by Galatius’ Theorem, the stable integral homology groups of
Aut

(
Z∗n
)

are isomorphic to those of the symmetric group Sn. Theorem 1.19 tells us
that it is no more the case for twisted coefficients. In fact, by Theorem 1.9 due to Betley,
stable homology of symmetric groups with twisted coefficients is highly non trivial.

Contrary to the case of general linear groups, the stable homology of automorphism
groups of free groups with coefficients given by a contravariant functor can not be
obtained from the one with coefficients given by of a covariant functor. For the moment
we do not know how to compute stable homology of automorphisms groups of free groups
with coefficients given by contravariant functors. But we prove in [DVb] the following
result which shows that the situation is completely different for stable homology of
automorphisms groups of free groups with coefficients given by covariant functors and
those with coefficients given by contravariant functors.

Proposition 1.22. [DVb] Let F be a reduced contravariant polynomial functor from
the category ab of finitely generated free abelian groups to Ab. There exists a natural
isomorphism

colim
n∈N

H1

(
Aut

(
Z∗n
)
;F (Zn)

)
' F ⊗

ab
Id
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where Aut
(
Z∗n
)

acts on F (Zn) via the natural projection to GLn(Z) and Id : ab→ Ab
is the inclusion functor.

1.3. The method developped for twisted coefficients in [DV10] [Dja12] and
[DVb]. In [DV10] we develop a general method to compute stable homology of families
of groups with twisted coefficients given by a reduced covariant polynomial functor. Not
only can we prove new results by this method, but also can we recover all the
older known results in the table. For example, in [DV10] (Appendice E) we explain
how to recover the Betley’s theorem for symmetric groups 1.9 from our general setting
and in [Dja12] Djament explains how to recover Scorischenko’s theorem for general linear
groups from our general setting (this is based on the fact that general linear groups over
a ring R are unitary groups on Rop ×R (with the canonical involution)).

In the sequel we explain the ideas behind this general method. We refer the reader
to [DV10] for details.

This method can be decomposed into two steps:

(1) We obtain a general theorem computing stable homology with twisted coef-
ficients from stable homology with trivial coefficients and the homology of a
certain category D (see Theorem 3.2). Unfortunately, in most of the cases we
are unable to compute directly the homology of this category D.

(2) This step consists to compute the homology of the category D on a case by case
basis. The idea is to relate D to another category for which we are able to do
homological computations and to obtain an isomorphism between the homology
of the two categories using the Grothendieck spectral sequence. This step is the
most difficult.

2. Ingredients: Functor homology and polynomial functors

2.1. Functor homology. The term functor homology is used for homological algebra
in categories of functors.

Let C be a small category.

Definition 2.1. • A left C-module is a functor F : C → k-mod.
• A right C-module is a functor F : Cop → k-mod.

We denote by C-mod the category of left C-modules and by mod-C the category of
right C-modules where the morphisms are the natural transformations.

Proposition 2.2. The categories C-mod and mod-C are abelian.

Projective generators

Definition 2.3. For all c ∈ C we define the functor: P Cc := k[HomC(c,−)] ∈ C-mod.

The following proposition is a consequence of the Yoneda lemma:

Proposition 2.4. For F ∈ C-mod, we have: HomC-mod(P
C
c , F ) ' F (C).

The set {P Cc }c∈C is a set of projective generators of the category C-mod.
Similarly P C

op

c := k[HomC(−, c)] ∈ mod-C.
Tensor product over C
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Definition 2.5. The tensor product over C is a bifunctor ⊗
C

: Mod-C×C-Mod→ R-Mod

given by: for F ∈Mod− C and G ∈ C −Mod, F ⊗
C
G is the quotient of

⊕
c∈C
G(c)⊗ F (c)

by the equivalence relation ∼ given by:

x⊗ F (f)(y) ∼ G(f)(x)⊗ y ∀f : c→ c′,∀x ∈ G(c′),∀y ∈ F (c).

Proposition 2.6. We have natural isomorphisms:

P C
op

c ⊗
C
G ' G(c) and F ⊗

C
P Cc ' F (c).

Definition 2.7. For F ∈ C-mod and G ∈ mod-C we define:

TorCi (G,F ) := Hi(P• ⊗
C
F )

where P• is a projective resolution of G in mod-C.

Homology and Hochschild homology of a category

Definition 2.8. For F ∈ C-mod, the homology of C with coefficients in F is the graded
k-module:

H∗(C;F ) = TorC-mod∗ (k, F ).

Example 2.9. (1) If C has an initial object then H∗(C,k) = 0.
(2) If C has a terminal object C then H0(C;F ) = F (C) and Hi(C;F ) = 0 for i > 0.

Definition 2.10. For B ∈ (Cop×C)-mod, the Hochschild homology of C with coefficients
in B is:

HH∗(C;B) = Tor(C
op×C)-mod

∗ (k[Cop], B)

where k[Cop] : Cop × C → k-mod is given by: k[Cop](a, b) = k[C(b, a)].

2.2. Polynomial functors. Let (C,⊕, 0) be a small symmetric monoidal category
where the unit 0 is the null object of C.

Example 2.11. • (Γ,q, {0}) (category of finite pointed sets).
• (P (R);⊕, 0).
• (gr, ∗, 0).

Let F : C → D be a functor (D an abelian category).

Definition 2.12. The n-th cross-effect of F is a functor crnF : C×n → D (or a multi-
functor) defined inductively by

cr1F (X) = ker(F (0) : F (X)→ F (0))

cr2F (X1, X2) = ker((F (r2
2̂
), F (r2

1̂
))t : F (X1 ⊕X2)→ F (X1)× F (X2))

and, for n ≥ 3, by

crnF (X1, . . . , Xn) = cr2(crn−1F (−, X3, . . . , Xn))(X1, X2).

In other words, to define the n-th cross-effect of F we consider the (n − 1)-st cross-
effect, we fix the n − 2 last variables and we consider the second cross-effect of this
functor.
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Definition 2.13. A functor F : C → D is said to be polynomial of degree lower or equal
to n if crn+1F = 0.

We denote by Poln(C,D) the full subcategory of Func(C,D) consisting of polynomial
functors of degree lower or equal to n.

Example 2.14. • The abelianization functor is polynomial of degree 1.
• The functors T n,Γn, Sn,Λn from P (R) to P (R) are polynomial of degree n.

Remark 2.15. In a recent prepublication [DVa] we extend the notion of polynomial
functors from a symmetric monoidal category where the unit 0 is the initial object.

2.3. Ingredients to do functor homology.

(1) Explicit projective resolution: One of the principal ingredient of [DVb] is
an explicit projective resolution of the abelianization functor.

(2) Exponential functors

Definition 2.16. A graded functor E• = (En) where En : P (R) → k-Mod is
exponential if we have a natural isomorphism:

En(U ⊕ V ) '
n⊕
i=0

Ei(U)⊗ En−i(V ).

Example 2.17. Λ•, S•,Γ• are exponential functors but T • is not exponential.

For R = k (a finite field) we know the values of Tor
P (R)
∗ ((Ei)∨, Ej).

Example 2.18. Tor
P (R)
∗ ((Λ1

R)∨,Λ1
R) = HML∗(R) (MacLane homology).

(a) For R a finite field: HML∗(R) computed by Breen in [Bre78] and revisited
by functorial methods by Franjou-Lannes-Schwartz in [FLS94].

(b) For R a field such that char(R) = 0, Tor
P (R)
∗ ((Λ1

R)∨,Λ1
R) = HH∗(R)

(Hochschild homology)
(c) HML∗(Z) computed by Franjou and Pirashvili in [FP98].

3. The method: Step 1: A general theorem

The first important theorem in [DV10] computes stable homology of a family of groups
with twisted coefficients from stable homology of the same family of groups with trivial
coefficients and the homology of a certain category.

Let (D,⊕, 0) be a symmetric monoidal category. We suppose that the unit 0 is the
initial object of D. Let A be an object in D, we denote by G(n) the automorphism
group AutD(A⊕n).

We have a natural map:

H∗(G∞, F∞)→ H∗(D ×G∞, π∗F )

where π : D ×G∞ → D. This natural map is an isomorphism for F = k (the constant
functor) but it is no more the case in general.

The aim of this first theorem is to give conditions on D such that this natural map
is an isomorphism for each functor F .
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Remark 3.1. We chose to present here a simplified version of the hypothesis on D. For
a more general setting we refer the reader to the first section of [DV10] .

We consider the following hypothesis on the source category D:

• (H1): Transitivity:
Strong version: Let X and Y be two objects of D, HomD(X, Y ) is a transitive
AutD(Y )-set.
Weak version or stable version: For all morphism f : X → Y in D, there
exists an automorphism α : X ⊕ Y → X ⊕ Y making the following diagram
commutative:

X
f ,2

i′ $,

Y
i ,2 X ⊕ Y

α
��

X ⊕ Y
where i and i′ are the canonical inclusions.
• (H2): Stabilizers: Let X and Y be two objects of D. The canonical groups

morphism AutD(Y )→ AutD(X⊕Y ) is an injection and its image is the subgroup
of automorphisms φ making the following diagram commutative:

X ,2

�'

X ⊕ Y
φ
��

X ⊕ Y.

• (H3): Generator:
Strong version: There exists A ∈ D such that for all object X in D there
exists n ∈ N such that X ' A⊕n.
Weak version There exists A ∈ D such that for all object X in D, there exists
an object Y in D and n ∈ N such that X ⊕ Y ' A⊕n.

The fundamental result in this first step is the following.

Theorem 3.2. [DV10] Let (D,⊕, 0) be a symmetric monoidal category such that the
unit 0 is the initial object of D and satisfying the three previous hypothesis. Then the
natural morphism of graded -modules:

H∗(G∞;F∞)→ H∗(G∞ ×D;F )

is an isomorphism for all functor F : D → k−Mod.

Remark that in this theorem we need no assumption on the functor F .
The following proposition is a consequence of the Künneth theorem.

Proposition 3.3. If k is a field then we have a natural isomorphism of graded k-
modules:

H∗(G∞ ×D;F ) ' H∗(G∞;k)⊗
k
H∗(D;F ).

The categories introduced in Example 1.1 does not satisfy these hypothesis. So, we
introduce in the next examples the suitable categories for the different families of groups.
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Example 3.4. • Symmetric groups: Let Θ be the category having as objects
finite sets and injections as morphisms. The category Θ is a symmetric monoidal
category for the disjoint union (the unit ∅ is the initial object) and satisfies the
three hypothesis (H1) (strong), (H2) and (H3) (strong). (The category Θ is
strongly generated by A = 1 (the set having one element)).

By Theorem 3.2 we deduce that: for G : Θ→ k-mod,

H∗(S∞;F∞) ' H∗(S∞ ×Θ;F ).

• Linear groups: Let R be a ring. The category P(R) satisfies the hypoth-
esis (H3) (weak version: for A = R) but does not satisfy the hypothesis (H1)
and (H2). Let M(R) be the subcategory of P(R) having as morphisms split
monomorphisms. The category M(R) satisfies the hypothesis (H3) and (H1)
but does not satisfy (H2).

Let S(R) be the category having as objects projective left R-modules of finite
type and as morphisms M → N ordered pairs (u, v) where v : N → M and
u : M → N are R-linear maps such that v ◦ u = IdM . (In particular, u is a
monomorphism.) The category S(R) is a symmetric monoidal category for the
direct sum (the unit 0 is the initial object) and satisfies the three hypothesis
(H1) (weak), (H2) and (H3) (weak).

By Theorem 3.2 we deduce that: for F : S(R)→ k-mod,

H∗(GL∞(R);F∞) ' H∗(GL∞(R)× S(R);F ).

• Orthogonal and symplectic groups: Let Eq(k) be the category having as
objects finite dimensional non degenerated quadratic spaces and as morphisms
linear maps compatible with the quadratic forms. The category Eq(k) is a sym-
metric monoidal category for the orthogonal sum ⊥ (the unit 0 is the initial
object) and satisfies the three hypothesis (H1) (strong), (H2) (by the Witt’s the-
orem) and (H3) (weak version): let H be the hyperbolic plane (i.e. the vector
space k2 with the quadratic form (x, y) 7→ xy) for all V ∈ Eq(k) there exists
W ∈ Eq(k) such that V ⊥ W ' H⊥n.

By Theorem 3.2 we deduce that: for F : Eq(k)→ k-mod,

H∗(O∞(k);F∞) ' H∗(O∞(k)× Eq(k);F ).

• Automorphism groups of free groups. Let G be the category having as
objects finitely generated free groups and as morphisms A → B ordered pairs
(u,H) where u : A → B is a group monomorphism and H is a subgroup of

B such that B = u(A) ∗ H. The composition A
(u,H)−−−→ B

(v,K)−−−→ C is given by
(v ◦ u, v(H) ∗K). The category G is a symmetric monoidal category for the free
product ∗ (the unit 0 is the initial object) and satisfies the three hypothesis (H1)
(strong), (H2) and (H3) (strong for A = Z). By Theorem 3.2 and Proposition
3.3 we deduce that: If k is a field then we have a natural isomorphism of graded
k-modules:

H∗(Aut(Z∗∞);F∞) ' H∗(Aut(Z∗∞);k)⊗
k
H∗(G;F ).
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• Unitary groups. Let S be a ring with an involution σ : S → S and Hdeg(S) be
the category having as objects finitely generated free S-modules equipped with an
hermitian form. Let H(S) be the full subcategory of Hdeg(S) having as objects
finitely generated free S-modules equipped with a non degenerate hermitian form.
The category H(S) is a symmetric monoidal category for the orthogonal sum ⊥
(the unit 0 is the initial object). Let X be the S-module S2 equipped with the

hyperbolic form represented by the matrix

(
0 1
1 0

)
. We have AutH(S)(X

⊥n) =

Un,n(S).
The category H(S) satisfies the three hypothesis (H1) (weak), (H2) and (H3)

(weak) (If (V, q) is non degenerate, (V, q) ⊥ (V,−q) is hyperbolic).
By Theorem 3.2 we deduce that: for F : H(S)→ k-mod,

H∗(U∞,∞(S);F∞) ' H∗(U∞,∞(S)×H(S);F ).

Two sub-examples:
– If S is a commutative ring with the trivial involution, an hermitian form is

a quadratic form and we have H(S) = Eq(S). (This extends the example of
orthogonal groups given previously).

– Let R be a ring. We consider the ring S = Rop × R with the involution
σ : Rop × R → Rop × R given by σ(a, b) = (b, a). We have H(S) = S(R)
and Un,n(Rop ×R) ' GL2n(R). (We recover the example of linear groups).

Applying Theorem 3.2 to the category Θ and applying the Dold-Kan type theorem
of Pirashvili (see [Pir00]) we recover the Theorem 1.9 of Betley. (See Appendice E in
[DV10] for more details).

4. The method: Step 2: Comparison of functor homologies

Unfortunately, apart from the case of symmetric groups, the computation of H∗(D;F )
is inaccessible directly. The idea of this second step is to find on a case by case basis a
category C related to D by a functor φ : D → C such that homological algebra in C is
accessible and to deduce homological algebra computations in D from computations in
C. The hypothesis concerning the polynomiality of the functor F is crucial in this step.

More precisely, this step is based on the following general construction. Recall that
for C a small category, the functor category Func(C,k-Mod) is an abelian category
having a set of projective generators given by P CA := k[HomC(A,−)]. Let φ : D → C be
a functor, consider the following composition of functors:

(2) Func(Dop,k-Mod)
φ!−→ Func(Cop,k-Mod)

−⊗
C
F

−−−→ k-Mod

where φ! : Func(Dop,k-Mod)→ Func(Cop,k-Mod) is the left Kan extension of φ : D →
C i.e. φ!(G)(c) := G⊗

D
φ∗(P Cc ) (where φ∗ is the precomposition by φ). The functor φ! is

right exact and preserves projective objects
(
φ!(P

Dop

D ) ' P C
op

φ(D)

)
and the functor −⊗

C
F

is right exact. So, we can consider the Grothendieck spectral sequence associated to the
composition (2):

E2
pq = (Lp(−⊗

C
F ))(Lq(φ!))(X)⇒ Lp+q(φ!(−)⊗

C
F )(X)



14 CHRISTINE VESPA

where Lq are the left derived functors. Using the natural isomorphism φ!(G) ⊗
C
F '

G⊗
D
φ∗(F ) (for F ∈ Func(C,k-Mod) and G ∈ Func(Dop,k-Mod)) and the definition of

Tor we obtain:

(3) E2
pq = TorCp (Lq(φ!)(X), F )⇒ TorDp+q(X,φ

∗(F ))

where Lq(φ!) are given by

Lq(φ!)(X)(c) := TorD∗ (X,φ∗(P Cc )).

The principle of this second step is to study, for each family of groups, this spectral
sequence.

In the sequel we give a criterion to obtain an isomorphism between Tor-groups in C
and in D. Let Lφ∗(Y ) = Ker(L∗(φ!)(φ

∗Y ) → Y ) for Y ∈ Func(Cop,k-Mod) the kernel
of the unit. We have:

Proposition 4.1. Let Y ∈ Func(Cop,k-Mod) and F ∈ Func(C,k-Mod) such that

∀i, j TorCi (Lφi (Y ), F ) = 0.

Then the morphism:

TorD∗ (φ∗Y, φ∗F )→ TorC∗ (Y, F )

induced by φ is an isomorphism.

For X = k (the constant functor) the spectral sequence (3) becomes:

(4) E2
pq = TorCp (Lq, F )⇒ Hp+q(D, φ∗(F ))

where Lq(C) = Hq(D/C;k) (D/C is the category having as objects ordered pairs (D, d)
where D is an object of D and d : C → φ(D) is a morphism in C and as morphisms

those of D making the obvious diagram commute.) We have Lφi (k) = H̃q(D/C;k).
Proposition 4.1 becomes in this particular case:

Proposition 4.2. Let F ∈ Func(C,k-Mod) such that

∀i, j TorCi (Lφi (k), F ) = 0.

Then the morphism:

H∗(D, φ∗F )→ H∗(C, F )

induced by φ is an isomorphism.

This step consists to find, for each family of groups, a suitable category C,
a functor φ and conditions on F such that ∀i, j TorCi (Lφi (k), F ) = 0. This kind
of results are called ”cancellation results”.

Example 4.3. • Automorphism groups of free groups Aut(Z∗n)
Let i : G → gr be the functor which is equal to the identity on the objects
and which associates to a morphism (u,H) : A → B in G the group morphism
u : A→ B.

The difficult part of [DVb] is the following proposition.
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Proposition 4.4. (Cancellation result) For K : gr → k-Mod polynomial we
have:

Torgr(Lφi (k), K) = 0.

By Proposition 4.2 we obtain:

H∗(G;φ∗(K))
'−→ H∗(gr;K) = K(0)

(where the last equality is a consequence of the fact that 0 is the final object of
gr (see Lecture 2)).

Combining Step 1 and Step 2 we obtain:

Theorem 4.5. [DVb] Let F be a reduced polynomial functor from the category
gr of finitely generated free groups to the category Ab of abelian groups. Then

colim
n∈N

H∗

(
Aut

(
Z∗n
)
;F
(
Z∗n
))

= 0.

Sketch of the proof of Proposition 4.4 Let a : gr → k-Mod be the
abelianization functor tensorised by k.
(1) The bar resolution of the free group gives rise to an explicit projective res-

olution of a. (This result is already present in a previous work of Jibladze
and Pirashvili). (See Proposition 4.1 in [DVb]).

(2) Taking the tensor product of this resolution with Pr = P gr
Z∗r , we obtain a

complex whose homology is isomorphic to Torgr∗ (X, a⊗ Pr) for X : grop →
k-Mod. (See Corollary 4.2 in [DVb]).

(3) We give a general cancellation criteria (i.e. conditions on X such that
Torgr∗ (X, a⊗ Pr) = 0. (See Proposition 4.4 in [DVb]).

(4) The functors Lφi (k) satisfy the conditions of the previous criteria. (See
Lemma 5.2 in [DVb]).

(5) If Torgr∗ (X, a⊗ Pr) = 0 then Torgr∗ (X,F ⊗G) = 0 (for F : gr → k-Mod a
reduced polynomial functor). (This result is a consequence of a general
result on the structure of polynomial functors on gr). (See Proposition 5.3
in [DVb]).

• Orthogonal and symplectic groups
Let i : Eq(k) → Edegq (k) be the inclusion functor where Edegq (k) is the category
having as objects finite dimensional quadratic spaces and morphisms injective
linear maps. The difficult part of [DV10] is the following proposition.

Proposition 4.6. (Cancellation result) For K : Edegq (k)→ k-Mod polynomial
we have:

TorE
deg
q (k)(Lφi (k), K) = 0.

By Proposition 4.2 we obtain:

H∗(Eq;φ∗(K))
'−→ H∗(Edegq (k), K).

A quadratic form on V is an homogeneous polynomial functor of degree 2 on V
so it is an element of S2(V ∗). So we have:

H∗(Edegq (k), K) ' TorE
f
inj(V 7→ k[S2(V ∗)], K).
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By a result of Suslin:

TorE
f
inj(A,K) ' TorE

f

∗ (A,K)

so, H∗(Eq(k), φ∗(K) ' TorE
f
inj(V 7→ k[S2(V ∗)], K).

Sketch of the proof of Proposition 4.6 The functors Lφi (k) transform
inclusions of V into V ⊥ H (where H is non-degenerate) in a isomorphism.

By this remark we can define Lφi (k) over the category of fractions where we
invert the inclusions. We prove that this category of fractions is equivalent to
the category of Spans Sp(Efinj). (So Lφi (k) are non-additive Mackey functors).
By a previous cancellation result due to Djament we deduce:

TorE
deg
q
p (Lφi (k), K) ' TorE

deg
q
p (Lφi (k)(0), K).

We have Lφi (k)(0) ' Hq(O∞(k), k) = 0 for q > 0 by the result of Fiedorowicz-
Priddy given in Theorem 1.6.
• Unitary groups

Let H(S)
i−→ Hdeg(S)

j−→ P (S) where i is the inclusion functor and j is the
functor which forget the hermitian form. The difficult part of [Dja12] is the
following proposition.

Proposition 4.7. (Cancellation result) For K : P (S) → k-Mod polynomial
we have:

TorP (S)(Ljiq (k), j∗K) = 0.

By Proposition 4.2 we obtain:

H∗(H(S); j∗i∗(K))
'−→ H∗(H

deg(S), j∗K).

Let S2 : P (S)op → Ens be the functor given by S2(M) = {hermitian forms on M}.
So we have:

H∗(H
deg(S), j∗K) ' TorP (S)(k[S2], K).

Two sub-examples:
– If S is a finite field we recover the result obtained in [DV10]. Djament

extends this result to a commutative ring R (with the trivial involution).
– Let R be a ring. We consider the ring S = Rop × R with the involution
σ : Rop×R→ Rop×R given by σ(a, b) = (b, a). We saw that H(S) = S(R)
and Un,n(Rop×R) ' GL2n(R). We have S2 = HomP (R)op so we recover the
Scorichenko’s theorem.
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groupes libres à coefficients polynomiaux. Submitted prepublication available on ArXiv.
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