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ABSTRACT

This work exclusively focuses on using convolution neural operator learning for accelerating
the solution of some heterogenous PDEs (including Poisson equations, Darcy flow,
Diffusion-Advection equations) using the flexible GMRES [1] method. We use operator
learning with U-Net [2] neural network architecture. For the sake of learning general
information, the neural operator is trained with randomly generated datasets using an
unsupervised approach. The trained neural operator exhibits significant generalization
features with respect to different aspects. That includes the ability to address varying source
terms, diffusivity terms, velocity field for advection, and varying boundary conditions for
these heterogeneous equations. Furthermore, it also shows promising results for addressing
wider range of the advection dominant situations, which is the challenging case for the
advection-diffusion equations. Overall, this work demonstrates the efficiency of applying the
neural operator learning as felxible preconditioner for subspace iterative linear solvers.
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Scientific backgrounds

Some heterogeneous fluid equations

Parametric Poisson equation (a common elliptic equation):

V2u(x) = p(x) (1)
Heterogeneous Darcy flow (groundwater flow through porous media):
Y (p()Vu(x)) = plx) @)
Heterogeneous Convection-Diffusion equation:
Y (d()Vu(x)) + c(x)Vu(x) = p(x) 3)

let x € RY be the grid points in the d-dimensional Q (d = 1,2, 3);
u(x) : R? — R is the solution to be computed;
p(x) : RY — R is a parametric source/forcing term;

p(x) : R? — R, represents the heterogeneous permeability of the
porous medium (non-uniform p(x) varies from point to point);

m d(x):RY — R, denotes the heterogeneous diffusivity or viscosity
field associated with diffusion;

m c(x) :RY — R, represents the heterogeneous velocity or force field
responsible for convection.
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Scientific backgrounds

Varying Boundary Conditions (BCs)

For the heterogeneous fluid PDEs described in Equation (1)-(3), we
consider three common classical BCs, Dirichlet, Neumann, and Cauchy:

Dirichlet BCs: u(x) = ¢(x) (like ¢(x) = 0 — zero-Dirichlet);

ou .
Neumann BCs: %(x) = C (like C =0); (4)

0

a—;(x) + a(x)u(x) = v(x) (like a(x) = 1,v(x) = 0).

Visualize Dirichlet, Neumann, and Cauchy BCs on a 2D domain Q:

Cauchy BCs:

Dirichlet BCs: Neumann BCs: Cauchy BCs:

u(z,y) = ¢(z,y),z,y € T (like ¢ = 0) %(:.y} =C (like C = 0) %1;, ) + a(z, y)u(z,y) = ¥(z,y) (like a = 1,9 = 0)
i 3

v
L r u| r u| r

I & I
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Scientific backgrounds

Varying Boundary Conditions (BCs)

For the heterogeneous fluid PDEs described in Equation (1)-(3), we
consider three common classical BCs, Dirichlet, Neumann, and Cauchy:

Dirichlet BCs: u(x) = ¢(x) (like ¢(x) = 0 — zero-Dirichlet);

ou .
Neumann BCs: %(x) = C (like C =0); (4)

0

Cauchy BCs: —;(x) + a(x)u(x) = v(x) (like a(x) = 1,v(x) = 0).

0
Visualize their mixtures, i.e., the combinations across different boundary:
Mixed Dirichlet and Cauchy (mix_DC) BCs: Mixed Dirichlet and Neumann (mix_DN) BCs: Mixed Dirichlet, Cauchy and Neumann (mix_DCN) BCs:

Dirichlet BCs hor Dirichlet BCs LT Neumann BCs [
b A !
2 Q I z a H o o o
H 53 5
H HE R H
¢ G g

I Io I

bo Dirichlet BCs lo Dirichlet BCs Iy Dirichlet BCs.
(d). mix_DC BCs (e). mix_DN BCs (). mix_DCN BCs
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Goal of this work

Convolution neural networks preconditioning fluid operators

Transfer the differential expression of equations into the discrete form:

A([p,or d,c,BCs]) = p

+ the three classical BCs or their three mixtures on domain 2
Discrete derivatives |} FDM, FEM, FFT, FVM, ...

A([p,or d,c,BCs])u = b, with LinearOp A€ C"™*" u, be C”

Fluid PDEs:

After discretization, numerical linear algebra methods, like subspace
methods, can be used to solve the discrete linear systems. However,

m purely using subspace methods without preconditioning is ineffective;

m generate a properly algebraic preconditioner could be possible (if the
n is not too big) but is as challenging as solve the system directly;

m generally, the algebraic preconditioning needs to be re-generated for
each of the parametric equations;

* except for the varying heterogeneous parameters, the application of
different BCs also strongly effects the property of the linear systems
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Goal of this work

Convolution neural networks preconditioning fluid operators

Transfer the differential expression of equations into the discrete form:

A([p,or d,c,BCs]) = p

+ the three classical BCs or their three mixtures on domain 2
Discrete derivatives |} FDM, FEM, FFT, FVM, ...

A([p,or d,c,BCs])u = b, with LinearOp A€ C"™*" u, be C”

Fluid PDEs:

In recent decade, the thrived neural networks (NNs) solvers, like the
physics-informed neural networks (PINNs)?, is used to solve
PDEs without discretization. However, these NNs solvers

m are usually costly in training®, and may fail to solve challenging
PDEs if without finely tuning of the hyper-parameters of the NNs;

m solve the PDEs without the theoretical convergence guarantee;

m generally reach limited accuracy and exhibit limited or NO network
generalizability, thus re-training is required even it is costly.

ZLu et al., Physics-Informed Neural Networks with Hard Constraints for Inverse Design. SISC. 2021

. bStrubeII et al., Energy and policy considerations for deep learning in NLP. ACL meeting, Italy. 2019
&z’z/a/— 4 /17



Goal of this work

Convolution neural networks preconditioning fluid operators

Transfer the differential expression of equations into the discrete form:

A([p,or d,c,BCs]) = p

+ the three classical BCs or their three mixtures on domain 2
Discrete derivatives |} FDM, FEM, FFT, FVM, ...

A([p,or d,c,BCs])u = b, with LinearOp A€ C"™*" u, be C”

Fluid PDEs:

* Goal of this work = To learn neural operator 7y that approximates

A=Y by Fy([b,p,or d,c.BCs]) — ug ~ A([b, p,or d,c,BCs]) b

Operator Fy can be used as a flexible preconditioner for the FGMRES
method to accelerate the fluid equations with varying b, varying p, or
varying d, ¢, varying BCs, and varying domain 2 without re-training.

* Fy: CNNs (Convolution NNs) with U-Net architecture? with 4 depth
* Loss-function: Aus — blI2
min ” ug 2b||2 (6)
o bl

(o2 2ie ?Ronneberger et al., U-Net: Convolutional Networks for Biomedical Image Segmentation.

5 4 /17


https://doi.org/10.48550/arXiv.1505.04597

ln

-

FGMRES: the flexible GMRES method
The generalized Arnoldi relation

Originally, the FGMRES method? have the generalized Arnoldi relation
AZm = Vm+1 I:Im7 (7)

where V11 = [va, ..., Vmy1] is the Krylov basis, and Z,, = [z, ..., Zy] is
the preconditioned Krylov basis. z; = M;v; (j =1,...,m) with M; ~ A~

In our NNs preconditioned FGMRES case, we have
zi = Fo(lvj, %, #]), j=1,...m, (8)

where Fj is the trained non-linear neural operator satisfies 75 ~ A~L.
This part is computed with single machine precision (float 32), the one
used in the training process, and other parts are in double precision.

= Given there is no information about the data structure of the Krylov
basis, the neural operator Fy is trained with randomly generated datasets.

Y. Saad, A Flexible Inner-Outer Preconditioned GMRES Algorithm. SISC. 1993

va—
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Training neural operator preconditioners for Heterogeneous fluid equations on 2D

Neural operator preconditioning for Poisson eqs.

|Network|earning| | Outputs | | Loss-function |

(| Ay — b]j3
min ————5—
L

= Fixed grid point x € ]R"z in the 2-dimensional domain: 64 x 64 thus n = 64

2
= Random source term b € C" ~ A/(0, 1) satisfying standard normal distribution
* Training with zero-Dirichlet BCs is suffice to obtain effective preconditioning operator

* Discrete with FFT instead of FDM: Preconditioning operator leverages the statistical
properties of fluid data and captures the local sparsity structure of the discrete equations

m U-Net 2d: Training with single machine precision (float 32); Trainable params. - 831 K

Testing:

© Trained U-Net preconditioner can accelerate the solution of Poisson Eq. (1) with varying
b, BCs, and varying domain size 2 (because of the discretisation invariance property
from the convolution property)
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Training neural operator preconditioners for Heterogeneous fluid equations on 2D

Neural operator preconditioning for Darcy flows

|Operator Iearning| | Outputs | | Loss-function |
7

| A(p)us — b]3
min ———————=
4 lIbll3
J/
Update | -
(4

= Fixed grid point x € R in the 2-dimensional domain: 64 x 64 thus n = 64

2
= Random source term b € C" ~ A/(0, 1) satisfying standard normal distribution

2
Random heterogeneous permeability p € R™ * ~ 1/(1, 2) uniformly distributed on the
interval [1, 2]

m U-Net 2d: Training with single machine precision (float 32); Trainable params. - 831 K

Testing:

©® Trained U-Net preconditioner can accelerate the solution of Darcy flows. (2) with
varying b, varying p, varying BCs, and varying domain size Q

lreia— 7117



Training neural operator preconditioners for Heterogeneous fluid equations on 2D

Neural operator preconditioning for Convection-Diffusion egs.

‘ Inputs ‘ ‘Operatorleaming‘ ‘ Outputs ‘

o i J1A(d s — b3
T
Update - 7
—

= Fixed grid point x € ]R"2 in the 2-dimensional domain: 64 x 64 thus n = 64

= Random source term b € C™ ~ N (0, 1) satisfying standard normal distribution

2
m Random heterogeneous diffusion term d € R™ ™ ~ U/(1, 2) uniformly distributed on the
interval [1, 2]

2
= Random heterogeneous convection term ¢ € R™ T ~ 1/(1, 2)

m U-Net 2d: Training with single machine precision (float 32); Trainable params. - 831 K

Testing:

© Trained U-Net preconditioner can accelerate the solution of Convection-Diffusion
equations (3) with varying b, varying d, varying c, varying BCs, and varying domain Q

lrezia— 8/ 17



Test the trained neural operator preconditioners

General testing results

Solve three different fluid equations (egs.): A([p,or d,c,BCs])u =b on
2D domain 64 x 64 (thus A € C% *64%) with zero-Dirichlet BCs:

- Stopping criterion: np = W < e with

e = 107*2 for Poisson eqs. (1);
€ = 1078 for Darcy flows (2) and Convection-Diffusion egs. (3);

- Maximum dimension of the Krylov search space is set to be 512; number
of restarts is set to be 10. Thus the whole maximum iteration is 5120;

- Source term b = x + 0j € C** with x € R%** ~ A7(0,1).

‘Convergence for 100 Diffusion-Advection es. with Dirichlet BCs

Convergence for 100 Poisson egs. with Dirichlet BCs lnaconvergence for 100 Darcy flow with Dirichlet BCs 10° FGMRES
100 FGMRES FGMRES 1071 —— GMRES
J— -1 -
o GMRES 10 GMRES 102
1072 < 102
1074 103
nao~*
N5 1076 na0-*
10°°
10°® 107 10°° S
107%
10-10 107
1077
10°%
1012 1078
0 100 200 300 ) 100 200 300 ° 100 z\utzratinl'\:ou 00
Iterations. Iterations
. . ; Convection-Diffusion egs.:
Poisson eqs.: Au = b, with  Darcy flows: A(p)u = b, A(ld, J)u = b withq
epoch = 467, with epoch = 401, e;;och :4é3
7 val_loss = 0.05100 val_loss = 0.15009 — )
- val_loss = 0.09784
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Check network generalizability from different aspects

1. Varying the source term b

Solve three different fluid equations (egs.): A([p,or d,c,BCs])u =b on
2D domain 64 x 64 (thus A € C% *64%) with zero-Dirichlet BCs:

Results of parametric Poisson eqgs.: Au=Db

Poisson exps. with orb for Pisson exps o with varying setting of b
10° normal N(0, 1) distr. b 10° 100 normal N(0, 1) distr. b
- — ldiracdistr. b . —— uniform [-1, 1] distr. b
10 — adirac distr. b 10 107 — normal N(1, 1) distr. b
- —— uniform [-1, 1] distr. b ~ normal N(0, 2) distr. b
10 —— normal N(1, 1) distr. b 107 107
. normal N(0, 2) distr. b
N610°° N6 1078 5107
normal N(0, 1) distr. b
1070 107*4 — 1 dirac distr. b 10
—— 4 dirac distr. b 0
1071 107%9 — uniform [-1, 1] distr. b 107
—— normal N(1, 1) distr. b
12 12
107 10° normal N(0, 2) distr. b 10
0 100 200 300 400 500 0 20 40 60 80 100 120 0 50 100 150 200
Iterations Iterations lterations
(a). 5 GMRES results (b). 5 FGMRES results  (c). 100 FGMRES results
-0.00 -0.00
R R
ER L -0.05 ER [ -0.05
9- 9-
12- 12-
iE iE o0
HE HE o
30 = 30
33 -015 235
=39 T 397 -0.20
32 020 45
48- s 48- -
4] 41 0.25
3 3
1 -0.25 1
80- 80- -
e 63— 63, 030
Creca STeNSRITNBLITNRS ° 10 /17
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Check network generalizability from different aspects

1. Varying the source term b

Solve three different fluid equations (egs.): A([p,or d,c,BCs])u =b on
2D domain 64 x 64 (thus A € C% *64%) with zero-Dirichlet BCs:

za—

Results of heterogeneous Darcy flows: A(p)u=b

ofb

GMRES convergence for Darcy flow with varying setting of b FGMRES convergence for Darcy flow with varying setting of b 100 Darcy flow with
10° 100 100
N normal N(0, 1) distr. b normal N(0, 1) distr. b
107 107 — 1ldiracdistr. b 1071 —— uniform [-1, 1] distr. b
102 102 — :nd‘;:f“dllsllr.ll} veen | 107 —— normal N(L, 1) distr. b
N N -1, 2 normal N(0, 2) distr. b
1073 1073 —— normal N(1, 1) distr. b 10-?
- normal N(0, 2) distr. b
N0~ na0~* nao=*
10 normal N(0, 1) distr. b 10 105
— 1dirac distr. b
10-°4 — 4 dirac distr. b 107° 10°¢
10-7{ — uniform [-1, 1] distr. b 1077 107
—— normal N(1, 1) distr. b
108 normal N(0, 2) distr. b 10~ 107
0 100 200 300 0 20 40 60 80 o 20 40 60 80
Iterations Iterations Iterations

(d). 5 GMRES results

| 0
9 0.200 9
§ 8
1% 0.175 15
] 1
1 o1so 18
0357 o125 831
250 -
=33 =33
3% 0100 036
=39 " 39
3 0075 4%
8 ’ 8
51 51
33 0050 33
gg 57
63 0025 &
"-0.000

-0.25

0.20

0.00

(e). 5 FGMRES results (f). 100 FGMRES results
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Check network generalizability from different aspects

1. Varying the source term b

Solve three different fluid equations (egs.): A([p,or d,c,BCs])u =b on
2D domain 64 x 64 (thus A € C% *64%) with zero-Dirichlet BCs:

za—

Results of heterogeneous Convection-Diffusion egs.: A([d,c]Ju =b

(GHRES convergence fo Difusion-Advection exps. with varying setting of b
o

FGMRES convergence for Diffusion Advection exps. with varying setting of b
10°

10°
normal N0, 1) distr. b
107! 107! —— 1ldirac distr. b 107
—— 4dirac distr. b
-2 2 102
10 \ 10 — uniform [-1, 1] distr. b
107% S 107 ~—— normal N(1, 1) distr. b 1073
na0~* nao-* normal N(0, 2) distr. b o~
- normal N(0, 1) distr. b s -
107 107 10°°
— 1dirac distr. b X
107%} — 4 dirac distr. b 107% 10°° normal N(0, 1) distr. b
10-7] — uniform [-1, 1) distr. b 10-7 10-7] — uniform [-L, 1] distr. b
— normal N(1, 1) distr. b N —— normal N(1, 1) distr. b
10°¢ normal N0, 2) distr. b 10 ™ 10°° normal N(0, 2) distr. b
o 100 200 300 400 20 40 60 80 100 ] 20 40 60 80 100
Iterations Iterations Iterations

(g)- 5 GMRES results

FGMRES

9
3
3
9
12
15
18
21
21
27
30
33
36
39
42
45
48
51
51
57
80
63

(h). 5 FGMRES results

FGMRES

DN B B WWWWNINIE
BBILEEGERUEN R GRoows

(7). 100 FGMRES results
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Check network generalizability from different aspects

2. Varying the boundary conditions (BCs)

Solve three different fluid equations (egs.): A([p,or d,c,BCs])u =b on
2D domain 64 x 64 (thus A € C%% *64%) with 1 dirac distr. b

‘GMRES convergence for Poisson exps. with varying BCs

(a). GMRES results

GMRES convergence for Darcy flow with varying BCs

GMRES convergence for Diffusion-Advection exps. with varying BCs

0 5 100
10 Dirichlet BCs A Dirichlet BCs
e CouchyiCs 1 10 10\ — Neumannscs |
10 —— mix_DC BCs - - , —— CauchyBCs |
10 10
» mix_DCN BCs Dirichlet BCs mix_DC BCs
0 mix_DN BCs 107 — Neumannbcs | 107 —— mix_DCN BCs
106 o —— Cauchy BCs 20~ mix_DN BCs
—— mix_DC BCs s
108 107 —— mix_DCN BCs 107
10-6 mix_DN BCs 10-6
10710
1077 10-7
107 107 10-¢
0 1000 2000 3000 4000 0 100 200 300 400 500 0 100 300 400 500
Iterations Iterations. Iterations
(b). FGMRES results
FGMRES convergence for Poisson exps. with varying BCs FGMRES convergence for Darey flow with varying BCs FGMRES convergence for Diffsion Advection exps. with varying BCs
10° 100
Dirichlet BCs. | Dirichlet BCs
—— Cauchy BCs 107 107 — Neumann BCs
— mix.DC BCs 10 10-2 —— Cauchy BCs
- — ‘mix_DCN BCs —— mix_DC BCs
10 mix_DN BCs 107 107 — mix_DCN BCs
mix_DN BCs
N6 107 nao~* nao=* =
105 Dirichlet BCs 10-5 \ 1\
1078 —— Neumann BCs
10°° —— Cauchy BCs 1076
107 —
107 mix_DC BCs 107
. —— mix_DCN BCs
10 10 mix_DN BCs 10°®
0 100 200 300 400 00 200 300 400 500 0 100 200 300 400 500
Iterations Iterations. Iterations

Poisson eqs.

Darcy flows

Convection-Diffusion eqs.
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Check network generalizability from different aspects

3. Varying the permeability or diffusion term

Solve two different fluid equations (egs.): A([p,or d,c,BCs])u =b on 2D
domain 64 x 64 (thus A € C8%*64%) with 1 dirac distr. b:

Heterogeneous Darcy flows: A(p)u =b

10°
107
1072
107
Moyg-s
10-°
10
1077

1078

‘GMRES convergence for Darcy flow with varying setting of p

FGMRES convergence for Darcy flow with varying setting of p

107!

100 Darey flow vith ofp
poni1, 2] 10° 100
— pon(12517514 191 101 =
— poniL 251 |
e~ 102 pon(L, 2] 10 S
— pon[05,25] 103 pon[1.25, 1.75] 102 ponl(1, 2] A\
pon(2,25] pon|[l,25] — pon(125175] {1
ponl05:1] Mg pon(05,2] o~ — pon(1,25] W\
pon (05,51 - pon(05,2.5] " — pon[05,2]
— ponlo1 2] o poni2,25] 0 — ponl05,25]
ponios. 1 e LMY
1077 ;Z: :o I 2i 107 — pon(05,5] Tl
10-¢ square shape 107 — ponl0.1,2]
0 100 300 400 0 100 200 300 400 100 200 300 400 500
Iterations Iterations Iterations
Heterogeneous Convection-Diffusion eqs.: A([d,c])u =b
a or with varying settog o
o
10° donll, 2] 10 donf(1,2]
10- — don[1.25,1.75] 101 don|[1.25,1.75]
—— N — don(1,25] - don(1,25]
don(l,2] 10~ — don[0.5, 2] 10 don[0.5,2]
— don[1.25 1.75) 10-3 —— don[0.5,2.5] 103 don(0.5,2.5]
—— don[1,25]
g don(2,25] Mot don[2,2.5]
— :on %g :,;Jﬂ Mo+ — don[05,1] 10 don(0.5,1]
— don[05, 2.
bt \\\ 10 \ — don[0.5,5] 105 don (0.5, 5]
d \ —— don(0.1,2] don[0.1,2]
— don05,1] 10 square shape 107 square shape
— don[05,5] 107 - %
— don(01,2] 10 \
square shape 10-8 1078 A\
o 100 300 o 100 300 300

200
Iterations

200
Iterations

Iterations
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Check network generalizability from different aspects

4. Varying the convection term

Solve heterogeneous Convection-Diffusion egs.: A([d, c,BCs])u = b on
2D domain 64 x 64 (thus A € C%% *64%) with 1 dirac distr. b:

(GMRES convergence for Difuson Advection exps.with varying stting of ¢ FGMAES convergencefr Difusion-Advection exps. it varying seting of ¢ ¢
o
100 con(1,2] 100 con(1,2] 10 conl1, 2]
101 — conl125,1.75] 10 — conl125,175] 10 — con(1.25,1.75]
— coni1,25] — conl1,25] ., — conl1,25]
107 — con(05,2] 107 — con(05,2] 10 — con[05,2]
107 — conl05,25] 10 — conl05,2.51 102 — con[05,25]
con(2,2.5] con(2,25] Mgt con([2,25]
Mo~ — conl05,1] Mo — con(05,1] 0 — conl05,1]
105 — conl05,5] 105 — conl05,5] 105 — conl05,5]
N— conlo1,2] — con(01,2] — conf01,2]
106 square shape 10°¢ square shape 107° square shape
107 \\\ 107 \ \ 107 N\
1078 10 10-¢
o 100 200 300 400 500 o 20 40 60 80 100 120 0 25 50 75 100 125
Iterations Iterations Iterations
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Check network generalizability from different aspects

4. Varying the convection term

Solve heterogeneous Convection-Diffusion egs.: A([d, c,BCs])u = b on
2D domain 64 x 64 (thus A € C%% *64%) with 1 dirac distr. b:

decR* on Method L its ET
Balanced case with & ~ 1:
GMRES 1 408 3557095
dcelL2 FGMRES 1 8  3.3399s
. GMRES 1 420  50.2798s
d,c € [25,50] FGMRES 1 233 17.5740s
GMRES 1 460  54.7812s
d,c € [50,100] FGMRES 1 250 2021325
GMRES 1 468  57.3766s
d,c € [100,200] FGMRES 1 283  24.2253s
Diffusion-dominant case with 4 > 1:
GMRES 1 325  21.8579
d € [25,50),ce (1,2 FGMRES 1 276  16.8212s
GMRES 1 325  30.7067s
d € [50,100], ¢ € [1,2] FGMRES 1 302 304414
Convection-dominant case with 4 < 1:
GMRES 1 2854 283.7008s
del,2,ce 2550 FGMRES 1 1021 107.3359s
~ GMRES 1 4436  597.5046s
de1,2],c € [50,100] FGMRES 1 3937 374.7240s

Three cases for the Convection-Diffusion egs.:

= Balanced case with % = 1: convection and diffusion effects are balanced

= Diffusion-dominant case with 4 >> 1: diffusion significantly outweighs convection

<

s, % . . sn o d i . . . .
lrzia " Convection-dominant case with £ < 1: convection dominates diffusion
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Check network generalizability from different aspects

5. Varying the domain size

Solve three different fluid equations (egs.): A([p,or d,c, BCs])u = b from
2D domain 64 x 64 until 512 x 512 (i.e., from linear operator

A € CO% <64 _ (F)GMRES to A € C512°%512* _ (F)GMRES 82%):

51076

10710

10712

(a). GMRES results

GMRES convergence for Posson exps. with varying domain GMRES convergence for Darcy flow with varying domain Acvect with varying domain
10° 100
GMRES GMRES GMRES.

—— GMRES 22* 107! —— GMRES 22* 107! —— GMRES 2%

—— GMRES 47% 10-2 —— GMRES 42* 102 —— GMRES 42%

—— GMRES 67* —— GMRES 62* —— GMRES 62*

GMRES 82¢ | 1073 GMRES 82 | 107 —— GMRES 82+
nao-* a0~
10-5 105
107° 107°
107 1077
108 1072

1000 2000 3000 4000 1000 2000 3000 4000 1000 2000 3000 4000
Iterations Iterations Iterations
(b). 100 FGMRES results
FGMRES convergence for Poisson exps. with varying domain FGMAES convergence for Darcy flow with varying domain
10° 3
FGMRES . 10 FGMRES

—— FGMRES 27+ 107 FGMRES 22+ | 19-1 —— FGMRES 2%

—— FGMRES 42* 102 —— FGMRES 42* 10 —— FGMRES 42+

— FGMRES 67% —— FGMRES 62+ —— FGMRES 62

FGMRES 82* 107 FGMRES 8%* 1072 —— FGMRES 8%
neo-* nao-*
10-5 1075
107° 107¢
107 1077
108 1078

200 400 600 800 10 b 100 300 200 100 200 300 400
Iterations terations Iterations
Poisson eqs. Darcy flow Convection-Diffusion egs.

14 / 17



Conclusions

Take home message of this work

Goal: To learn the neural operator preconditioning Fy for accelerating
the solution of some heterogeneous fluid equations.

Machine learning + iterative methods through flexible preconditioning
- Convolution neural networks with U-Net architecture

- Unsupervised training with randomly generated dataset

= Trained neural operator preconditioners can be applied to:
m heterogeneous fluid equations with varying parameters; with varying
boundary conditions;
m Convection-Diffusion equations with even larger range (up to 100
times) of the convection and diffusion terms; and apply to the
challenging Convection-dominant cases.

Research report version of this work is accessible online at
Inria-HAL (https://inria.hal.science/hal-04886933v2).

— Yanfei Xiang (yfxiang0amber@gmail.com)
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Previous efforts in integrating scientific machine learning and numerical iterative methods

Overview of SciML + numerical iterative methods

Previous efforts in integrating recent Scientific Machine Learning (SciML)
techniques with traditional numerical iterative methods (not exhaustively):

Preconditioning learning. Fahy et al., 2024, Li et al., 2024, Azulay & Treister, 2022,
Xiang 2022, Ackmann et al., 2021, Battaglia et al., 2018, Gotz & Anzt, 2018, ...

Initial guess learning. Aghili et al., 2025, Luna et al., 2021, ...
Optimal parameters learning. Khodak et al., 2024, ...
Alternative algorithms. lllarramendi et al., 2020, Rizzuti et al., 2019, ...

Multigrid and algebraic multigrid. Caldana et al., 2024, Dong et al., 2024, Han et al.,
2024, Antonietti et al., 2023, Luz et al., 2020, Greenfeld et al., 2019, He & Xu, 2019,
Hsieh et al., 2019, ...

Domain decomposition methods. Dolean et al., 2024, Heinlein et al., 2024,
Howard et al., 2024, Klawonn et al., 2024, SISC, Klawonn et al., 2024, CSE,
Verburg et al., 2024, Moseley et al., 2023, Heinlein et al., 2021, Heinlein et al., 2019, ...

Recommendation system. Chen et al., 2019, Sood, 2019, Yamada et al., 2018, Peairs &
Chen, 2011, ...

On the other hand, integration SciML with some statistical approaches or
non-iterative standard numerical linear algebra methods (not exhaustively):

&z'zm/-

Random feature & Randomization. Nelsen & Stuart, 2024, Lanthaler & Nelsen, 2023,
Chen et al., 2022, ... & Boullé & Townsend, 2023, Boullé et al., 2023, ...

Reduced order models. Borcea et al., 2024, Coscia et al., 2024, Gowrachari et al., 2024,
lvagnes et al., 2024, Quaini et al., 2024, Demo et al., 2023, Gonnella et al., 2023,
lvagnes et al., 2023, Khamlich et al., 2023, Romor et al., 2023, Siena et al., 2023, ...
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Ceziapors

U-Net architecture

U-Net? architecture with 4 depth:

aBews inding

conv 3 x 3, BatchNorm, PReLU

> copy and crop

|
v

max pool 2 x 2

4 up-conv 3 x 3, BatchNorm, PReLU
— convlx1

Each blue box corresponds to a multi-channel feature map. The number of channels is
denoted on top of the box. The x-y-size is provided at the lower left edge of the box. White

boxes represent copied feature maps. The arrows denote the different operations.

ZRonneberger et al., U-Net: Convolutional Networks for Biomedical Image Segmentation.
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Visualize Darcy flow with different permeability term p

Heterogeneous Darcy flows: A(p)u =b
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Visualize three cases of the Convection-Diffusion egs.
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Visualization of three 25 x 25 FDM coefficient matrices

poisson eas. " Polsson eas. with Neumann Poisson eqs. with Cauchy BCs discrtized by FOM om0
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Visualization of three 25 x 25 FFT coefficient matrices
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Visualization of three 25 x 25 FFT coefficient matrices
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Visualization of three 25 x 25 FFT coefficient matrices
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